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Abstract

This Thesis presents an experimental and theoretical investigation of the fundamen-
tal physical phenomena behind magnetic nozzle expansions. The work is motivated
by the emerging electric propulsion thruster concepts which include magnetic noz-
zles to confine and accelerate the plasma beam. This research has been carried out
under a bilateral agreement between the Office National d’Etudes et de Recherches
Aérospatiales and the Electric Propulsion and Plasma Team from the University
Carlos III de Madrid.

The first part of this research constitutes an experimental investigation of an
Electron Cyclotron Resonance thruster. An innovative procedure based on the
integration of a diamagnetic loop signal at the thruster shutdown for estimating
the mean perpendicular electron pressure inside the thruster source is presented.
The signal is then used to estimate the mean perpendicular electron temperature
by means of 1D and 2D theoretical models. Results fairly agree with the direct
magnetic thrust measurements of a previous experiment.

The magnetic nozzle of the thruster is characterized by means of electrostatic
probes and non intrusive diagnostics (laser induced fluorescence). Profiles for the
ambipolar plasma potential, ion velocity, plasma density and electron temperature
are obtained as functions of the propellant mass flow rate. By combining Lang-
muir probes measurements with the optical measurements, complete profiles (from
the thruster source exit to far downstream) of the ambipolar plasma potential are
obtained, which allows to estimate the total potential drop along the magnetic noz-
zle. Different effective electron cooling rates are measured along the expansion for
the thruster operating with permanent magnets and for the one with solenoids,
which is linked to the different magnetic nozzle topologies. The experimental data
are compared with a paraxial steady-state model, showing a good correlation with
respect the plasma potential, ion velocity and plasma density. The comparison be-
tween the experimental data and the model allows to estimate the sonic transition
of the plasma flow, which appears to be shifted from the magnetic throat. A recent
publication from another research group verifies our results.

The second part of this Thesis presents a theoretical investigation of the ion
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and electron thermodynamics along the magnetic nozzle expansion. A collision-
less, paraxial, steady-state kinetic model is used to investigate in several directions:
first, the macroscopic effect of the kinetic aspects along the expansion is discussed.
Electrons are barely affected by magnetic mirroring, since anisotropy is only devel-
oped very far downstream. On the contrary, magnetic mirror is dominant for ions,
especially in the “hot” ions limit. Parametric laws for the downstream properties
are given, which can provide a quick estimate of the nozzle performance.

The electron distribution function at the upstream source is formulated different
from Maxwellian. The case of two electron populations with different temperatures
is presented, where the kinetic features of a quasi-neutral steepened layer are ad-
dressed. The total potential drop of the nozzle is a function of the density fraction
of hot electrons and their temperature, and it determines the level of anisotropy of
this population.

Finally, the electron distribution function at the upstream source is formulated
as a bi-Maxwellian anisotropic function. The plasma response along the expan-
sion is investigated in a convergent-divergent nozzle and in an only divergent one.
The magnetic mirror causes an isotropization effect in the convergent side, while in-
creases the initial anisotropy on the divergent side. Additional potential and density
gradients are developed as a consequence of expanding a species with a non-isotropic
pressure tensor. The gradients sign depends on the convergent/divergent character
of the nozzle and on the type of anisotropy.



Resumen

Esta Tesis presenta una investigación experimental y teórica acerca de los principios
físicos que rigen la expansión del plasma en toberas magnéticas. Este trabajo está
motivado por el surgimiento de nuevos conceptos de cohetes de propulsión eléctrica
que incluyen toberas magnéticas para confinar y acelerar el chorro de plasma. Esta
investigación ha sido llevada a cabo mediante un acuerdo bilateral entre el Office
National d’Etudes et de Recherches Aérospatiales de París y el Equipo de Propulsión
Eléctrica y Plasmas de la Universidad Carlos III de Madrid.

La primera parte de este estudio consta de una investigación experimental en
un motor de resonancia ciclotrónica de electrones. Se presenta un procedimiento
innovador basado en la integración de la señal de una bobina diamagnética du-
rante el apagado del motor para estimar la temperatura perpendicular media de
los electrones dentro de la fuente. La señal se utiliza para estimar la temperatura
perpendicular media a través de modelos teóricos 1D y 2D. Los resultados están en
línea con medidas directas de empuje magnético en el motor llevadas a cabo en una
investigación anterior.

La tobera magnética del motor se ha caracterizado con sondas electrostáticas y
fluorescencia inducida por láser. Los perfiles del potencial ambipolar del plasma,
velocidad de iones, densidad del plasma y temperatura de electrones se han obtenido
para distintos valores del gasto másico de propelente. Combinando ambas técnicas,
se han obtenido perfiles completos (desde la salida del motor a aguas abajo en la
pluma) del potencial ambipolar, lo que permite estimar la caída de potencial total en
la tobera. Se han obtenido distintas velocidades de enfriamiento de electrones para
el motor de imanes permanentes y el de bobinas, lo que está ligado a la diferencia en
la topología magnética de sus toberas. Los datos experimentales se han comparado
con un modelo paraxial estacionario, mostrando una buena correlación en los perfiles
de potencial, velocidad de iones y densidad del plasma. La comparación del modelo
con los datos experimentales permite estimar la posición de la transición sónica en
la tobera, que parece estar desplazada de la garganta magnética. Una publicación
reciente de otro grupo de investigación confirma nuestros resultados.

La segunda parte de esta Tesis presenta una investigación teórica acerca de la
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termodinámica de iones y electrones en la tobera magnética. Un modelo cinético
no colisional, paraxial y estacionario se ha utilizado para investigar en varias di-
recciones: primero, se discute el efecto macroscópico de los aspectos cinéticos de
la expansión. Los electrones apenas están afectados por espejo magnético, ya que
solamente desarrollan anisotropía muy aguas abajo. En cambio, el espejo magnético
es un efecto dominante para los iones, especialmente en el caso de iones “calientes”.
Se han obtenido leyes paramétricas para las propiedades asintóticas del plasma, lo
que permite realizar una estimación rápida de las actuaciones de la tobera.

La función de distribución de electrones en la fuente se ha formulado diferente
a Maxwelliana. Se presenta el caso de dos poblaciones de electrones con distintas
temperaturas, evaluando los aspectos cinéticos de una capa acusada cuasineutra. La
caída de potencial total en la tobera depende de la fracción de electrones calientes
y de su temperatura, y determina el grado de anisotropía de esta población.

Finalmente, la función de electrones en la fuente se ha formulado como una
bi-Maxwelliana anisótropa. Se discute la respuesta del plasma en una tobera
convergente-divergente y en una totalmente divergente. El espejo magnético causa
una isotropización de la función de distirbución de electrones en la región conver-
gente, mientras que aumenta el grado de anisotropía en la región divergente. Se
desarrollan gradientes fuertes de potencial eléctrico y densidad como consecuencia
de expandir una especie con un tensor de presiones anisótropo. El signo de los
gradientes depende del carácter convergente/divergente de la tobera y del tipo de
anisotropía.



CHAPTER

ONE

Introduction

“The Earth is the cradle of humanity, but
mankind cannot stay in the cradle forever”

— Konstantin Tsiolkovsky

1.1 Space transportation: The role of Electric Propulsion

New worlds exploration has been linked to the humankind since time immemorial,
driven by our inherent curiosity to discover unknown worlds. The same way in the
early 16th Century European explorers were encouraged to cross the Atlantic ocean
in the search for new horizons, in April 12th of 1961, the Soviet Union put the first
man, Yuri Gagarin, in outer Space, laying the foundations of Space Exploration.
Since this historic event, humankind has made great achievements with respect to
Human Space Travel; February 20th of 1962, the American John Glenn became the
first man to orbit the Earth; July 21th of 1969, astronaut Neil Armstrong walked on
the moon; July 25th of 1984 Svetlana Savitskaya became the first woman to walk
in space. Even more incredible goals related to Space Travel have been achieved if
we remove from the equation the manned factor (which is limited by our biological
nature); the first Satellite, Sputnik I, was launched in October 4th of 1957 by the
Russians. December 15th of 1970, the Russian probe Venera 7 landed on Venus
surface. The Voyager I, launched in September 5th of 1977 by the Americans, is
still operational at 22.000 millions of km from Earth. To have a global view, some
of the main achievements of Space Exploration are represented in a timeline in
Figure 1.1.

Undoubtedly, all of these milestones would have never been possible without the
development of space rocketry. Konstantin Tsiolkovsky, in 1903, published the ideal
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Figure 1.1: Timeline of main achievements in Space Exploration

rocket’s equation,

∆V = ve log m0

mf

, (1.1)

where ∆V is the total change in velocity of a spacecraft which ejects mass at
a constant exhaust velocity ve, decreasing its total mass from m0 to mf , without
external forces. This equation, apparently simple, reveals a critical aspect of space
transportation: If a significant fraction of the initial mass needs to be brought to the
final velocity, exhaust velocities of the order of ∆V shall be provided. Notice that
if the total ∆V required for a specific mission is higher than the exhaust velocity
of the propellant, a large amount of the total rocket mass may be needed only for
propellant mass. For instance, the Saturn V rocket, which took astronauts to the
Moon within the Apollo NASA program, was 85 % propellant mass. However, the
total required ∆V varies significantly from one mission to another; from Earth to
Low Earth Orbit (LEO), 104 m/s; from LEO to Geostationary Earth Orbit (GEO),
4 · 103 m/s; from LEO to Mars Orbit, 7 · 103 m/s [65].

Instead of the exhaust velocity, the Specific Impulse Isp is commonly used due
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to historical reasons, and it is defined by

Isp = ue
g0
, (1.2)

where g0 is the gravitational acceleration at sea-level.
Together with the Isp, the total thrust of the rocket T , given by (1.3), constitute

the two main figures of merit of a spacecraft propulsion system. Notice that ṁ
represents the propellant mass flow rate.

T = ṁue (1.3)

Rockets can be generally classified into two main categories: chemical and elec-
tric. In the first group, the maximum Isp is an internal characteristic of the propel-
lant, since it depends directly in its calorific energy. Conversely, in an electric rocket,
the Isp is external to the propellant, and depends on how much electric energy can
be transferred into it. Nowadays, the main limitation in electric rockets is the
available on-board power. Actually, the large amount of thrust and power needed
for launching a vehicle from Earth to the outer Space, makes chemical propulsion
the exclusive solution for launchers. However, for spacecraft on-board propulsion,
electric rockets are becoming a main player. The fact that they can achieve much
larger Isp implies that a significant fraction of propellant mass can be saved (and
therefore a significant amount of money). But apart from the economical point of
view, electric engines also open a whole new scope of more ambitious interplanetary
missions, which may be unfeasible with chemical rockets, due to the large ∆V they
require.

Within the electric rockets, it is important to distinguish between the ion-driven
and the non-ion-driven devices. The first ones use electric energy to accelerate the
propellant carried within the spacecraft, while the ones from the second group do
not expel propellant (e.g., solar sails, electrodynamic tethers, photonic thrusters).
Regarding the ion-driven, also named plasma thrusters, a first category can be
established in terms of the dominant term in the plasma momentum equation

mini (ui · ∇)ui = −∇ · p− e (ni − ne)∇φ+ j×B. (1.4)
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In (1.4), electron inertia has been neglected, mi is the ion mass, ni and ne the ion
and electron densities respectively, ui the ion fluid velocity, p the pressure tensor,
φ the electric potential, j the electric current density and B the magnetic field.

The electric propulsion devices (ion-driven) can be classified into:

• Electrothermal: The propellant is first heated electrically and then accelerated
gas-dynamically. The first term in the right hand side of (1.4) dominates.

• Electrostatic: A non-neutral plasma is electrically accelerated. The expansion
is dominated by the second term in the right hand side of (1.4).

• Electromagnetic: Governed by the Lorentz force, last term of (1.4), as a result
of the interaction between magnetic fields (external and internal) and electric
currents in the plasma.

Hall Effect Pulsed Plasma Magnetic Nozzle

ECR Helicon AF-MPD VASIMR

Figure 1.2: Classification of electromagnetic thrusters

Among the electromagnetic thrusters, the most extended are the Hall Effect
Thruster (HET) [46, 3] the Pulsed Plasma Thruster (PPT) [29] and those which
include a magnetic nozzle to accelerate and confine the plasma beam. The re-
search performed in this Thesis, although is not restricted to, applies mainly to the
last subgroup, which include the Electron Cyclotron Resonance Thruster (ECRT)
[112, 68], the Helicon Plasma Thruster (HPT) [102, 20, 33, 97], the the applied-field
magnetoplasmadynamic thruster (AF-MPD) [15, 72], and the Variable Specific Im-
pulse Magnetoplasma Rocket (VASIMR)[48]. The main performance parameters
of these devices are summarized in Tab. 1.1, where Isp represents the Specific
Impulse, η the thruster efficiency, T/W the thrust to power ratio, and TRL the
maturity of the technology (Technology Readiness Level defined in [4]). Magnetic
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nozzle thrusters have not flown yet in Space, since their level of development, both
theoretical and experimental, is still low (TRL ≤ 5). Next Section describes the
main principles of operation of these devices, as well as the main challenges that
must be addressed before they become a competitive technology for the future of
electric propulsion.

HET PPT ECRT HPT AF-MPD VASIMR
Isp (s) 1500-3000 300-3000 1000 500-1500 400-9000 3000-5000
η (%) ≤ 60 ≤ 20 ≤ 20 ≤ 15 ≤ 40 ≤ 60

T/W (mN/kW) 10-50 ≈ 20 ≈ 30 ≈ 20 5-40 25
TRL 9 8 4-5 4-5 4 5

Table 1.1: Main performance of the different electromagnetic thrusters available in the
Literature [103, 86, 19, 108, 71, 66, 7]

1.2 Physics of Magnetic Nozzles

Amagnetic nozzle (MN) is, in essence, a convergent-divergent magnetic field created
by a set of solenoids or permanent magnets, whose main goal is to accelerate and
confine the plasma beam, and to eventually give rise to magnetic thrust. The
underlying principles behind the operation of a MN are schematized in Figure 1.3
and summarized as follows, with particular emphasis on those studied in this Thesis.

1.2.1 Main working principles and involved phenomena

Ambipolar plasma potential

In the vicinity of the magnetic throat (location of maximum magnetic field
strength), a hot current-free plasma is generated. In the applied magnetic field,
electrons follow a spiral motion around the magnetic field lines, and remain con-
fined and attached to them, in the absence of collisions. Conversely, a much larger
magnetic field strength is needed to magnetize ions and in most cases, except for
the VASIMR, ions remain only partially magnetized. As electrons expand following
the magnetic field lines, since the plasma tends to remain quasi-neutral (macro-
scopically neutral), an ambipolar electric field develops in the expansion, which
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Figure 1.3: Schematic of the working principles of a magnetic nozzle

accelerates ions downstream and confines electrons upstream; only a small fraction
of the most energetic electrons will be able to overcome the potential drop and
neutralize the ion current beam. By means of this ambipolar plasma potential, the
magnetic nozzle transfers internal energy of electrons into ion kinetic energy.

Plasma acceleration mechanisms

The ambipolar plasma potential constitutes the main acceleration mechanism of a
magnetic nozzle [9, 17, 80]. However, other acceleration mechanisms can also take
place in the MN expansion. For some devices with strong magnetic fields, ions can
also be accelerated due to the inverse magnetic-mirror effect, which “repels” both
ions and electrons downstream from the magnetic throat. In specific MN thrusters,
which expand two electron species with disparate temperatures, the quasi-double-
layer can also constitute an important acceleration mechanism [31, 39, 138, 120].In
the AF-MPD thruster, three additional phenomena can be identified; electrother-
mal, swirl, and self-field accelerations [72].

Plasma detachment

After the plasma has been accelerated, it needs to separate from the magnetic
field lines. Merino and Ahedo demonstrated that the ambipolar electric field far
downstream, compared to ion inertia, is not sufficient to drag ions with electrons
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in the magnetic stream tubes, even in the case of fully magnetized electrons [89].
Recently, Little and Choueiri experimentally investigated electron demagnetization
in a magnetically expanding plasma, founding that their results fairly agree with
Merino’s and Ahedo’s theory.

Magnetic thrust generation

Magnetic thrust Fm in a magnetic nozzle is due to the contribution of both surface
and volume azimuthal currents (of both ions and electrons), and can be expressed
as

Fm = −
∫
jθBrdV −

∫
JθBrdS, (1.5)

where jθ is the azimuthal current density and Jθ is the surface Hall current per
unit length [87]. Notice that these two currents are of the same nature, but Jθ is
concentrated on a thin layer. In a nozzle where Br > 0 (i.e., a divergent nozzle
with B pointing downstream or a convergent nozzle with B pointing upstream),
a positive thrust implies a major contribution of the negative azimuthal currents,
thus, a net diamagnetic azimuthal current. Although the major contribution of
azimuthal currents in a MN is diamagnetic, paramagnetic currents can develop in
high magnetized plasmas (ion swirl currents) [92]. When these diamagnetic currents
interact with the radial component of the applied magnetic field, they generate an
axial Lorentz force in the forward direction. The reaction to this force is felt by
the magnets/coils, and is the main contribution to the magnetic thrust. As it will
be seen in Chapter 2, the azimuthal internal currents are also responsible for the
longitudinal induced magnetic field, which is related to the perpendicular plasma
pressure. One of the main contributions of this Thesis has been to design, develop,
calibrate and test a diamagnetic loop in order to estimate the perpendicular electron
pressure inside an ECR thruster.

Collisionless electron cooling

The electron thermodynamics in a MN is still an open topic of research. As it
is shown in Chapter 3, an effective electron cooling with a polytropic coefficient
varying between 1.1 and 1.5 has been found in the MN of an ECR thruster, which
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correlates well with the values found in the Literature [78, 75]. However, this exper-
imental finding is not well justified, and therefore limits the development of exact
predictive models for MN thrusters. The MN mainly converts electron thermal en-
ergy into parallel kinetic ion energy, so understanding the electron thermodynamics
is crucial for the further development of these devices. The physical problem is far
from obvious; some of the controversial points are listed below.

• Most electrons are confined by the ambipolar electric potential, but an isother-
mal assumption leads to an unbounded plasma acceleration and an infinite
source of energy.

• The development of anomalous collisionless heat fluxes has been demon-
strated, but a closure law for the fluid equation hierarchy is not evident.

• The magnetic mirror effect “repels” particles from the magnetic throat, which
together with the ambipolar electric field, leads to a spatial region in the
divergent nozzle where electrons could be “doubly-trapped”. The formulation
of the energy distribution function of this (sub)population is unknown since
it is disconnected from the upstream source.

• Plasma conditions at the upstream source can differ from Maxwellian, and
the implications in the expansion dynamics are still unclear.

All these phenomena challenge the understanding of the electron thermodynam-
ics in the MN, and are the basis for the theoretical research of Chapters 4, 5 and
6.

1.2.2 Magnetic Nozzle Thrusters

Despite their early stage of development, the reason why MN thrusters have gener-
ated interest in the industry is because they hold potential advantages with respect
to other propulsion systems. The plume is quasi-neutral without the need for a
cathode or neutralizer, which reduces costs and complexity of the overall system.
The neutralizer is commonly the life-limiting factor of other propulsion systems such
as ion or Hall thrusters; removing this component also allows to operate within a
wide variety of low-purity propellants. Furthermore, MN could potentially do thrust
vectoring by operating with various sets of coils [94].
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Although the mechanisms listed in the previous subsection constitute some of the
main working principles of all-type MN thrusters, different phenomena can acquire
special relevance depending on the type of engine, due to specific plasma generation
mechanisms and/or different magnetic nozzle topologies and/or strengths.

The ECR thruster

In general terms, the Electron Cyclotron Resonance (ECR) thruster consists of an
ECR source followed by a MN, which is commonly generated by the same set of
coils/magnets that generate the magnetic field inside the source. The ECR is a
well known phenomenon in plasma physics. Its main principle relies on the circular
motion that a charged particle acquires when entering a uniform magnetic field,
due to the Lorentz force. The angular frequency of this motion ω is given by

ω = eB

m
(1.6)

wherem, e and B are the particle mass, the elementary charge and the magnetic
field strength, respectively. In this scenario, if an electromagnetic wave is propa-
gated at the same frequency as the natural frequency of electrons given by (1.6)
and with at least one component of Right Hand polarization, electrons enter in res-
onance with the wave, and efficiently absorb almost the entirety of the wave power.
Most of the existing ECR thrusters work in the GHz frequency range, and therefore
they need magnetic field strengths in the order of 10−1 T. At lower frequencies, the
magnetic fields will be lower, but also the electron magnetization. The scaling laws
for an ECR thruster are not obvious, and they constitute a current research topic
on their own.

In most of the existing ECR thrusters, the magnetic field inside the source is not
uniform, and the resonance condition is only located in a narrow region of the plasma
source. In this region, electrons reach very high temperatures in the perpendicular
direction to the magnetic field lines. However, collisional phenomena inside the
source, which mainly involve electrons with heavy species, tend to decrease this
temperature and homogenize the electron distribution function.

Due to the heating mechanism of an ECR source, the electron distribution func-
tion can be different from Maxwellian when entering the MN. In particular, the
perpendicular electron temperature could be larger than the parallel one. This
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phenomenon is highly conditioned by the propellant mass flow rate. In principle, it
is expected that at lower mass flow rates, the perpendicular electron temperature
increases, as well as the degree of temperature anisotropy. To better understand
this phenomenon and its implications in the performance of the ECR thruster, it is
crucial to characterize experimentally the plasma properties of the MN at different
operational conditions. With this motivation, Chapter 3 presents a detailed exper-
imental characterization of the main plasma properties along the MN of the ECR
thruster developed by ONERA.

The Helicon thruster

The basic design of an HPT consists of a plasma source where the propellant is in-
jected, wounded by a RF antenna, and surrounded by a set of coils/magnets. Inside
the source, the role of the magnetic field is to allow the propagation of different kinds
of electromagnetic waves. The main apparent advantage of the plasma source of a
HPT is that it produces a higher plasma density than other devices, which makes
it very attractive for the space propulsion community. However, the reported ef-
ficiencies are considerably low, and the understanding of the wave propagation is
still limited.

A special variant of the HPT deserves special attention: the Double-Layer HPT.
The main principle relies on an additional plasma acceleration due to a steepened
potential drop located in a thin region of the MN. The main reason for this potential
jump seems to be related to the existence of a small population of very “hot”
electrons already at the upstream source. Although it does not constitute a thrust
generation mechanism, it poses questions related to the plasma thermodynamics.
For instance, what should be the fraction of “hot” electrons in order to obtain the
maximum plasma acceleration for the same mean plasma temperature? What are
the roles of the trapped and free electrons in the macroscopic fluid moments? This
topic has been addressed theoretically in Chapter 5.

The VASIMR thruster

The VASIMR thruster has been developed by Ad Astra Rocket Company, leaded
by the astronaut Dr. Franklin Chang-Díaz. The plasma source consists of two
consecutive stages: an HPT source followed by an Ion Cyclotron Resonance (ICR)
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source. This thruster is designed to be a very high power electric propulsion system
(≈ 200 kW), and needs magnetic fields in the order of 2 T. What makes the VASIMR
unique with respect to other propulsion systems is the intermediate ICR plasma
heating source. A large amount of energy is deposited into the perpendicular ion
velocity component, leading to a potential large anisotropy of the ion distribution
function, and to an ion-driven plasma expansion.

The generated plasma is expected to differ significantly from other plasma
propulsion sources, with ion temperatures in the order or higher than electron tem-
peratures, which could potentially modify the expansion dynamics. A preliminary
study of the MN expansion with “hot” ions is presented in Chapter 4.

AF-MPD thruster

The Applied Field MPD thruster is a variation/improvement of the Self-Field (SF)
MPD thruster. Both of them consist of a central cathode placed coaxially with
an external annular anode. Strong radial currents jr flow from the anode to the
cathode, generating an azimuthal magnetic field Bθ. The Lorentz force given by
jrBθ accelerates the plasma downstream. Due to the strong radial currents, the
SF-MPD has significant plasma losses to the walls, and the life of the cathode is
a life-limiting factor. In order to solve this issue, the AF-MPD includes a set of
solenoids/magnets which induce a magnetic field parallel to the cathode and anode
walls, reducing the total losses. This applied field generates a MN which is then
used to accelerate more the plasma beam.

The strong longitudinal currents and the 3D topology of the plasma expansion
due to a high rotation of the plasma beam makes the MN of the AF-MPD rather
unique. The study of these particular phenomena has not been addressed in this
Thesis.

1.3 Thesis scope and objectives

The ultimate goal of the present Thesis is to contribute to the understanding of
the physical phenomena behind MN expansions. An experimental and theoretical
research has been carried out in two different institutions under a bilateral collab-
oration agreement, and therefore it is divided in two main parts.
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• 18 months at the Office National d’Etudes et de Recherches Aérospatiales
(ONERA), Palaiseau, Paris, France. The main objective has been to inves-
tigate and characterize the plasma properties along the MN of the Electron
Cyclotron Resonance Thruster developed by ONERA. Two versions of this
thruster have been tested, with the magnetic field created by a permanent
magnet and by a set of solenoids. Photographs of the two versions are shown
in Figure 1.4.

During the course of this Thesis, different diagnostics have been used in or-
der to characterize the MN of the ECR thruster. Particularly, electrostatic
probes (Faraday, emissive and Langmuir) and Laser Induced Fluorescence
(LIF). These diagnostics have been combined in order to obtain complete
longitudinal profiles of the main plasma properties at different operating con-
ditions. As well, one of the main contributions has been to develop a dia-
magnetic loop to estimate the mean perpendicular plasma pressure inside the
thruster and along the MN.

Figure 1.4: Photographs of the two versions of ONERA’s ECR thruster investigated in
this Thesis. The left photograph corresponds to the solenoids version and the right one
to the permanent magnets.

• 36 months at Universidad Carlos III (UC3M), Leganés, Madrid, Spain. Start-
ing from the model formulated by Martínez Sánchez et al. in Ref. [83], this
Thesis has extended their contribution in several directions: a detailed anal-
ysis of the kinetic features involved in a MN expansion has been addressed,
as well as the effect of expanding distribution functions far from Maxwellian.
The main motivation of this research relies in the fact that in MN thrusters,
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the plasma properties at the plasma source can vary significantly from one
thruster to another, and understanding how this “boundary condition” influ-
ences the expansion dynamics is becoming crucial to develop accurate pre-
dictable models. All the results of the experimental investigations at ONERA
have been compared with the developed theory.

Considering the above, the goals of this Thesis can be broken down into the
following:

1. Characterize the main plasma properties (density, electron temperature,
plasma potential, ion velocity) along the MN of ONERA’s ECR thruster at
different operating conditions (mass flow rate and power).

2. Develop new diagnostics capable of measuring separately the perpendicu-
lar component to the magnetic field lines of the plasma pressure inside the
thruster and along the MN.

3. Evaluate the fluid macroscopic equations of a paraxial MN with the solution
from the kinetic model. The objective is to analyze the collective effect of
the kinetic features (magnetic mirroring and plasma potential) in the MN
expansion, and assess the relevance of collisionless heat fluxes.

4. Obtain parametric scaling laws of relevant plasma properties downstream,
which are important to perform a quick estimate of the MN performance
without solving the entire model.

5. Address the main differences in the plasma response when expanding “cold”
or “hot” ions with respect to electrons in a MN, as well as formulating the
distribution function as Maxwellian or mono-energetic.

6. Analyse the kinetic effects of expanding a three species plasma with fast and
thermal electrons in terms of the total plasma acceleration, collisionless elec-
tron cooling and contribution of the different electron (sub)populations to the
total momentum and energy.

7. Study the expansion dynamics of a cold plasma with an anisotropic electron
distribution function at the upstream source.
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8. Formulate a quasi-1D model based on the research carried out at UC3M
adapted to the ECR thruster MN, and compare it with the experimental
results obtained at ONERA.

1.4 Thesis structure

The rest of the Chapters of this Thesis are organized as follows.

• Chapter 2 details the development, calibration and testing of a diamagnetic
loop to measure the plasma-induced field of the ECR thruster. The mea-
surements are then related to the perpendicular plasma pressure by means
of two plasma beam models (1D and 2D). This Chapter constitutes a tran-
scription of the contents published in the peer-reviewed journal Physics of
Plasmas, entitled “Characterization of diamagnetism inside an ECR thruster
with a diamagnetic loop”, by S. Correyero, M. Merino, Paul-Quentin Elias,
J. Jarrige, D.Packan and E. Ahedo [43].

• Chapter 3 contains the experimental characterization of the main plasma
properties along the MN of ONERA’s ECR thruster, for different mass flow
rates. For this purpose, electrostatic probes and a LIF set-up have been
installed for the two versions of the ECR thruster. Results are compared
with a supersonic collisionless fluid-kinetic 1D model. This Chapter consti-
tutes a transcription of the contents published in the peer-reviewed journal
Plasma Sources Science and Technology, entitled “Plasma beam characteri-
zation along the magnetic nozzle of an ECR thruster”, by S. Correyero, J.
Jarrige, D.Packan and E. Ahedo [42]

• Chapter 4 presents a kinetic study of the plasma expansion in a MN, which
aims to complete the work of Ref. [83] in several directions. It analyzes the
equivalent fluid model, derives parametric scaling laws for downstream plasma
properties and analyzes the collective magnetic mirror effect and its relation
with temperature anisotropy. This Chapter constitutes a transcription of the
contents published in the peer-reviewed journal Plasma Sources Science and
Technology, under the title “Macroscopic and parametric study of a kinetic
plasma expansion in a paraxial magnetic nozzle” by E. Ahedo, S. Correyero,
J. Navarro-Cavallé and M. Merino [6].
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• Chapter 5 extends the kinetic model to consider a three species plasma expan-
sion (hot and cold electrons). The formation of a quasi-neutral steepened layer
is shown, and a parametric study of the total potential drop is presented. The
thermodynamics of the two electron species are studied separately, showing
the different contribution to the macroscopic fluid moments.

• Chapter 6 studies the plasma response in a MN when the upstream electron
distribution function is anisotropic. Two models are implemented; a fully
kinetic convergent-divergent model and a hybrid divergent model with fluid
ions and kinetic electrons. Results are discussed in terms of the main plasma
properties, the evolution of the distribution functions and the contribution to
the momentum equation.

• Chapter 7 gathers the main conclusions and contributions of this Thesis, and
suggests future lines of research.





CHAPTER

TWO

Characterization of diamagnetism inside
an ECR thruster with a diamagnetic loop

This Chapter is a transcription of the paper published in the peer-reviewed jour-
nal Physics of Plasmas, by S. Correyero, M. Merino, Paul-Quentin Elias, J. Jar-
rige, D.Packan and E. Ahedo [43]. The style has been adapted to the layout of this
Thesis.

Abstract

The plasma-induced magnetic field in an electron cyclotron resonance plasma
thruster is measured non-intrusively by means of a diamagnetic loop that encloses
the plasma flow. The calibration process is described, and parasitic currents in
the thruster walls and plasma oscillations are identified as the dominant sources of
uncertainty. The integrated magnetic flux is seen to depend on the applied power,
and less significantly on the mass flow rate. The effect of the diamagnetic loop
radius is also studied, by testing two loops of different diameter. To estimate the
perpendicular electron pressure in the plasma from the loop measurements, two
plasma beam models, 1D and 2D, are used. While both models give similar results
for the small loop, they differ significantly for the large loop, showing the relevance
of 2D effects when a large diamagnetic loop is used.

17
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2.1 Introduction

Electrodeless plasma thrusters, such as the electron cyclotron resonance thruster
(ECRT) [56, 96, 114, 21, 68] and the helicon plasma thruster (HPT) [32, 102, 97],
produce a cold-ion, hot-electron plasma by applying electromagnetic radiation to
ionize and heat the propellant. An externally-applied magnetic field Ba confines
the plasma away from the lateral walls of the thruster chamber, and enables the
propagation of the electromagnetic radiation into the plasma, where it is absorbed.
Outside of the thruster, Ba diverges to form a magnetic nozzle (MN), where the
plasma is expanded and accelerated quasineutrally by Lorentz forces [9, 93]. In the
typical operation regime, electrons are well magnetized in the MN and follow the
magnetic lines, whereas ions are in general, weakly magnetized. As the electrons
expand downstream, an ambipolar electric field E arises in the plasma that confines
most electrons and accelerates ions, converting the electron thermal energy into
directed kinetic ion energy, and thus creating a supersonic plasma jet channeled
by the nozzle. Only the most energetic electrons overcome the potential barrier to
create a globally-current-free plasma plume. Finally, the plasma detaches from the
closed lines of the applied field to form a free plasma plume [89].

Thrust can be decomposed into pressure thrust and magnetic thrust. The former
is due to the plasma pressure on the chamber walls, and is considered an inefficient
thrusting mechanism due to the recombination losses it entails. The latter is the
reaction to the magnetic acceleration of the expanding plasma, which takes place
mainly in the MN region. Positive magnetic thrust requires the plasma to be
diamagnetic, so that the magnetic force between the plasma and the magnets or coils
of the thruster is repulsive: microscopically, the cyclotron motion of each individual
magnetized electron creates a diamagnetic field that opposes the applied one, and
experiences a force that pushes it in the downstream direction due to the magnetic
mirror effect. Macroscopically, the sum of all electron gyrations and drifts, gives
rise to an azimuthal diamagnetic electron current density jθe that interacts with Ba

to create an inward-confining Lorentz force that balances the outward-expanding
perpendicular electron pressure p⊥e. In the divergent MN, part of this Lorentz
force density (jθeBr) acts in the axial direction. The reaction to this force is the
largest contribution to magnetic thrust, since the ion azimuthal current jθi (which
can incidentally be paramagnetic and hence generate magnetic drag) is small in the
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cases of interest [9]. The azimuthal electron current jθe is also the main contributor
to the plasma-induced magnetic field Bp, that opposes Ba, tends to demagnetize
the plasma in the MN, and increases the divergence of the MN [91].

Magnetic thrust scales with the perpendicular electron pressure p⊥e at the
source, and it is thus desirable to maximize its value during plasma production.
In particular, ECRTs use microwaves that resonate with the electron cyclotron fre-
quency in certain regions of the device, depositing most of the electromagnetic
power into the electron perpendicular motion at resonance and resulting in a par-
tially anisotropic electron distribution function, depending on the collisionality of
the plasma [55]. Hence, a larger magnetic-to-pressure thrust ratio is expected in
these thrusters. Indeed, while isotropic electron populations give rise to about 50%
of the total thrust being generated at the MN [9], preliminary measurements with
an ECRT prototype show that this fraction can be as large as 80% [130]. This
makes the MN of the ECRT an even more essential component for the operation of
the thruster.

As Bp is generated by jθe, measuring Bp allows estimating p⊥e, which can pro-
vide important information about the operation and performance of these thrusters,
and eventually on the magnetic contribution to the thrust. A well-established diag-
nostic technique to measure Bp is the diamagnetic loop, which consists of a coil of
several turns wound around the plasma jet. Its working principle is simple, and re-
lies on the measurement of the induced voltage caused by a change of the magnetic
flux enclosed by the loop [63]: obeying Faraday’s law, the voltage at the loop ends
can be time-integrated during the thruster shutdown transient to obtain the total
plasma-induced magnetic flux Bp across the loop that exists just before plasma
extinction. The integrated voltage signal is proportional to the number of turns
of the loop, which must be chosen according to the sensitivity of the acquisition
system.

In the 1960’s, the diamagnetic loop was used in magnetic-confinement fusion
community to quantify the perpendicular plasma pressure in a reactor [61, 129, 134].
In the field of electric propulsion, Sercel’s first attempted to use a diamagnetic loop
in the 1990’s to estimate the plasma pressure inside an ECRT, but his efforts at that
time led to inconclusive results [113], allegedly due to significant systematic errors
in the measurements. More recently, Ando et al. measured the change in Bp and
the plasma thermal energy in a magneto-plasma-dynamic thruster when switching
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on an additional ion cyclotron heating stage [14]. Regarding Hall Effect Thrusters,
diamagnetic loops have been used to measure the azimuthal drift current in the
channel discharge by fast current interruption techniques [128, 105]. Besides these
noteworthy works and to the best knowledge of the authors, large diamagnetic loops
that embrace the plasma flow have barely been applied in electric propulsion re-
search. More commonly, the plasma-induced magnetic field Bp in plasma thrusters
has been measured locally using intrusive Hall probes and B-dot probes into the
plasma plume [127, 109].

In other fields of plasma physics, diamagnetic loops have been used to investigate
the plasma-induced magnetic field in various plasma devices. Stenzel and Urrutia
studied MHD turbulence in a high-β, dense plasma discharge and the expulsion of
the magnetic field using a diamagnetic loop and a 3D magnetic probe [117]. Corr
and Boswell investigated diamagnetism in a helicon source discharge by placing
diamagnetic loops around the channel and the plasma core [41]. As a last example,
Noland et al. employ a diamagnetic loop on an electron-cyclotron resonance ion
source to measure Bp, and then use a 1D MHD model to estimate the mean plasma
pressure [99].

The present work presents a parametric investigation of the operation of an
ECRT prototype developed at ONERA, France, using diamagnetic loop measure-
ments with two loops of different diameter placed around the plasma jet. The
integrated induced magnetic flux is then used to evaluate the perpendicular elec-
tron pressure inside the plasma jet, and, finally, the influence of 2D effects, specially
on the measurements of the loop with larger diameter, is pointed out.

The rest of this article is structured as follows. The experimental set-up is
explained in Section 2.2. The calibration of the diamagnetic loops is detailed in
Section 2.3. Section 2.4 presents the experimental results of the induced magnetic
flux at various thruster power levels and mass flow rates. Section 2.5 estimates
the perpendicular electron pressure from the induced magnetic flux measurements
with two models: a simple analytic 1D model which considers an infinite uniform
magnetized plasma column in equilibrium and a 2D MN model developed by Ahedo
and Merino [9]. The 2D effects on the measurements are also discussed there. The
main conclusions of this work are gathered in Section 2.6.
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2.2 Experimental set-up

2.2.1 ECRT prototype

The thruster prototype consists of a coaxial structure composed of an inner stainless-
steel rod (0.9 mm radius) surrounded by a 15 mm long and 13.5 mm radius cylin-
der, into which 2.45 GHz electromagnetic waves propagate. The back plate of the
thruster is a cylindrical piece of 3 mm length made of boron nitride while the lateral
thruster walls are made of graphite. A Neodymium permanent magnet creates a
static magnetic field in such a way that electrons reach the cyclotron resonance con-
dition (at 875 Gauss for 2.45 GHz) inside the source. The magnetic field generated
by the magnet is also responsible for the fully-divergent magnetic nozzle topology
(see Figure 2.1), simplifying its design and construction. Finally, the propellant
(xenon in the present case) is injected through two symmetrical holes of 1 mm
diameter at the back plate.
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Figure 2.1: (a) Magnitude of the applied magnetic field Ba at thruster axis (z = 0
corresponds to exit plane); (b) 2D magnetic field topology.

2.2.2 Electronics and vacuum facility

Microwave power at 2.45 GHz is transmitted to the thruster from a solid-state
amplifier from Kuhne Electronics (100 W maximum power) through a 50 Ω coaxial
line, whose losses have been characterized using a vector network analyzer. The
output of the generator is connected to a circulator, which allows to dissipate the
reflected power in a 50 Ω load. Before entering the vacuum chamber, a bi-directional
coupler measures the forward and reflected power through two calibrated diodes,
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whose values are registered through a 1 GHz Oscilloscope. The uncertainty of the
power measurement is ±1 W.

The tests carried out in this work have been performed at ONERA facilities,
located in Palaiseau (France). The vacuum chamber consists of a cylindrical vessel
of 2 m length and 0.8 m diameter. Three turbomolecular pumps and one cryogenic
pump constitute the pumping system which has a total pumping speed of 13000
l/s of Xenon and can reach a background pressure of 10−7 mbar. The background
chamber pressure while operating at 2 sccm of xenon was 3.7 · 10−6 mbar.

Figure 2.2: Schematic of microwave power line and subsystems in the vacuum set-up.

A direct-current blocker is installed between the power line and the thruster to
ensure it is electrically isolated. The thruster floating potential while operating is
monitored by means of a multimeter. Figure 2.2 shows a schematic of the vacuum
set-up and power line.

2.2.3 Diamagnetic loops

To measure the diamagnetic signal inside the ECR thruster, two diamagnetic loops
of different sizes were built:

1. Loop A: DA = 3 cm diameter, LA = 1.5 cm length, NA = 30 turns.

2. Loop B: DB = 30 cm diameter, LB = 3 cm length, NB = 12 turns.
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Both loops are made of insulated copper wire. A 1 mm Teflon layer separates Loop
A from the thruster walls, while Loop B is positioned with a plastic holder. The
diamagnetic loops are fixed in the set-up, and installed coaxially with the thruster
walls. Loop A is wrapped exactly around the thruster walls while the half length of
Loop B coincides with the thruster exit plane. Figure Figure 2.3 shows an schematic
of the position of the loops.

1.5 cmThruster

15 cm

3 cm

1.5 cm

Loop B

Loop A

z = 0

Figure 2.3: Axisymmetric schematic of the thruster and the diamagnetic loops.

The diamagnetic time signal of each loop is measured by a 1 GHz oscilloscope
during the transient shut-down of the plasma, starting from a steady-state operation
point. Then, the time integration of the Faraday law for the magnetic induction
yields:∫ t

0
V dt = −NL · Φp (2.1)

where V is the potential difference between the loop terminals, NL is the number
of turns of the loop and Φp is the variation of magnetic flux enclosed by the loop
before and after the shutdown. Since the applied magnetic field is generated by a
permanent magnet, the magnetic flux measured by the loop corresponds only to
the induced plasma magnetic field.

2.3 Diamagnetic signal calibration

Identifying potential sources of error in the measurement of the voltage signal at the
loop terminals is essential to guarantee a valid computation of the plasma-induced
magnetic flux. Particularly important are the eddy currents through the thruster
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walls, since a cylindrical conductive material is enclosed by the diamagnetic loop.
Other effects as the thruster potential drop during the shutdown, or possible parasite
currents from all the electronic systems involved have also been characterized. This
section analyzes these effects in the experiment.

2.3.1 Effect of eddy currents

During thruster shutdown, and as the total magnetic flux varies, eddy currents are
induced in the conductive parts of the device. In particular, moderate eddy currents
can appear in the conductive walls of the thruster. These eddy currents create a
magnetic field that opposes the field variation (Lenz’s law), and therefore they
affect the flux variation measured by the loop. While the overall time integral of
equation (2.1) is not modified once the eddy currents die away due to the resistivity
of the material, this phenomenon weakens the signal to be integrated (it could even
remain below the sensitivity of the acquisition system) and increases its decay time.
Consequently, it could make the detection of the signal unaffordable.

To evaluate the influence of this effect, a characterization solenoid (length Lc =
200 mm, number of turns Nc = 89, radius Rc = 10 mm) was built to emulate the
voltage drop that is recorded by the diamagnetic loop when the thruster is powered
off. This set-up allows to study the eddy currents phenomena for a known input
magnetic field and in ambient conditions [23]. The solenoid was placed coaxially
with the thruster walls and the diamagnetic loop (See Figure 2.4).

Diamagnetic 

loop

𝑅𝑐

𝐿𝑐

𝑁𝑐 Characterization solenoid

ECR thruster

Figure 2.4: Schematic of the characterization solenoid placed coaxially with the dia-
magnetic Loop A and the thruster walls

By generating a pulsed current signal on the solenoid, the induced voltage in
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Figure 2.5: Characterization solenoid circuit coupled with the diamagnetic loop circuit.
Rosc is the scope input impedance set on 50 Ω, Ccoax is the parallel capacitance mainly
due to the coaxial cables, RDL is the diamagnetic loop series resistance. The parallel
capacitance can be estimated based on the capacitance of a RG-58 (BNC 50 Ω) cable,
which in this case is around 300 pF . The diamagnetic loop circuit inductance has been
estimated to be 50 µH and 80 µH for loops A and B respectively.

the diamagnetic loop was recorded. The current amplitude was controlled so that
the response was comparable to the expected plasma diamagnetism. Figure 2.5
represents the electric circuit that was built to pulse the coil at specific values of
current together with the diamagnetic loop circuit schematic. The loop and cables
resistance RDL is negligible compared to the scope impedance. To illustrate the
measurement characteristics of the system, the gain magnitude frequency response
of loop A is plotted in Figure 2.6 together with the input current impulse from
the characterization solenoid. Notice that the system behaves as a low-pass filter
with a power roll-off of 20dB/dec at high frequencies, being the cut-off at 150 kHz
(shown as a vertical dashed line in Figure 2.6). For verification, the circuit has been
simulated with the software LTspice to study the system response.

Two different materials were used to evaluate the effect of eddy currents in the
thruster walls: graphite (the actual material of the present ECRT prototype walls)
and aluminum. As can be observed in Figure 2.7, the voltage integral could not be
fully recovered in the case of aluminum walls due to the large time response of the
eddy currents and the low value of the resulting diamagnetic signal. On the contrary,
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Figure 2.6: Output signal from characterization solenoid (left) and the gain magnitude
frequency response of the small diamagnetic loop (right), where the red dashed vertical
line represents the cut-off frequency (-3 dB).

the lower conductivity of graphite resulted in a diamagnetic signal, comparable to
the absence of conducting walls. The time integral of each curve corresponds to
7.53 · 10−8 V·s without thruster walls (and thus without eddy currents), 7.45 · 10−8

V·s for graphite walls, and 9.48 ·10−9 V·s for aluminum walls. With graphite walls,
only a relative error of 1.1% on the total integral is committed, which is deemed
acceptable for the present measurements. On the contrary, aluminum walls result
in an error around 87%. It should be noted that integrating over a larger time in
this case does not improve significantly the result, since the background noise is
above the signal itself after the initial instants.

Concerning eddy currents in the vacuum chamber walls, although the same
phenomenon could in principle take place, no measurable effect was found. The
calibration process was performed inside and outside the vacuum chamber to check
the influence in the diamagnetic loop signal. In the case of “no thruster walls",
the characterization solenoid was also used to compare the estimated magnetic flux
and the real measured flux by the diamagnetic loop, finding a very good agreement
between the theoretical and experimental values in the desired range, avoiding the
need for a correction factor.

2.3.2 Plasma oscillations

To better understand the nature of the diamagnetic signal, a specific test was carried
out to relate the plasma extinction process and the decay of the diamagnetic field.
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Figure 2.7: Signal of the diamagnetic Loop A with the characterization solenoid. Three
different cases are represented: aluminum thruster walls ( ), graphite thruster walls
( ) and no thruster ( ).

Together with the diamagnetic signal, three different measurements were taken
simultaneously: firstly, the microwave forward power entering the thruster line was
read by means of a calibrated diode connected to a directional coupler; secondly,
the thruster floating potential was directly measured by a voltage probe connected
to the thruster walls; and lastly, the light intensity coming from the plasma source
was collected into an optic fiber and recorded by photodiode.

Figure 2.8 (left) shows the normalized voltage at the diamagnetic loop and
the three additional measurements, starting from operation at 30 W power and
3 sccm Xenon. The simultaneity of the four signals illustrates the magnetic flux
change at diamagnetic loop during the shutdown. Visibly, the three additional
measurements are stable before shutdown. In contrast, the diamagnetic loop signal
displays large oscillations, which could be possibly attributed to plasma instabilities
during operation. These oscillations are an important source of error in the time
integration of equation (2.1), generating uncertainty in the measurement of the
magnetic flux change at shutdown. These oscillations have been characterized and
used to define the error bars in the plots of next sections. Their frequency and
amplitude are operation point-dependent, but in most cases under study, peaks
between 2 kHz and 150 kHz were identified. Incidentally, these oscillations are in
the same frequency range as the ones found by Sercel in [113].
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Figure 2.8: Signal of diamagnetic Loop A ( ), thruster floating potential ( ),
forward power ( ) and light intensity coming from the plasma source ( ) during
thruster shutdown, normalized.

2.3.3 Other effects

Lastly, the effect of the thruster potential decay on the diamagnetic loop signal
during the shutdown was evaluated. Microwave power is transmitted to the plasma
by a 50 Ω coaxial line, and a Direct Current Blocker (DC Block) is placed between
the line and the source cavity to isolate the generator and components from the
plasma. Therefore, the conductive thruster walls can float and they reach high
electric potentials (around 100–200 V) when the thruster is operating. This floating
potential is maintained by the plasma and depends directly on the plasma properties
(ion and electron fluxes, sheath between thruster and plasma, etc) and the thruster
materials. At the thruster shutdown, the floating potential drops to a residual value
as shown in Figure 2.8. To study any possible influence of this electrostatic effect on
the diamagnetic signal, the thruster was charged externally in the absence of plasma
to 50 V and discharged rapidly simulating the thruster shutdown. The signal of the
loop was recorded simultaneously with the thruster potential. The observed effect
was negligible when compared with the total signal from the diamagnetic loop.

2.4 Plasma-induced magnetic flux

The next subsections report on the experimental measurements with the diamag-
netic loops. In a first set-up, only Loop A was installed, and a parametric analysis
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on the power and xenon mass flow rate of the thruster was carried out. In a second
set-up, both loops A and B were used simultaneously to assess the effect of the loop
diameter on the measurements.

2.4.1 Variation with power and mass flow rate

The thruster shutdown transient lasts around 15 µs, the time span in which the
main induced voltage of the loop is observed. Figure 2.9 illustrates the signal at the
diamagnetic Loop A at three different powers at equal mass flow rate (left), and at
three different mass flow rates at equal absorbed power (right). The plasma-induced
magnetic flux Φp obtained by integrating the diamagnetic signal with equation (2.1)
is shown in Figure 2.10, where the data represent the averaged values between two
independent samples. The repeatability of the measurements is affected by the
erosion of the antenna and particle depositions at the back-plate, which are not
negligible within a few hours of operation. Regarding the error bars, the difference
between repeated measurements is added to the uncertainty in the signal integration
procedure, which is computed as the ratio between the amplitude of the loop signal
oscillations before the shutdown and the maximum amplitude registered after the
shutdown. Notice that this source of uncertainty is specific of each operation point.
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Figure 2.9: Diamagnetic signal (in mV) versus time during the thruster shutdown for:
(left) 2 sccm of Xenon and different power levels: 15 W ( ), 30 W ( ), and 41 W
( ), and (right) 30 W at three different xenon mass flow rates: 1 ( ), 2 ( ), and
3 sccm ( ).

As it can be observed, the measured induced magnetic flux increases with mi-
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Figure 2.10: Induced magnetic flux measured in Loop A as a function of the mass flow
rate, for different power levels: 15 W ( ), 25 W ( ), 30 W ( ) and 41 W ( ).

crowave power. Moreover, for each tested power, a slightly higher value was found
for a mass flow rate between 1 and 1.5 sccm. Beyond this value the induced flux
decreases when increasing the mass flow rate. It should be noted, however, that the
variation of Φp with ṁ is small, and for the lower power values, it falls within the
uncertainty of the measurements.

The behavior of Φp with power and mass flow rate is consistent with the mea-
surements performed by Vialis et al. of the magnetic thrust in the same ECRT
prototype (figure 6 top of [130], the measurements of direct thrust on the magnet)
. This correlation supports a direct relation between the magnitude of the induced
magnetic flux, as measured by the diamagnetic loop, and the magnetic thrust.

2.4.2 Influence of the diamagnetic loop size

To assess the influence of the diamagnetic loop radius, the signals at the two loops
A and B were measured simultaneously. Any differences between the measurements
can be attributed to each loop capturing a different plasma-induced magnetic flux
Φp, which in turn means the existence of Bp outside of the plasma beam. Contrary
to the case of an infinite plasma column, where Bp is restricted to the inside of the
plasma itself, the 2D plasma expansion in the MN is expected to generate fields
that leak outside of the plasma jet [91]. As such, operating two loops of different
radii enables the characterization of this phenomenon.

The first column of Tab. 2.1 displays the measured Φp for two different mass flow
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rates (1 and 2 sccm Xe) and 30 W power. In each case, the plasma-induced magnetic
flux measured by Loop B is roughly one order of magnitude larger than that of Loop
A. This difference indicates that Bp extends indeed outside of the plasma jet and
that the 2D character of the expansion and the azimuthal electron currents must
be taken into account to fully characterize the plasma-induced magnetic field, the
operation of the device, and the generation of magnetic thrust. To explain the
differences encountered by the two loops, and to relate the measurements of Φp to
the perpendicular electron pressure, two models are proposed in the next section; a
1D plasma column model, and a 2D fluid model available in the research group [9].

Finally, it is noted that the differences in Φp in Tab. 2.1 between the two mass
flow rates are within the uncertainty of the measurement (see also Figure 2.10), and
thus no conclusions can be drawn from these results in what regards the variation
of these effects with the mass flow rate.

2.5 Mean perpendicular electron pressure

To relate the loop magnetic flux measurements to the plasma properties it is neces-
sary to consider a plasma model and the magnetic field it induces during thruster
steady-state operation. To identify the dominant mechanisms that drive the plasma-
induced magnetic flux through the loop and estimate the perpendicular electron
pressure in the plasma, a simple analytic 1D model, similar to the one used in [99],
is presented first. Then, a 2D model of the plasma expansion in the magnetic nozzle
is used to discuss the influence of the 2D plasma distribution on the measurements
by the two loops.

2.5.1 Infinite plasma column model

Consider an axially-uniform (∂/∂z = 0), infinite, collisionless plasma column of
radius Rp. The plasma is confined by a uniform, axially applied magnetic field Bza,
and the radial electric field in the plasma is assumed negligible. Electron mass is
neglected with respect to ion mass, ions are assumed cold, and electrons can have
different perpendicular and parallel pressures, p⊥e and p‖e. Under these assumptions
the radial electron momentum balance reduces to:

0 = −∂p⊥e
∂r

+ jθeBza (2.2)
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where jθe = −enuθe is the azimuthal electron current density, which is the dominant
contribution to the total plasma currents [9, 91]. Accordingly, the azimuthal com-
ponent of Ampère’s equation ∇×Bp = µ0j for the axial plasma-induced magnetic
field Bzp reads

−∂Bzp

∂r
= µ0jθ ' µ0jθe (2.3)

Note that the radial component of the plasma-induced magnetic field, Brp, is iden-
tically zero in this infinite plasma column configuration. Combining equation (2.2)
and equation (2.3) and integrating, noting that both p⊥e and Bzp are zero outside
of the plasma, yields an expression for Bzp,

Bzp (r) = − µ0
Bza

∫ RP

r

∂p⊥e
∂r

dr = − µ0
Bza

p⊥e (r) (2.4)

The induced field is diamagnetic and opposes the applied one. The ratio of induced-
to-applied magnetic field at the origin coincides with the plasma beta there:∣∣∣∣∣Bzp (0)

Bza(0)

∣∣∣∣∣ = µ0p⊥e(0)
B2
za(0) = β0 (2.5)

Integrating again equation (2.4) yields the induced magnetic flux measured by a
loop with radius RL located around the plasma column upon plasma shutdown,

Φp = − µ0
Bza

∫ RL

0
2πp⊥erdr = − µ0

Bza

πR2
P p̄⊥e (2.6)

where p̄⊥e is the cross-section mean of the perpendicular electron pressure in the
plasma column. Two observations can be made. First, the induced magnetic flux
scales with p̄⊥e, and it is weaker the larger the applied magnetic field is. Second,
the radius RL of the measuring loop is irrelevant as long as RL > RP , which indeed
means that any induced field in the region between RP and RL is ignored.

Equation (2.6) has been used to compute the mean perpendicular electron pres-
sure p̄⊥e at the exit section of the thruster shown in the second column of Tab. 2.1.
It is evident that the estimates of p̄⊥e from the smaller Loop A and the larger Loop
B are very different. This difference arises from the inadequacy of the 1D model to
describe the present situation, where the plasma expands radially at a large angle in
the MN region. Expectedly, the error of the 1D model increases with the radius of
the diamagnetic loop used, as the contribution of the induced magnetic field lying
between the loop and the plasma beam is more important.
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As a cross-comparison with the data available in the literature, notice that
the estimated perpendicular electron pressure presented in Tab. 2.1 is within the
expected range. The direct measured thrust in this device has been reported to be
hundreds of µN (both on the plasma source and on the permanent magnet) [131].
It is expected that the magnetic thrust is proportional to the perpendicular plasma
pressure times an “effective" area. By taking the backplate of the thruster as a
reference area, 5.73 ·10−4 m2, a plasma pressure of hundreds of mPa is obtained,
which is in line with the results reported here. In parallel, the electron temperature
is expected to be various tens of eV (20 eV have been measured in the near plume
region [74]) and the mean plasma density inside the thruster has been estimated to
be between [1-3]·1017 m−3 at 1 and 2.5 xenon sccm, respectively. These values were
estimated by performing angular scans of current with a Faraday gridded probe and
identifying the mean ion velocity at the exit plane with a simple 1D laser induced
fluorescence set-up [45]. With these data, the mean plasma pressure should also be
hundreds of mPa.

ṁ (sccm)
Measured ΦP

at shutdown
(10−9 Wb)

Estimated p̄⊥e
1D model
(mPa)

Estimated p̄⊥e
2D nG (0, r)
(mPa)

Estimated p̄⊥e

2D nP (0, r)
(mPa)

1 sccm Loop A 2,46 ± 0,5 182 ± 37 218 ± 44 209 ± 42
Loop B 10,0 ± 2,2 737 ± 162 99 ± 22 151 ± 33

2 sccm Loop A 1,89 ± 0,4 140 ± 30 168 ± 36 157 ± 36

Loop B
13,3 ±
3,4 979 ± 250 229 ± 131 193 ± 48

Table 2.1: Experimental magnetic flux Φp from the two loops at 30 W of absorbed
power and estimated values of mean perpendicular electron pressure inside the thruster
source from the 1D and 2D models (Gaussian and polynomial initial density profiles)

2.5.2 2D plasma model

The simple 1D model from previous section fails to explain the differences in mea-
sured flux between the two loops of different radii, and it can only be regarded as
a rough estimate of the induced field generated by the plasma of the ECRT. The
2D features of the plasma, such as the finite size of the thruster and the expansion
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in the magnetic nozzle need to be taken into account in the model to improve the
computation of the radial mean of the perpendicular electron pressure, p̄⊥e.

The thruster itself is modeled as an axially-uniform finite column of plasma
in equilibrium with an assumed radial profile, from where the azimuthal current
density can be readily obtained. The computation of the azimuthal current in the
divergent MN is afforded by the 2D model of Ahedo and Merino (DIMAGNO)
[9]. The model consists of the fluid equations for hot electrons and single-charged
ions, which are integrated with the method of characteristics downstream from
the thruster exit plane, where the plasma radial profile coincides with that in the
thruster. This model has been used in the past to identify the plasma accelera-
tion and thrust generation mechanisms in the magnetic nozzle, and to explain the
plasma-induced magnetic field and the plasma detachment downstream [91, 92, 89].
In addition to the assumptions of the simple model of Section 2.5.1, electrons are
treated as a fully-magnetized, isothermal species (Te = Te0 = const), which, while
ignoring electron anisotropy, is a reasonable approximation in the near-region of the
magnetic nozzle [90]. Ions, on the other hand, are only partially magnetized.

Once jθe has been computed in the whole plasma domain, it is interpolated into
a regular Cartesian grid and the analytic solution of a thin current loop at each
node n of the grid is used to calculate the resulting plasma-induced magnetic field
Bp:

Bzp =
∑
n

µ0In
2π

1√
(r + rn)2 + (z − zn)2

[
K (mn)− r2 − r2

n + (z − zn)2

(r − rn)2 + (z − zn)2 E (mn)
]

(2.7)

Brp = −
∑
n

µ0In
2πr

(z − zn)√
(r + rn)2 + (z − zn)2

[
K (mn)− r2 + r2

n + (z − zn)2

(r − rn)2 + (z − zn)2 E (mn)
]

(2.8)

where K(m), E(m) are the complete elliptic integrals of the first and second kind
[2], zn,rn, and In are the axial, radial position, and associated azimuthal current of
node n, and

mn = 4rnr
(r + rn)2 + (z − zn)2 . (2.9)
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The resulting 2D model of the plasma expansion depends on two dimensionless
parameters. First, there is the normalized ion gyrofrequency computed with the
applied magnetic field at the origin Ba0, Ω̂i0 = eBa0Rp/

√
miTe0, which controls the

ion magnetization strength and only plays a minor role in the near-field expansion
[91]. In the present thruster, with Ba0 = 0.0558 T, xenon as propellant, and an
electron temperature in the range 20–30 eV, one has Ω̂i0 ' 0.13 [74]. Second, there is
the plasma beta parameter at the origin, β0, which is calculated so that the magnetic
flux through the diamagnetic loop area matches the experimental measured value.
Finally, the model depends on the initial plasma profile at the thruster, which is
currently not known. To evaluate the influence of the initial plasma profile on the
computation of p̄⊥e from the measurement of Φp at the loop, two different profiles (a
Gaussian one and a polynomial one) have been simulated to assess the influence of
this aspect on the measured magnetic flux. Figure 2.11 shows the plasma pressure
p and azimuthal electron current density jθe of the two considered initial profiles,
normalized with their mean perpendicular electron pressure p̄⊥e). The azimuthal
current is larger where pressure gradients are larger, and thus varies between the
two profiles. The Gaussian profile has larger currents near the axis, whereas in
the more radially-uniform polynomial case, jθe is negligible except near the plasma
edge.

0.00 0.25 0.50 0.75 1.00 1.25
r (cm)

0

2

4

6

p/
p ⊥

e(
0)

a)a)

0.00 0.25 0.50 0.75 1.00 1.25
r (cm)

0.0

0.5

1.0

1.5

2.0

j θ
eR

p
B
a

0/
p ⊥

e(
0)

b)b)

Figure 2.11: (a) Normalized plasma pressure p/p̄⊥e(0) and (b) normalized azimuthal
current density jθeRpBa0/p̄⊥e(0) of the two considered initial plasma profiles in the
thruster for the Gaussian distribution nG (0, r) = exp

(
−3 · ln (10) · r2) ( ) and the

polynomial distribution nP (0, r) = 1− r8 ( ).

Figure 2.12 shows the 2D maps of the resulting plasma-induced magnetic field
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Bp and the developed azimuthal electron currents along the expansion jθe that
result from the Gaussian and polynomial initial profiles. As the plasma currents
downstream from the simulation box have an impact in the domain, the DIMAGNO
simulations have been extended down to z = 60 cm but results are retained only
down to z = 25 cm.
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Figure 2.12: Plasma-induced magnetic field and azimuthal electron current density in
the near-region plume for the Gaussian (a, c) and polynomial (b, d) initial plasma profiles.
The white dashed line represents the plasma boundary.

The computed plasma-induced magnetic field from equation (2.7) and equation
(2.8) is integrated and averaged along the measuring loop section and equated to
the measured magnetic flux. The resulting expressions allow computing p̄⊥e at the
thruster exit plane, which is shown in the last two columns of Tab. 2.1. Comparing
these values with those of the 1D model of Section 2.5.1, several remarks can be
made. Firstly, the difference in the estimated value of p̄⊥e computed with the two
models (irrespective of the initial profile used) is small for the smaller Loop A.
This suggests that 2D effects are not essential near the thruster axis, but become
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important away from it, and that the 1D model can be used to estimate p̄⊥e when
the loop radius is close to the plasma radius. Secondly, it is noted that the 2D
model provides a far better agreement between the p̄⊥e estimated with the two
loops than the 1D model: while there is a discrepancy larger than the uncertainty
in the measurements, it is evident that the 2D model produces values in the same
range with each loop, whereas the 1D model fails by one order of magnitude. This
indicates that 2D effects are important in the estimation of p̄⊥e when the loop radius
is large. Concerning the sensitivity to the initial plasma density profile in the 2D
model, data show that it only causes a difference for the larger Loop B, while its
effect is negligible for Loop A. While it is not possible to assert with certainty
which profile fits better with the real plasma beam, the polynomial profile seems to
provide a slightly better agreement between the estimate of p̄⊥e from Loop A and B
data than the Gaussian profile. Additional investigation of the radial plasma profile
(possibly with other plasma diagnostics) is necessary to confirm this observation.

Finally, the 2D plasma model used here allows to compute the total magnetic
thrust by integrating the jeθBr component along the simulation domain. For in-
stance, for the first row of Tab. 2.1 (1 sccm), the computed thrust with Loop A is
251 µN and 207 µN for the Gaussian and polynomial profiles, respectively, while
for Loop B is 128 µN and 170 µN. As a reference, the maximum azimuthal cur-
rent density for the Gaussian profile at 1 sccm is around 4000 A/m2. The radial
magnetic field at this point is 31.4 Gauss. With these values, a magnetic thrust
of a few hundreds of µN is estimated. These values of thrust are in the order of
the values given in the literature [131] even though the experimental set-up of [131]
was different from the one presented here, including different vacuum facilities and
losses through the power line.

2.6 Conclusion

Two diamagnetic loops of different radii have been employed to measure non-
intrusively the plasma-induced magnetic flux Φp at the exit plane of an Electron
Cyclotron Plasma Thruster prototype at different power levels and propellant mass
flow rates. The proposed set-up has demonstrated to be capable of detecting the
plasma-induced magnetic flux by integrating the diamagnetic signal in the loop
during thruster shutdown.
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The calibration of the diamagnetic loops assessed possible sources of error when
applying this technique to an ECRT. In particular, it identified the influence of
eddy currents in the thruster walls as a major source of error depending on their
material, and it was found that graphite results in a cleaner diamagnetic signal
than aluminum, remaining the thruster operation conditions unchanged. Plasma
oscillations of the loop signal during steady state operation were seen to be large,
and they induce uncertainty in the measurements. Characterizing and understand-
ing the source of these oscillations is interesting by itself and will be the subject of
future work.

The diamagnetic flux Φp generated by the plasma increases with applied power,
and has a weak non-monotonic behavior with the mass flow rate. These trends agree
well with those of the recent direct measurements of magnetic thrust by Vialis et
al. in the same thruster (in a different facility and with different diagnostics).
Both the diamagnetic flux Φp and the magnetic thrust are directly related to the
perpendicular electron pressure in the plasma, which in a thruster with anisotropic
heating like the ECRT may differ from the parallel electron pressure.

The magnetic flux measured by the larger loop has been found to be signifi-
cantly greater than the magnetic flux measured by the smaller one. This attests
to the importance of the 2D geometry of the plasma-induced magnetic field, as the
magnetic flux created by the plasma spills outside of the plume volume, meaning
that a larger loop will capture more flux. Two plasma models, 1D and 2D, have
been used to simulate Φp and relate its value to the radial mean of the perpen-
dicular electron pressure at the thruster exit plane, p̄⊥e, showing that it is within
the expected range. Electron pressures up to 200 mPa have been inferred from
the diamagnetic loop measurements, which are in line with previous measurements
of electron temperature, plasma density and thrust reported in the literature for
this thruster [74, 45, 131]. The 1D model only provides valid estimates of p̄⊥e for
the loop of smaller radii, and the necessity of a 2D model of the plasma becomes
apparent when the larger diamagnetic loop is used. These results point out the
limitations of the simple formulas emanating from the 1D model to compute the
electron pressure in the plasma.

In order to assess the effect of the radial plasma profile in the thruster in the 2D
model, two different ones where tested. The differences observed between the two
are small, especially when using the smaller loop, but it does have an impact with
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the larger one. Therefore, the smaller loop is a better option for an estimation of
the plasma pressure at the source.

Finally, neither model accounts explicitly for the anisotropy of the electron pop-
ulation; future research must advance in this direction, and in general, improve the
electron model used, in order to refine the estimates of this work. This may be
especially relevant for the ECRT for the reasons stated above.
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Plasma beam characterization along the
magnetic nozzle of an ECR thruster

This Chapter is a transcription of the paper published in the peer-reviewed jour-
nal Plasma Sources Science and Technology, by S. Correyero, J. Jarrige, D.Packan
and E. Ahedo [42]. The style has been adapted to the layout of this Thesis.

Abstract

Experimental characterization of plasma properties along the magnetic nozzle of
an Electron Cyclotron Resonance thruster is presented here. A permanent magnet
prototype and a solenoid prototype are tested, whose main difference relies on
the magnetic field strength and topology. A cylindrical Langmuir probe is used
to measure plasma potential, plasma density and electron temperature. In the
permanent magnet thruster set-up, a Laser Induced Fluorescence diagnostics is
performed simultaneously with the Langmuir probe to measure the mean ion kinetic
energy, and a Faraday gridded probe to characterize the angular plasma beam. An
effective electron cooling rate has been identified, as well as the dependence of the
total plasma potential drop with the mass flow rate. Results are compared with a
supersonic collisionless fluid-kinetic 1D model where electron dynamics account for
magnetic mirror effects and potential barriers, while ions are treated as a fluid cold
species. The comparison allows to estimate the sonic transition of the plasma flow.
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3.1 Introduction

In simple terms, a magnetic nozzle (MN) consists of a divergent magnetic field
generated by a a set of solenoids or permanent magnets, whose main function
is to confine and accelerate the plasma beam. Interest in MNs has increased
significantly during the past years, [132, 33, 124], accelerating the development of
the so-called MN plasma thrusters, such as the helicon thruster [102, 20, 33], the
Variable Specific Impulse Magnetoplasma Rocket (VASIMR) [48], the applied-field
magnetoplasmadynamic thruster [15, 72] or the electron cyclotron resonance
(ECR) thruster [112, 68]. Among its numerous advantages over other acceleration
systems, noteworthy are its contactless character, which reduces erosion and can
extend the thruster lifetime, its versatility which allows to adapt the magnetic
field topology in flight or its easy scalability. However, plasma dynamics in a MN
involve complex physical mechanisms that are yet not fully understood, and are
crucial to determine the thruster performance. Several authors have contributed
significantly to the development of this device, providing insightful theoretical
and experimental research involving MN expansions, such as plasma detachment
[122, 16, 47, 101, 10], formation of ambipolar electric field [9, 80, 17] and magnetic
thrust generation [121, 104, 131]. Ideally, modelling and testing must make progress
together, since one without the other may fall short under scientific scrutiny.

Experimental characterization of the plasma beam properties along a MN can re-
veal not only the thruster performance, but also important physical aspects concern-
ing plasma expansion dynamics that are still unclear. For instance, the evolution
of the electrons along the divergent magnetic field is still a subject of discussion.
Takahashi et al. in [125] studied the thermodynamics of a magnetized electron
gas expansion, showing the correlation between an external electric field and the
polytropic index. Little and Choueiri in [78] characterized the axial variation of
macroscopic quantities in a RF plasma beam and investigated the electron cool-
ing phenomena, comparing its results with a fluid 1D model that included electron
heat conduction and revealing the critical need for improved 1D models to describe
the MN expansion. More recently, experimental studies performed by Kim et al.
in [69, 70] showed the coexistence of adiabatic expanding electrons and isothermal
confined electrons along the MN of an ECR thruster. In this sense, the requirement
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for accurate experimental data and validation of advanced theoretical models for
MNs is clear.

On the experimental side, ONERA has been developing an ECR thruster dur-
ing the past years consisting of an ECR coaxial cavity followed by a divergent MN
[68]. Multiple research has been done concerning this technology: Vialis et al. per-
formed the first direct thrust measurements in [131], an analytical model of the
ECR source was developed to identify the most important physical features in the
ECR discharge [30], Lafleur et al. performed a theoretical and experimental inves-
tigation in [74] to determine the relationship between the maximum ion energy and
the upstream electron temperature in this device, finding a value of 4-5. In order
to contribute to the previous research, and characterize longitudinally the plasma
expansion along the center line of the ECR thruster, this work presents the first
complete measurements of plasma potential, electron density, electron temperature,
and ion velocity along the expansion. Two ECR prototypes are tested, with two
different MN topologies. A parametric study of variation of the mass flow rate ṁ
is presented, which is crucial to understand the expansion dynamics, since the elec-
tron temperature and the isotropization of the electron energy distribution function
are highly dependent on this parameter. Langmuir probes have been used to char-
acterize the evolution of plasma properties along the axis of the MN, and a Laser
Induced Fluorescence (LIF) diagnostics has been employed to determine the mean
ion velocity in the thruster exit plane and along the center line of the expansion
[67]. Angular scans of the ion current have been performed at different xenon mass
flow rates to estimate thruster performances partially.

The fluid-kinetic quasi-1D steady-state model by Martínez-Sánchez, Ahedo and
Navarro [83] is here adapted to analyze the experimental data along the MN of
the thruster. The model determines self-consistently the axial profile of the am-
bipolar electric potential and the electron distribution function of a magnetized
fully-divergent plasma expansion. Contrary to the commonly used fitted polytropic
laws, the model in [83] determines directly the exact solution of the electron veloc-
ity distribution function and the total potential drop in the magnetized expansion,
which for near-cold ions, only depends on the ion to electron mass ratio.

This paper is organized as follows: Section 3.2 explains the set-up developed at
ONERA, Section 3.3 presents the main experimental results, Section 3.4 describes
the model used to predict the plasma properties along the expansion and compares
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the experimental data with the theoretical model. Finally, Section 3.5 concludes
the main results of the research.

3.2 Experimental set-up

3.2.1 The ECR thruster of ONERA

The experiments carried out in this work were performed along the MN of the
ECR thruster developed by ONERA [68]. It has an axisymmetric geometry and
it is composed of a coaxial plasma source cavity of dimensions Ls = 15 mm and
Rs = 13.5 mm followed by a divergent MN. 2.45 GHz electromagnetic waves are
emitted by a stainless steel antenna of 0.9 mm radius placed at the thruster axis
and the electron resonance condition is achieved at 875 G. Two different proto-
types are tested, were the magnetic field is either generated by a solenoid (SO)
or by a permanent magnet (PM) named ECR-PM-V1 in [131]. The back of the
source is limited by a dielectric back plate made of boron nitride. The thrusters
are electrically isolated by an in-line microwave component called Direct Current
Blocker (DC block), which allows them to be electrically floating. The propellant
is injected at the back plate of the source through two holes of 2 mm diameter lo-
cated symmetrically at two mid-points of the source radius. The external magnetic
field strength at the thruster back plate is fixed at 900 G for both prototypes, but
the PM thruster has a smaller axial gradient, which shifts downwards the plasma
detachment and results in a less divergent plasma beam. Figure 3.1 compares the
magnetic field strength at the thruster’s axis as a function of the distance to the
thruster exit plane (corresponding to z = 0).

3.2.2 Subsystems and operating conditions

The microwave power is injected by means of a solid state amplifier. It is constituted
by a signal generator (between 2.3 and 2.6 GHz) and a linear amplifier, and the
maximum power it can deliver is around 100 W. The power is transmitted by a
50 Ohm coaxial cable, whose losses have been measured using a vector network
analyzer. The output of the generator is connected directly to a circulator with a
50 Ohm load, which allows the reflected power to be absorbed and dissipated in the
load. Subsequently and before entering the feedthrough, the power line contains
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Figure 3.1: Applied magnetic field strength at thruster axis in the PM ( ) and SO
( ) ECR prototypes. z = 0 corresponds to the thruster exit plane.

a bi-directional coupler connected to two different diodes that are in charge of
measuring the forward and reflected power at this point of the line. Figure 2.2
shows a schematic of the the microwave power line set-up.

In this study, the power absorbed by the plasma was set at 30± 2 W (determined
by recording the input and reflected power measured by the bi-directional coupler).
The measured reflected power was less than 3 % in all the cases presented here. The
level of radiated power was evaluated when the thruster was ignited and was found
to be negligible and the attenuation level in the coaxial cable inside the chamber was
characterized with a Vector Network Analyzer. With this procedure, the absorbed
power was estimated to be very close to the input power in this set-up (≈ 95%).
Finally, the xenon mass flow rate varied within the range ṁ = (0.08− 0.2) mg/s.
The tests have been done at ONERA-Palaiseau facilities. The vacuum chamber,
known as B09, consists of a cylindrical vessel with dimensions of 0.8 m diameter
and 2 m long. The pumping is done by one primary pump, three Pfeiffer Hipace
(2000 l/s N2) turbomolecular pumps, and one cryogenic pump, allowing to achieve
a background pressure of 10−7 mbar and a xenon pumping speed of 13000 l/s.

3.2.3 Diagnostics

In order to characterize longitudinal profiles of the plasma properties along the MN
expansion, two different diagnostics were installed: Laser Induced Fluorescence
(LIF) optical set-up to measure the ion velocity distribution function (IVDF)
and cylindrical Langmuir probes to obtain information about the electron energy
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probability function (EEPF). Additionally, a Faraday gridded probe was installed
in a rotation stage placed at 28 cm from the thruster exit plane to perform angular
scans of the total ion current. The different diagnostics are detailed below.

Cylindrical Langmuir probe

A cylindrical Langmuir probe of 0.1 mm diameter and 6 mm length was placed in a
2D translation stage, so it could operate at different longitudinal positions. The tip
probe was made of tungsten wire and it was held in a ceramic tube. The I-V char-
acteristic curve was successfully obtained at different locations without perturbing
significantly the thruster performance (from 75 to 250 mm from the thruster exit
plane for the PM prototype, and from 40 to 280 mm for the SO prototype) and
local values of plasma potential, electron density and electron temperature were
computed. It was not possible to place the probe closer to the thruster, because
significant variations on the floating thruster potential were detected, an indication
that the diagnostic was interfering with the thruster performance. The floating
thruster potential was measured using a commercial multimeter external to the
vacuum chamber.

One of the main concerns when placing a Langmuir probe in the presence of a
magnetic field is the tip orientation with respect to the magnetic field lines. The
Larmor or gyro radius was expected to be greater than the probe radius in all
the range studied here, so no magnetic field effect should in principle be captured
[63]. To ensure this fact, and since the gyro radius was not well known due to the
uncertainty on the electron temperature, a previous test was performed with the
Langmuir probe placed in a rotation stage. Acquisitions were taken with the probe
placed parallel and perpendicular to the magnetic field lines and no significant
difference in the I-V curve was found. For this reason, the effect of the probe
orientation was neglected in the present work, and the electron temperature shown
here should be understood as a total value of the electron energy (including parallel
and perpendicular orientations).
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LIF

A 1D Laser Induced Fluorescence diagnostic was mounted together with the elec-
trostatic probes (Langmuir and Faraday gridded) to measure the projection of the
ion velocity distribution function along the thruster axis direction. All optics were
fixed to the vacuum chamber, and the thruster was moved using a 3D translation
stage. With this setup, any point in the thruster source and along the plume could
be measured. It must be noticed that this diagnostic was only installed when op-
erating the PM thruster, since the SO prototype includes water cooling tubes and
high current cables (130 A) that were not compatible with the 3D translation stage.

The LIF calibration and specific details of the optical setup are explained in
[67], as well as the main results from the LIF measurements presented in this work.
The laser consists of a SDL-TC10 tunable laser diode with 20 mW of maximum
output power and the frequency span for these measurements was 25 GHz, which
allowed measuring axial ion velocities up to 20 km/s.

The laser was aligned with the thruster axis and injected through a lens of 25
mm diameter. The detection was composed of a 50 mm lens and a 200 µm optic
fiber. The probed volume was around 1 mm diameter. The optics were installed 450
mm from the measurement point, to avoid perturbation and intrusion in the plasma
beam. The detection was installed with an angle of 35o and a camera was fixed to
the thruster to verify alignment between the laser and the detection. Figure 3.2
schematizes the set-up.
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Figure 3.2: Schematic of optical LIF setup inside the vacuum chamber

Faraday gridded probe

To estimate the mass utilization efficiency at different mass flow rates, the total
ion current was measured with a one-grid Faraday probe. Angular profiles of the
ion current density were obtained by performing angular scans of current with the
probe mounted in a rotation stage at 28 cm from the thruster exit plane. The beam
is assumed to be axisymmetric and composed by only single ionized ions. The probe
used here is described in [74], and consists of a 6 mm diameter collector with a front
grid of 60% transparency. The voltage was biased at a sufficiently negative value
to ensure the probe was working in the ion saturation region of the I-V curve. The
procedure was the following: The probe was placed facing the plume at the thruster
axis, and the collector was biased more negatively until there was no variation in
the collected current (≈ -300 V). Then, the ion current was estimated by means of
an external resistor. The Faraday probe was only mounted in the PM prototype
setup.

3.3 Results

This Section presents the results of the two magnetic systems setups used for the
ECR thruster. All the tests presented here were carried out at 30±2W of absorbed
power and xenon mass flow rates of 1, 1.5, 2.0 sccm for the PM thruster and 0.8, 1
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sccm for the SO thruster. In both setups, the Langmuir probe described in Section
3.2 was installed in a translation stage which allowed the probe tip to be aligned
with the thruster axis at different axial positions. Additionally, in the PM thruster
setup, the LIF optical assembly and the Faraday probe described in Section 3.2
were also installed. In this Section results are organized by diagnostic.

3.3.1 Langmuir probe: Plasma properties φ, ne, Te
The plasma potential at each axial position was obtained from the inflection point of
the I-V characteristic curve, and the electron energy distribution function (EEDF)
was computed with the Druveysteyn formula [51], shown in equation (3.1), where
F (ε) represents the EEDF, g(ε) the electron energy probability function (EEPF),
me and q the electron mass and charge respectively and A the probe surface area.
Figure 3.3 shows an example of the I-V curve and the calculated EEPF at 1 sccm,
at 105 mm from the PM thruster exit plane. The electron density and temperature
can be computed by taking the corresponding integrals of the EEDF, as it is shown
in equation (3.2) and equation (3.3). Notice that since the EEPF is not Maxwellian,
Te stands for an effective electron temperature. These formulas give reliable results
when a magnetic field is present if the condition rL >> rs is satisfied, where rL
represents the electron Larmor radius or gyroradius and rs the effective collecting
area of the probe. This assumption can be problematic at the closest locations to
the thruster exit plane, since the electron Larmor radius could remain of the same
order as the probe sheath length. For instance, for the SO thruster, at z=80 mm the
rL expected should be around 4 mm, while the estimated rs is 2.61 mm. However,
in most of the analyzed region, the condition rL >> rs is well satisfied.

F (ε) = g(ε)
√
ε = 2

√
2meε

q3A

d2I

dV 2 (3.1)
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Figure 3.3: a) I-V curves at 2 sccm of xenon, at different axial locations from the PM
thruster exit plane and b) the computed EEPF.

Figure 3.4 shows the plasma properties measured with the Langmuir probe along the
center line of the PM thruster plume. Plasma potential φ, electron density ne and
electron temperature Te have been estimated from 75 mm to 250 mm downstream,
at three different xenon mass flow rates 1, 1.5 and 2 sccm, where z = 0 corresponds
to the thruster exit plane. The plasma potential φ has been plotted referred to its
value at z = 75 mm. Figure 3.4 (a) shows there is a direct relation between the
mass flow rate and the plasma potential profile in the studied region: at higher mass
flow rates, lower is the plasma potential drop. This behaviour is directly related to
the electron temperature at the plasma source [74], which is highly dependent on
the mass flow rate.

The spatial range of the Langmuir probe measurements was limited to 250 mm
from the thruster exit plane due to the translation stage length. Moreover, posi-
tioning the probe closer than 75 mm from the exit plane disturbed significantly the
thruster performance. For this reason, within 0-75 mm, the experiment was con-
sidered highly intrusive. Although the plasma potential profiles have been found
to be almost flat beyond 200 mm, upstream of 75 mm a high ambipolar potential
gradient is expected, and therefore the near region can not be neglected to estimate
the entire plasma potential profile curve. In the ECR thruster tested here, with its
particular magnetic field topology, the first 10 cm down from the thruster exit plane
are crucial to the ions acceleration (and therefore to the plasma potential), as it is
confirmed in Section 3.3.2. In order to complete the near region of the plasma po-
tential profile, the LIF optical setup was installed, total ion energy was assumed to
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be conserved, and the plasma potential in the near region was estimated by means
of the LIF diagnostics.

Figure 3.4 (b) shows the estimated electron density ne measured with the Lang-
muir probe. As it is expected, it shows an increase with the mass flow rate. At
75 mm, densities in the order of 1015 m−3 have been found. Finally, the electron
temperature Te shows the opposite behaviour; it decreases with the mass flow rate
(see Figure 3.4 (c)). The total absorbed power measured for all cases is 30 W, so
for lower mass flow rates, more energy is spent in heating the electrons, instead of
ionizing the plasma. An effective electron cooling has been measured along the ex-
pansion at different operating conditions. To identify the electron cooling rate, the
electron temperature has been plotted against the electron density in a logarithm
scale in Figure 3.4 (d). Polytropic coefficients of 1.23±0.02, have been found, all of
them below the adiabatic expansion coefficient 5/3 and similar to the values found
by other authors in magnetically expanding plasmas [78, 136]. However, this value
only corresponds to a delimited region of the expansion.

Experimentally, covering the whole region of the expansion can add insight on
the electron cooling mechanism, and in this sense, the Langmuir probe measure-
ments in the SO thruster plume represent a farther zone of the MN, where there is a
higher drop of the magnetic field strength. Figure 3.5 shows the plasma properties
measured with the Langmuir probe along the magnetic field expansion of the SO
thruster. The Langmuir probe was operated from z = 40 to z = 290 mm. In this
experiment, the thruster performance was found stable from 40 mm downwards.
As it can be observed in Figure 3.5 (a), in the range from z = 75 mm to z = 250
mm, at 1 sccm, the plasma potential has decreased around 35 V, while in the same
spatial region for the PM thruster, the total drop was around 80 V. This is due
to the fact that the acceleration region for the PM thruster is wider than for the
SO thruster, which is a direct consequence of the MN topology. Concerning the
plasma density, a factor of two has been found between the SO thruster and the PM
thruster for the same operation conditions, being higher in the SO thruster plume
(see Figure 3.5 (b)).

Interestingly, the electron temperature profile measured in the SO thruster
plume differs from the tendency measured along the nozzle of the PM thruster.
As it is shown in Figure 3.5 (c), it is possible to identify two different regions; while
the first measurements from z = 40 to z = 100 mm reveal a sharp decrease in the
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Figure 3.4: Plasma properties measured with the Langmuir probe, along the center
line of the PM thruster. z = 0 corresponds to the thruster exit plane. Measurements
were taken at 30 W of power and different mass flow rates: 1 sccm ( ) 1.5 sccm ( )
, 2 sccm ( ).

electron temperature, beyond z = 100 mm the curve remains almost flat, reaching
an asymptotic value around 10 eV. In order to study this behaviour, the electron
temperature is plotted against the electron density in a logarithm scale (Figure 3.5
(d)). In contrast to the PM thruster, two different polytropic coefficients γ have
been identified here, γ = 1.55 close to the thruster exit and γ = 1.17 farther down-
stream. Similar trends have been found at 0.8 sccm ( ) and 1 sccm ( ) of
xenon in the SO thruster plume, being the total plasma potential drop at 0.8 sccm
slightly higher. The experiments by Kim et al. in [69, 70] also found various values
of the polytropic index along a MN expansion. In conclusion , these results indicate
that the plasma expansion is more complex than polytropic. Indeed, the the MN
model briefly presented later will confirm that there is not a simple polytropic law.

In Figure 3.6 the electron density has been plotted against the plasma poten-
tial in logarithm scale, and compared to the Boltzmann relation and the different
polytropic cooling laws. In the PM thruster (Figure 3.6 (a)), a polytropic cooling
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Figure 3.5: Plasma properties measured with the Langmuir probe, along the center
line of the SO thruster. z = 0 corresponds to the thruster exit plane. Measurements were
taken at 30 W of power and different mass flow rates: 0.8 sccm ( ) 1 sccm ( )

.

law represents well the near region of the expansion, but downstream it leads to a
non-negligible deviation. In the SO thruster plume (Figure 3.6 (b)), the non local
behaviour (i.e. change in polytropic factor) is again visible.
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Figure 3.6: Normalized plasma density ne/ne75 versus e(φ− φ75)/Te75 estimated with
the Langmuir probe for a) PM thruster and Normalized plasma density ne/ne40 versus
e(φ−φ40)/Te40 b) SO thruster. 0.8, 1, 1.5, and 2 sccm are represented by ( ), ( ),( ),( ),
respectively. The solid line corresponds to the Boltzmann expansion, while the dashed
lines in a) represent polytropic expansions with γ = 1.23± 0.02.

3.3.2 LIF: Mean axial ion velocity ui

The optical LIF diagnostics were installed together with the Langmuir probe in the
PM thruster set-up. The thruster was operated at 30 W and at three different mass
flow rates. LIF measurements were performed at several axial positions along the
center line of the thruster axis; inside the thruster source and in the near plume
region (from z = −5 mm and z = 125 mm). Three examples of different LIF
spectra obtained with the same acquisition parameters (sweep time of the laser and
time constant of the lock-in amplifier) are shown in Figure 3.7 (a). It is noteworthy
that there is a broadening of the peaks inside the thruster, which could be either
due to Zeeman splitting of the 834.7 nm transition, or to the production of charge
exchange ions. The possible effect of Zeeman splitting in this region is a current
line of research. Relative density and mean axial velocity have been computed and
represented in Figure 3.7 (b). Since the ECR region is located near the backplate,
and the magnetic field is fully divergent, the generated ions are already slightly
accelerated inside the source. The measured ion velocity at the thruster exit plane
is 2250, 1950 and 1900 m/s at 1, 1.5 and 2 sccm, respectively. Currently, an
uncertainty of the ECR thruster performance is the location of the sonic transition
from a subsonic plasma jet to a supersonic beam, due precisely to the coupling of
ionization and acceleration processes, so obtaining accurate data of the ion velocity
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and density in this region can be crucial to understand this phenomenon. Figure 3.7
(b) shows a unexpected trend of the relative ion density between 5 and 10 mm from
the thruster exit. These results could be due to production of secondary ions in
this region, but it must be confirmed with additional measurements.
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Figure 3.7: a) LIF signal already centered with the reference discharge at different
axial positions: -5 mm ( ), 10 mm ( ) and 35 mm ( ). b) Computed relative
density ( ) and mean axial velocity ( ) from the LIF signals. Operating conditions
were 1.5 sccm and 30 W.

The mean axial ion velocity has been determined from the LIF signal for each
axial position, at 30 W of absorbed power and three different mass flow rates 1,
1.5 and 2 sccm. The longitudinal profiles are shown in Figure 3.8 (a). Lower mass
flow rates lead to higher ion velocities. The highest ion velocity measured at 100
mm from the thruster exit in this set-up was 16 km/s for 1 sccm. However, the ion
current density also decreases with the distance, and LIF measurements could not
be performed beyond 100 mm at 1 sccm. The ion velocity axial gradient has been
also plotted in Figure 3.8 (b). It can be seen that the strongest gradient is located
between 5 and 15 mm from the thruster exit plane, region where the electric field
is more intense. As well, the maximum velocity gradient is shifted at the different
operating conditions, being closer to the thruster exit plane at lower mass flow rates.

It can be seen that the acceleration region is not complete at the end of the
LIF measurement range, henceforth LIF results in the near plume region have been
completed with Langmuir probe measurements in the far plume region.

Finally, by assuming total ion energy is conserved, it is possible to calculate
the plasma potential in the near plume from LIF measurements by overlapping
the curves of kinetic energy and plasma potential in the region where LIF and
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Figure 3.8: a) Mean axial ion velocity measured with the LIF set-up, along the center
line of the PM thruster and b) its axial derivative normalized between 0 and 1. z = 0
corresponds to the thruster exit plane. Measurements were taken at 30 W of power and
different mass flow rates: 1 sccm ( ) 1.5 sccm ( ) , 2 sccm ( ).

Langmuir probe operated simultaneously. The resulting plasma potential profile
from the thruster exit to the farthest measurement point, referred to the plasma
potential at the ECR source is shown later in Figure 3.13 (b). The total plasma
potential drop from 0 to 250 mm is 236, 145 and 104 V, for 1, 1.5 and 2 sccm,
respectively. It is noteworthy that this potential drop is not necessarily the total
ion energy, since although the plasma potential profile is almost flat beyond 200 mm,
the plasma expansion is not complete. One of the main contributions of this work
is to compute the finite potential drop based on a fluid-kinetic plasma expansion
model, and relate the percentage of plasma expansion with the spatial coordinates.

3.3.3 Faraday probe: Ion current

The gridded Faraday probe detailed in Section 3.2.3 was installed in the PM thruster
set-up. Angular scans of ion current density were taken at 28 cm from the thruster
exit plane, at 30 W of absorbed power and three different mass flow rates 1, 1.5 and
2 xenon sccm. Figure 3.9 shows the measured angular profiles of ion current density,
computed taking into account the surface of the probe and the grid transparency.
It is noteworthy that the angular profiles of Figure 3.9 do not reach the maximum
current at 0 degrees, which is probably due to the fact that the antenna is located
at the center line of the thruster, and influences the shape of the plasma beam. As
well, the current design of the gas injection could also lead to non-homogeneities
already in the plasma source, as it was pointed out by Vialis et al. in [131]. There is
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also a residual current at 90 degrees, which increases with the mass flow rate, which
suggests that it could be due to charge exchange collisions or additional ionization
due to collisions between the ambient plasma and plume electrons.
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Figure 3.9: Angular scan of ion current density at 28 cm from the thruster exit: 1 sccm
( ), 1.5 sccm ( ) and 2 sccm ( ).

The total ion current Ii is computed integrating the ion current density assuming
an axisymmetric plume and taking into account the distance to the thruster axis.
Related to that current, a first parameter assessing the performance efficiency of
the thruster is the mass efficiency, defined as

ηm = Iimi

ṁq
(3.4)

where: mi is the ion mass, q is the elementary electric charge, and ṁ is the neutral
gas mass flow rate. A second efficiency parameter is related to the plume divergence:
if λ represents an effective far field divergence angle [27], a “plume efficiency" is given
by cos2 λ. Tab. 3.1 details these two performance parameters, together with the
measured chamber pressure. The low measured mass efficiency is an indication of
a poor ionization, which is directly related to the mass-flow rate to power ratio, as
it was reported in [131].

3.4 Comparison of plume data with theory

In order to understand and analyze the experimental data on the magnetized plasma
plume emitted by the thruster, we resort to models of the MN. The most suitable
one for a near-collisionless plasma is the kinetic one by Martínez-Sánchez et al. [83]
which considers the expansion of a collisionless, quasineutral, magnetized plasma
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ṁ(sccm) pch (10−6 mbar) ηm(%) cos2 λ Te∗ (eV) z0 (mm)

1 2.8 23.2 0.857 44 7.4
1.5 3.5 17.6 0.892 27 11.8
2 3.7 14.2 0.887 19 12.5

Table 3.1: Chamber pressure, mass utilization efficiency ηm and plume efficiency cos2 λ

for the PM thruster. Two last columns: estimated electron temperature at the sonic point
and its location for the MN model fitting.

in a paraxial convergent-divergent MN, and solves for the ion and electron velocity
distribution functions and the ambipolar electric potential. In the next Subsection,
that ideal model is adapted to a divergent-only nozzle, in a way similar to the one
Merino et al. [95] followed for an unmagnetized plasma plume. Then, Subsection
3.4.2 compares the experimental data with that model.

3.4.1 Divergent nozzle model

Let us consider a divergent nozzle created by an applied magnetic field B(z) mono-
tonically decreasing from z = z0, where from a plasma beam is with near-sonic
conditions, to be defined below. This plasma is collisionless, quasineutral, current-
free and fully-magnetized. Therefore, ions and electrons are perfectly channeled by
the magnetic streamtubes. The model, being paraxial, determines only axial flows
of radially-averaged magnitudes. If the initial cross-section of the beam is A0, the
evolution of the cross section is inversely proportional to B: A = A0B0/B.

Individual electrons conserved their total energy Ee, and magnetic moment µe,
defined as

Ee =
mew

2
e‖

2 + mew
2
e⊥

2 − e∆φ (3.5)

µe = mew
2
e⊥

2B (3.6)

where: we‖ and we⊥ are velocity components parallel (i.e. axial) and perpen-
dicular to the magnetic field (we‖ is also the electron gyrocenter velocity) and
∆φ = φ− φ0 ≤ 0.
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For a current-free plasma, the self-consistent electric potential φ is monotonically
decreasing, its role being to adjust the downstream current of very mobile electrons
to the ion current, in a similar way a Debye sheath does close to a dielectric wall.
However, when electrons are magnetized there is an additional effect. Combining
the above two equations, the electron axial velocity satisfies

mew
2
e‖

2 = Ee − µeB + e∆φ. (3.7)

Therefore, the axial forward-motion (we‖ > 0) of electrons is governed by two
opposing forces: the electric one, which decelerates them, and the magnetic mirror
effect, which accelerates them. The opposite is naturally true for back-marching
electrons. As a consequence three different populations of electrons can be found in
a divergent nozzle [98]: free electrons, emitted by the source and lost downstream
(which constitute the electron current); reflected electrons, emitted by the source
and turned back to the source; and doubly-trapped electrons, bouncing between two
intermediate positions of the plume.

At the source, only the forward-marching velocity distribution function fe+(z0)
can be postulated, while the backward-marching distribution fe−(z) (at any loca-
tion) is part of the solution. The semi-Maxwellian distribution

fe+(Ee)|z0 = ne∗

(
me

2πTe∗

)3/2
exp

(
−Ee
Te∗

)
, we‖ > 0, (3.8)

is chosen here. Parameters ne∗ and Te∗ would be the electron density and temper-
ature at the source, ne0 and Te0, only if fe+ = fe−. Since most source electrons are
reflected back, ne∗ ≈ ne0 and Te∗ ≈ Te0. While the populations of free and reflected
electrons are totally determined in terms of B(z) and φ(z), the determination of the
population of doubly-trapped electrons is out of the capabilities of a collisionless,
stationary model. The same postulates than in [83] will be used here for that pop-
ulation. Macroscopic electron magnitudes such as density ne, parallel particle flow
neue, pressure neTe, and parallel heat flux qe, are determined as velocity moments
of the local distribution function fe = fe+ + fe−, in the way explained in [83].

Ions also conserve their total energy and magnetic moment, but in this case,
both the electric force and the magnetic mirror accelerate them downstream the
divergent nozzle. As a consequence all ions constitute a free population, expanding
supersonically, and a simple “cold fluid model" seems a good approximation [98].
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Then, ion continuity and momentum equations are

niui/B = const = ni0ui0/B0, ui =
√
u2
i0 − 2e∆φ/mi. (3.9)

UsingB as independent variable instead of z, the self-consistent electric potential
profile, φ(B), is determined by satisfying[83] plasma quasineutrality

ne(φ(B), B) = ni(φ(B), B) ≡ n(B), (3.10)

and the current free condition, i.e. the (constant) ion and electron flows are identi-
cal. This, together with quasineutality states that macroscopic ion electron veloci-
ties are the same: ue(B) = ui(B).
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Figure 3.10: Plasma expansion according to the magnetic nozzle model.

The dimensionless solution of this problem depends on the injection location z0

(or B0), the initial velocity ui0/cs∗, with cs∗ =
√
Te∗/mi and the mass ratio mi/me.

Figure 3.10 plots plasma profiles for xenon, ui0/cs∗ = 1, and different z0. Observe,
first, that Te0 ' Te∗ indicating that fe(z0) is fully Maxwellian except for the high-
energy tail of free electrons. Second, electron (collisionless) cooling is high and
motivated by the emptying of regions in the electron velocity space [95]. Third, the
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total drop of the electric potential in the divergent nozzle for a current-free xenon
plasma is about 7.4.
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Figure 3.11: Equivalent local polytropic coefficient given by the model ( ). The
dashed horizontal red line ( ) represents the average experimental value measured
along the MN of the PM thruster.

Figure 3.11 plots an "equivalent" local polytropic coefficient defined as

γ = d ln pe
d lnne

, (3.11)

. which presents large variations along the plume. The main message is then that
there is not a polytropic behavior of the electrons. With this precaution taken, it
still can be said that near the source electrons are near-isothermal, then tend to an
adiabatic behavior, and finally to a (cold) isothermal behavior again. Observe that
these changes occur along a range of B much larger than the experimental one.

Before experimental data are fitted to this model in the next Subsection, it is
worth to highlight the main limitations of this ideal model. First, the model is
paraxial and ignores partially the radial plasma expansion and totally the turning-
back of magnetic lines. Second, it considers ions and electrons fully-magnetized
down to z∞, so, in practice, results are valid only in nozzle near-region. Third, the
electron temperature at the source is assumed isotropic, which is not the situation
expected in an ECR thruster. Theoretical work is underway to cancel or at least
reduce these model restrictions [44, 110, 95, 106]
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3.4.2 Fitting of experimental data along the MN of the
PM thruster

The experimental results for the PM thruster presented in Section 3.3 are here fitted
to the model just described. For a given mass flow, the fitting method is applied
to the ion velocity profile experimental data of Figure 3.8 (a) and consists in the
following. A range of values of Te∗ is selected; remember that Te∗ ≈ Te0. For each
Te∗, the experimental point where ui = cs∗ is taken as origin z0 for the fitted curve
and the full theoretical curve is plotted. Figure 3.12 shows the model prediction
for three different values of Te∗ overlapped with the experimental data, for 2 sccm
flow. There is clearly a significant sensitivity to Te∗. A Least Square Error method
is implemented to select the optimal Te∗. The ion velocity profiles were used for
this fitting process because, first, LIF diagnostics allow to perform measurements
from the thruster cavity to far downstream and, second, the uncertainty in the
measurement of ion velocity is lower than the one regarding plasma density or
electron temperature.
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Figure 3.12: Experimental ion velocity curve ui(z) with the model predictions at
different values of Te∗ for 2 sccm.

The optimal Te∗ for each of the experimental curves (1, 1.5 and 2 sccm) is shown
with its corresponding sonic location z0 in Tab. 3.1 (two last columns). Observe
first, that the fitted sonic point is located around 1 cm from the thruster exit plane
and shifts slightly downstream when increasing the mass flow rate. Second, the
fitted electron temperature at the sonic point Te0 ≈ Te∗ decreases with the mass
flow rate, a trend in agreement with experimental evidence [74].

Figure 3.13 compares the experimental and best-fitted theoretical curves for the
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Figure 3.13: Plasma properties from LIF and Langmuir probe measurements compared
to the quasi 1D model prediction ( ) at 1 sccm ( , ), 1.5 sccm ( , ) and 2 sccm
( , ). a) Ion velocity ui b) Plasma potential ∆φ c) Electron density ne d) Electron
temperature Te.

ion velocity, the plasma potential, the electron density and the electron temperature.
Figure 3.13 (a) shows that the agreement is rather good for the supersonic ui; a
bit worse for 1sccm. Figure 3.13 (b) shows also a good agreement for the plasma
potential. The model estimates that at the farthest measurement point (z = 250
mm), the expansion is almost 70 % complete, and therefore the ratio between the
total potential drop and the estimated electron temperature is around 5, which
correlates well with the values found by Lafleur et al. in [74] in the SO thruster
described here.

Figure 3.13 (c) compares the plasma density measured with the Langmuir probe
and the theoretical curves. The plasma density at the plasma reservoir n0 has
been estimated assuming flux is conserved along the measurement line (recall n0

≈ ne∗), that is nui/B = const. The estimated plasma density at the sonic point
n0 is 2.77, 5.56, and 10.0 in 1016 m−3 units, for 1, 1.5 and 2 sccm, respectively.
The model fairly describes the density drop in the measurement region, although
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additional data nearest the thruster exit s would be necessary to confirm the results.
However, Figure 3.13 (d) highlights that the electron temperature estimated by the
model only agrees reasonably with the experimental results at 1.5 sccm, disagreeing
significantly at 1 and 2 sccm. Finally, Figure 12 compares the average experimental
polytropic coefficient (in a limited plume region) with the local coefficient from the
model.

It can be concluded that the comparison of data and model is acceptable and
promising taking into consideration the idealizations of the model. Temperature
anisotropy, likely present in the plasma at the source and neglected in the MN
model here, is a first major source of discrepancies here, and possibly more acute in
the temperature profiles and for low mass flow rates (due to less electron-electron
collisions). Work is in progress to include anisotropy in the MNmodel [44]. A second
one is the relevance of ionization and collisional process in the real plasma plume,
also neglected in the model. Incidentally, collisions would also justify that the sonic
point is here placed inside the divergent nozzle and not at a MN throat [28, 81].
And finally, discrepancies should not be attributed exclusively to the theory. For
instance, it is acknowledged that, in the data-set at 2 sccm, the uncertainty in the
Langmuir probe post-processing or the increase of the background pressure could
have an impact on the results.

3.4.3 Differences between the PM and SO thrusters

Measurements of the complete plasma potential profile were only performed along
the MN of the PM thruster, since it was not possible to install the SO thruster
in the LIF set-up. Therefore, the experimental data from the SO thruster can
not be directly related to the model results. However, interesting features can be
discussed. The model enhances the large variation of the local polytropic index
along the expansion, a consequence of the collisionless cooling of the different elec-
tron subpopulations. The physical mechanisms that populate the doubly-trapped
electron regions are a current subject of study; two of them are collisionality and
variations of the plasma potential profile during the transient set-up [110]. The 2D
magnetic field topology may influence the formation of the doubly-trapped regions,
and therefore have a direct impact in the local electron cooling. As commented
before, Kim et al. [69, 70] also found different polytropic indices when varying the



3.5. Conclusions 65

strength and configuration of the magnetic nozzle.

3.5 Conclusions

Experimental measurements of ion acceleration and plasma properties along the MN
of two ECR thruster prototypes have been performed. The difference between both
versions relies on the MN topology, one generated by a permanent magnet (PM)
and the other by a set of solenoids (SO). Langmuir probe measurements along the
thruster’s axis at several mass flow rates have added insight of the plasma response
at different upstream conditions. The dependence of the total plasma potential
drop with the mass flow rate has been identified, as well as a significant electron
cooling rate along the expansion.

In the PM thruster set-up, simultaneously with the Langmuir probe, laser in-
duced fluorescence (LIF) diagnostics have been performed to obtain the mean ion
velocity from the thruster cavity to 125 mm downstream. By assuming total ion
energy is conserved, it has been possible to estimate the complete profile of plasma
potential from the thruster exit to far downstream overlapping Langmuir probe and
LIF measurements. Close to the thruster cavity, a broadening of the ion distribu-
tion function has been observed, which could be due to the Zeeman splitting effect.
Further experiments are however needed to fully understand this outcome.

In parallel, a quasi-1D stationary fluid-kinetic model has been adapted to a
fully divergent magnetic field, assuming quasineutrality and current-free expansion.
The ion population is treated as a cold fluid species, while the electron distribution
function is solved self-consistently accounting for magnetic mirror effects and electric
potential barriers.

The unique solution for the ambipolar potential profile depends only on the ion
to electron mass ratio mi/me and the initial ion Mach number. A total potential
drop of 7.4 times the upstream electron temperature is found for xenon.

A least square error method has been implemented to compare the experimental
results with the theoretical model. With this method, it has been found that the ion
velocity, plasma potential and electron density profiles for different mass flow rates
fit well with the model. The highest error between the model and the experimental
data has been found at low mass flow rates and for the temperature profiles, which
is probably related to the anisotropy of the electron energy distribution function
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already at the plasma reservoir plus the effects in the expansion of ionization and
other collisional effects. A next step in this research will be to improve the model
to incorporate electron temperature anisotropy in the plasma source and collisional
effects.

On the experimental side, further work should address additional non-intrusive
measurements close to the thruster exit, since for this ECR thruster prototype,
the main acceleration region is concentrated in the first 10 cm from the thruster
exit plane. Additionally, other diagnostics capable of detecting anisotropic plasma
properties would definitely add insight to this research.



CHAPTER

FOUR

Macroscopic and parametric study of a
kinetic plasma expansion in a paraxial

magnetic nozzle

This Chapter is a transcription of the paper accepted for publication in the peer-
reviewed journal Plasma Sources Science and Technology, by E. Ahedo, S. Cor-
reyero, J. Navarro-Cavallé and M. Merino. [6]. The style has been adapted to the
layout of this Thesis.

Abstract

A kinetic paraxial model of a collisionless plasma stationary expansion in a
convergent-divergent magnetic nozzle is analyzed. Monoenergetic and Maxwellian
velocity distribution functions of upstream ions are compared, leading to differences
in the expansion only on second and higher-order velocity moments. Individual and
collective magnetic mirror effects are analyzed. Collective ones are small on the elec-
tron population since only a weak temperature anisotropy develops, but they are
significant on the ions all over the nozzle. Momentum and energy equations for
ions and electrons are assessed based on the kinetic solution. The ion response
is different in the hot and cold limits, with the anisotropic pressure tensor being
relevant in the first case. Heat fluxes of parallel and perpendicular energies have a
dominant role in the electron energy equations. They do not fulfill a Fourier-type
law; they are large even when electrons are near isothermal. A crude electron fluid
closure based on a constant diffusion-to-convective thermal energy ratio is shown
equivalent to the much invoked polytropic law. Analytical dimensionless parame-
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ter laws are derived for the nozzle total electric potential fall and the downstream
residual electron temperature. Electron confinement and related current control by
a thin Debye sheath and a semi-infinite divergent magnetic nozzle are compared.



4.1. Introduction 69

4.1 Introduction

The understanding of the expansion of magnetically-guided plasmas into vacuum
is crucial to improve the propulsive performances of a magnetic nozzle (MN)[93].
This constitutes the main acceleration stage of some electrodeless plasma thrusters,
proposed for in-space electric propulsion, such as the helicon plasma thruster
(HPT)[123, 132, 115, 97], the electron cyclotron resonance thruster[68], the applied-
field magnetoplasma dynamic thruster [71], and the variable specific impulse magne-
toplasma rocket (VASIMR) [49]. Magnetized plasma expansions are also relevant in
other fields of plasma physics, for example in plasma sources for material processing
and manufacturing [77] or in astrophysical jets [12].

Magnetized plasma beam expansions have been investigated extensively during
the past years, both theoretically [36, 132, 17, 9, 89, 91, 83] and in the laboratory
[133, 73, 64, 47, 80, 24, 101, 66, 97]. Given the inherent difficulty of measuring
downstream properties reliably in low-density plasma plumes, theoretical models
and simulation codes with the capability of accurately predicting the plasma re-
sponse in the MN become crucial to study these devices. In the realm of plasma
models, several approaches exist. On the one side, fluid models tend to be compu-
tationally fast and can provide much insight on the main properties of the plasma
two-dimensional(2D) expansion[9, 89, 92]. However, for a near-collisionless plasma,
the closure of the fluid model with equations for the heat fluxes is far from obvious,
and requires kinetic information on the plasma state. The fluid closure is generally
more critical for electrons, which constitute a confined species with modest parti-
cle and energy drifts along the MN; ions are supersonically accelerated by the MN
and its internal energy matters only in particular devices [90]. Commonly-claimed
isothermal or polytropic closures for collisionless electrons lack proper physical jus-
tification: the first case is just an ad hoc simplification while the second one must be
understood as a phenomenological closure based on fitting experimental data. This
data fitting shows electron cooling in a divergent MN with a polytropic coefficient
in the range 1.1-1.3 [78, 42, 69, 74].

Paraxial (i.e. quasi one-dimensional) MN models, relying on the Vlasov equa-
tion, are showing to be an affordable and fruitful way to analyze the exact kinetic
expansion of a collisionless plasma beam. In this context, Martínez-Sánchez et al.
[83] developed a steady-state model computing self-consistently the velocity distri-
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bution function (VDF) of ions and electrons along a slender convergent-divergent
MN. It was demonstrated that the downstream electron cooling and temperature
anisotropy are a direct consequence of the emptying of regions of the velocity space
of the electron VDF and that cooling determines the finite ambipolar potential drop
along the MN.

The present paper aims to complete the analysis of Ref. [83] in several directions,
part of them suggested from other, more recent works. In order of relevance, the
first goal here is to analyze the equivalent fluid model of the MN. The solution
of the Vlasov model of the paraxial MN is the VDF of ions and electrons along
the nozzle. The successive integral moments in the velocity space of these VDFs
provide the macroscopic plasma magnitudes, and the integral moments of the Vlasov
equations they fulfill. This will allow, for instance, to assess the relevance, for ions
and electrons, of (a) heat fluxes in the energy equations and (b) collective magnetic
mirror effects in the momentum equations. The analysis of the equivalent fluid
model was carried out partially by Sánchez-Arriaga, Zhou, et al. [110, 137] within
a paraxial, time-dependent kinetic model of a divergent-only MN, finding out that
electron heat fluxes were of the same order of magnitude as convective fluxes of
electron thermal energy.

The second goal is to obtain parametric scaling laws of relevant plasma mag-
nitudes, such as the total potential fall along the nozzle, or the downstream tem-
peratures and heat fluxes. These laws are important for quick estimates of a MN
performance without determining the full plasma response. Ramos et al. [106] car-
ried out an analytical study of the asymptotic downstream response except for the
heat fluxes.

The third objective is a detailed comparison of the different plasma response
in the convergent and divergent regions of the MN, and the determination of the
plasma conditions at the MN throat. Special attention will be given to the collective
magnetic mirror effect on ions and electrons in each region and its coupling with the
development of temperature anisotropy. Also, it will be shown that the ion VDF at
the MN throat differs largely with the upstream ion VDF. This fact must be taken
in to account when comparing convergent-divergent MN models with divergence-
only MN models such as those of Refs. [110, 95]. In particular, the comparison of
the present model with the convergent-only MN of Ref.[82] will be addressed. The
convergent-only MN model ends in a wall at a throat preceded by a thin Debye
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sheath. The similarities and differences between the plasma properties across this
sheath and those across the whole divergent MN will be commented.

The last goal is to compare the plasma expansion for upstream monoenergetic
and Maxwellian ion VDFs. Only the first case was considered in Ref. [83]. Velocity
dispersion and heat fluxes are supposed to have a different importance in the two
cases, mainly if the ion population is hotter than the electron one in the upstream
source.

The chapter is organized as follows. Section 4.2 summarizes the key aspects of
the kinetic MN model. Section 4.3 presents spatial results, discusses the two cases
of ion VDFs, compares the physics within the convergent and divergent regions,
and presents parametric results at the MN throat and far downstream. Section 4.4
discusses the macroscopic plasma equations, with special attention to the collective
magnetic mirror effect and the relevance and modeling of the heat fluxes.

4.2 Model formulation

The kinetic MN model described in Ref. [83] is summarized here for self-
containment. A convergent-divergent externally applied magnetic field B(z) with
a single maximum BM located at z = 0 and vanishing at z → ±∞ (where B → 0)
creates a MN that channels a fully magnetized ion-electron plasma generated at
a source located at z → −∞. Subscripts ‘0’, ‘M’, and ‘∞’ will be used for loca-
tions z → −∞, z = 0, and z → ∞, respectively. The kinetic model attempts to
determine the steady state of the paraxial, collisionless, quasineutral, current-free,
low-beta, and fully-magnetized plasma plume in the MN. In this asymptotic limit,
particle drifts and induced magnetic field effects are negligible. This ideal fully
magnetized model would fail of course, at |z| large enough where ion and electron
magnetization fades, but this fact is marginal to the goals of the present study,
centered on understanding basic plasma phenomena of the MN expansion.

Since the spatial distance z does not appear explicitly in the model, a mono-
tonic variable related directly to the non-monotonic magnetic field provides a more
universal description of the spatial behavior. A convenient, space-like dimensionless
variable is

ζ = sign (z) log10
BM

B
, (4.1)



72 Macroscopic and parametric study of a kinetic plasma expansion in a
paraxial magnetic nozzle

which places the throat M at ζ = 0 and scales logarithmically with B.
The model will determine iteratively the ambipolar electric potential φ(ζ) and

the VDFs of electrons and ions along the central magnetic line of the MN. It is
assumed (and then confirmed by the solution) that φ(ζ) decreases monotonically
along the expansion from φ(−∞) = 0 to φ(+∞) = φ∞(< 0); this finite total
potential fall along the MN is to be determined too.

As a consequence of full-magnetization and lack of collisions, electrons and ions
conserve their total energy E and magnetic moment µ, that is

E = m

2 (w2
‖ + w2

⊥) + eZφ, µ = mw2
⊥

2B , (4.2)

where: species subscripts have been omitted, m and Z represent, respectively, the
particle mass and charge number, w‖ is the particle velocity parallel to B (i.e. axial
in this model), and w⊥ is the perpendicular velocity. Solving equation (4.2) for the
two velocity components yields

w⊥(ζ, µ) =
√

2µB(ζ)
m

, (4.3)

w‖(ζ, E, µ) = ±
√

2
m

[E − eZφ(ζ)− µB(ζ)], (4.4)

where w⊥ is positive by definition, while the plus and minus signs for w‖ indicate
the forward and backward marching of particles, respectively.

Condition w‖(ζ, E, µ) = 0, i.e.

E = Zeφ(ζ) + µB(ζ), (4.5)

sets the spatial turning point for particles of given (E, µ); thus eZφ + µB acts as
the effective potential function for the parallel motion of a particle. Alternatively,
equation (4.5) defines the maximum magnetic moment µm allowable for a particle
with energy E to reach location ζ:

µm(ζ, E) = E − eZφ(ζ)
B(ζ) . (4.6)

Figure 4.1(a)-(b) displays three typical spatial profiles of µm for ions (i) and elec-
trons (e) and three different energies E. The curves show all the possible topologies
found with the model discussed here.
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Figure 4.1: Three typical curves of µm for three ion and three electron energies (these
ones increasing from curve 1 to 3). The red dots correspond to local minima µT (E). This
example corresponds in fact to the solution for mi/me = 104 and Ti0/Te0 = 10.

The axial electric field pushes ions downstream and electrons upstream in both
the convergent and divergent side of the nozzle. The magnetic mirror effect, in
contrast, tends to keep both types of particles away from the throat region. This
leads to different behaviors (a) of ions and electrons, and (b) in the convergent and
divergent sides of the MN. Taking first the case of ions, for a given energy E in
Figure 4.1(a), the curve µm(ζ) always has a single minimum µT (red dot in the
figure) at ζ = ζT in the convergent side. Ions from the upstream source with low
enough µ can surpass that location and therefore are free ions reaching ζ = +∞.
The rest of them are reflected back to the source. Therefore, for given E, there are
four µ-subregions in the ion phase space: µ < µT , for free ions; µT < µ < µm and
ζ < ζT , for reflected ions; µT < µ < µm and ζ > ζT , devoid of (upstream) ions; and
µ > µm, forbidden energetically.

For electrons the situation is more complex. First, electrons with E > e|φ∞|,
such as those of curve 3 of Figure 4.1(b), are free electrons, reaching ζ = +∞, or
are reflected back to the source, depending on their magnetic moment µ. Second,
electrons with E < e|φ∞| lead to curves of type 1 or 2 of Figure 4.1(b), and, if
originated in the upstream source, are reflected back to it. In addition, for curves of
type 2, with two local extrema, there is region of doubly-trapped electrons, bouncing
between two locations of the divergent side: they are decelerated axially by φ when
moving downstream, and by B when moving upstream. The populations of reflected
plus doubly-trapped electrons constitute the confined electron population.

As boundary conditions for the VDFs, it is assumed that there are no sources of
particles at the downstream end, ζ = +∞, while, at the upstream plasma reservoir,
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the forward marching VDFs (i.e. with w‖ > 0 and named f+) of ions and electrons
are known and semi-Maxwellian (except for a monoenergetic case discussed in Sec
III), that is

f+
0 (E) = n?

(
m

2πT?

)3/2
exp

(
−E
T?

)
, (4.7)

with n? and T? reference values of density and temperature. The backward-marching
side of each VDF for reflected particles, named f−, is to be determined.

Macroscopic magnitudes of ions and electrons are obtained from the velocity-
integral moments of their VDF. Integration is more conveniently carried out in the
invariants space (E, µ), so that for any magnitude χ its velocity integral becomes

〈χ〉(ζ) = 2πB
m2

∫ ∫
dµdE

χf(E, µ)
|w‖(ζ, µ, E)| . (4.8)

Since doubly-trapped electrons are disconnected from both the upstream and
downstream ends, in this stationary, collisionless model, their VDF can only be
postulated. Here, following Ref. [83], the VDF expression for the reflected electrons
will be also used for doubly-trapped electrons, which means a full replenishment of
the doubly-trapped region during the transient MN formation.

The main macroscopic magnitudes for each species are density, particle (parallel)
flux, parallel pressure, perpendicular pressure, (parallel) heat fluxes of parallel and
perpendicular energy, given, respectively, by

n ≡ 〈1〉, nu = 〈w‖〉, (4.9)

p‖ = nT‖ = m〈c2
‖〉, p⊥ = nT⊥ = m〈w2

⊥〉/2, (4.10)

q‖ = m

2 〈c
3
‖〉 = m

2 〈w
3
‖〉 −

m

2 nu
3 − 3

2p‖u, (4.11)

q⊥ = m

2 〈w
2
⊥c‖〉 = m

2 〈w
2
⊥w‖〉 − p⊥u. (4.12)

Here, species subscripts are dropped, u is the (axial) macroscopic velocity of the
species, c‖ = w‖ − u is the diffusion velocity of each species, and T‖ and T⊥ are
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parallel and perpendicular temperatures. The average pressure is defined as p =
(p‖ + 2p⊥)/3 and similarly for the average temperature. The parallel heat flux of
total energy is q = q‖ + q⊥. Notice that: the heat fluxes are indeed diffusive fluxes
of thermal energy while the convective fluxes of parallel and perpendicular thermal
energy are (3/2)p‖u and p⊥u; only free subpopulations contribute to parallel fluxes
of particles and energy; and, in this paraxial model, focused in the MN centerline
all perpendicular fluxes are zero, i.e. 〈w⊥〉 = 〈w3

⊥〉 = 〈c2
‖w⊥〉 =0.

Using equation (4.8) with 〈w‖〉 the particle flows are straightforwardly deter-
mined:

nu

B
= n?√

2πmT 3/2
?

∞∫
E0

dEµT (E) exp
(
−E
T?

)
(4.13)

with E0 = 0 for ions and to E0 = −eφ∞ for electrons. These flows are constant
spatially, which implies that 1/B is proportional to the effective cross-section area
of the flow.

For the density profiles, taking into account that f−i = 0 for free ions and
f−i = f+

i for reflected ions, the ion density satisfies

ni(B, φ) = ni?
√
πT

3/2
i?

∞∫
0

exp
(
− E

Ti?

)(√
E − eφ+ sign[ζiT (E)− ζ]

√
E − eφ−BµiT (E)

)
dE.

(4.14)

Similarly, for electrons one has[83]

ne(B, φ) = ne?
√
πT

3/2
e?

∞∫
−eφ∞

sign[ζeT (E)− ζ] exp
(
− E

Te?

)√
E + eφ−BµeT (E)dE

+ ne? exp eφ∞
Te?

1 + erf
√
ξ

2 eξ −
√
ξ

π

 (4.15)

with, in the last term, ξ(φ) = e(φ − φ∞)/Te?. Taking the limit ζ → −∞ (i.e.
B → 0) in these expressions, the upstream densities correspond indeed to the
reference values:

ni0 = ni∗, ne0 = ne∗.

It will later be found that Ti0 = Ti∗ and Te0 = Te∗ too. This means that, at ζ = −∞,
the back-marching VDFs of ions and electrons are practically semi-Maxwellian. In
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other words, at ζ → −∞, the contribution of the free populations of ions and
electrons is a set of measure zero on the velocity integral moments.

Hereafter, only the case of a current-free plasma beam is discussed, i.e. equal
fluxes of ions and electrons in the MN. Then, the total potential drop |φ∞| and the
profile of the ambipolar electric potential profile φ(ζ) must be such that the plasma
beam satisfies the current-free and quasineutrality conditions,

e(niui − neue) = 0, ni(B, φ) ' ne(B, φ) ≡ n. (4.16)

The iteration procedure on φ(ζ) to fulfill the above conditions and obtain the self-
consistent solution of the problem is the same than in Ref. [83]. Notice that
equations (4.16) states that in a paraxial current-free plasma ue = ui. The exten-
sion of the model to a current-carrying plasma is straightforward, just requiring to
change one boundary condition.

Plasma equations are normalized with BM , n0, Te0, and
√
Te0/mi. Then, the di-

mensionless model turns out to depend only on two parameters: the ion-to-electron
temperature ratio and the ion-to-electron mass ratio, Ti0/Te0 and mi/me.

4.3 Kinetic results

4.3.1 Spatial profiles and influence of the ion VDF form

Reference [83] studied the MN model with Maxwellian electrons and monoenergetic
ions with

f+
i0(E) = ni0m

3/2
i

4π(3Ti0)1/2 δ
(
E − 3

2Ti0
)
, (4.17)

with δ the Dirac function. Figure 4.2 compares the plasma expansion along the
nozzle for the monoenergetic and Maxwellian ion VDFs. Figure 4.2(a) shows that
the electric potential profiles φ(ζ) are practically the same for both ion VDFs. This
indicates that φ(ζ) does not depend practically on the velocity dispersion of the
ion VDF, which makes sense since it is determined from conditions (4.16) involving
only plasma densities and flows. Section 4.3.3 will further compare electric potential
drops for the two ion VDFs.

Next, since the electron response depends totally on the relation φ(B), which
is nearly the same for the two ion VDFs, all electron macroscopic magnitudes are
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almost identical for both distributions, as Figure 4.2(b), (c), (f), and (i) corroborate.
Since ions and electrons share density and axial velocity, n and ui, differences on
macroscopic variables between the two ion VDFs are noticeable only for higher
velocity moments, such as ion temperatures and heat fluxes. This is well illustrated
in Figure 4.2(d), (e), (g), and (h).

Differences in Ti‖ are seen only in the divergent region. Downstream, Ti‖ goes
to zero only for the monoenergetic distribution, while a reduced parallel velocity
dispersion is kept for the Maxwellian one, i.e. Ti‖∞ 6= 0. On the contrary, Ti⊥ is
the same for both distributions and goes to zero downstream (Ti⊥∞ = 0) due to the
inverse magnetic mirror effect, as it will be discussed later. Whereas ions develop
a significant temperature anisotropy along the MN, the electron temperature is
practically isotropic except far downstream. Ion and electron heat fluxes present
complex behaviors that will be discussed in Section IV. Finally, the qualitative
trends shown in Figure 4.2 for the hot-ion case continue to be valid in the cold-ion
case, i.e. for Ti0/Te0 � 1. Some parametric studies on the influence of Ti0/Te0 and
mi/me on the solution are developed below.

4.3.2 Behavior on the convergent region and the MN
throat

The magnetic mirror effect (MME) on both ions and electrons makes the plasma
response very different in the convergent side, where it slows down the parallel
motion of individual ions and electrons, and the divergent side, where it accelerates
axially ions and electrons. When this behavior is combined with the effect of the
electric potential, φ(ζ), which is similar in both nozzle sides but opposite for ions
and electrons, it turns out that the collective MME is very different for ions and
electrons.

Figure 4.3 plots the main plasma properties at the magnetic throat M. Fig-
ure 4.3(a) shows that the potential fall in the convergent side scales mainly with
the electron temperature and lies within the interval

−eφM/Te0 ∼ 0.55− 0.70, (4.18)

if mi/me > 103 (that is for ion-electron plasmas). Figure 4.3(b) shows that the
fraction of free electrons at the MN throat (and therefore in the convergent MN)



78 Macroscopic and parametric study of a kinetic plasma expansion in a
paraxial magnetic nozzle

−4 −2 0 2 4
ζ

−6

−4

−2

0

eφ
/T

e0

a)

−4 −2 0 2 4
ζ

0.00

0.25

0.50

0.75

1.00

n
/n

0

b)

−4 −2 0 2 4
ζ

0.0

0.5

1.0

1.5

2.0

u
i/
c s

0

c)

−4 −2 0 2 4
ζ

0.00

0.25

0.50

0.75

1.00

T
i‖
/T

i0

d)

−4 −2 0 2 4
ζ

0.0

0.5

1.0

T
i⊥
/T

i0
e)

−4 −2 0 2 4
ζ

0.00

0.25

0.50

0.75

1.00

‖
⊥
‖

⊥

f)

T
e‖
/T

e0
,

T
e⊥
/T

e0
T
e‖
/T

e0
,

T
e⊥
/T

e0

−4 −2 0 2 4
ζ

0.00

0.02

0.04

0.06

0.08

q i
‖/
n

0
T
i0
c s

0

g)

−4 −2 0 2 4
ζ

−0.20

−0.15

−0.10

−0.05

0.00

0.05

q i
⊥
/n

0
T
i0
c s

0

h)

−4 −2 0 2 4
ζ

0.00

0.25

0.50

0.75

1.00

‖
⊥

‖
⊥

i)

q e
‖/
n

0
T
e0
c s

0
,

q e
⊥
/n

0
T
e0
c s

0
q e
‖/
n

0
T
e0
c s

0
,

q e
⊥
/n

0
T
e0
c s

0

Figure 4.2: Normalized plasma properties for Maxwellian ( and ) and mo-
noenergetic ( ) ions, with mi/me = 104 and Ti0/Te0 = 10.

is still very small. The increase of that fraction when mi/me decreases is due to a
lower electrostatic confinement of electrons, caused by a lower |φ∞|. Figure 4.3(c)
plots the plasma density at M, which follows approximately the Boltzmann relation,
nM/n? ' exp(eφM/Te0) ∼ 0.50− 0.54; the next Section will explain this behavior.
Figure 4.3(d) plots the ratio of the plasma velocity versus the reference sound
speed at the throat, csM =

√
(TeM + TiM)/mi. Notice that the plasma here is a

collisionless fluid, and an expression for the real sound speed would require an exact
closure of the fluid equations, which the next Section finds unavailable. Nonetheless,
it is still reasonable to say that the plasma beam experiences a sonic transition
around the nozzle throat.

Figure 4.3(e) and Figure 4.3(f) show the parallel and perpendicular temperatures
of ions and electrons at M . While electrons remain practically isothermal in the
convergent MN, ion temperature components behave differently and develop an
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Figure 4.3: Normalized plasma properties at the magnetic throat M, for differentmi/me

and Ti0/Te0 = 0.1 ( ) and 10 ( ). (a) Plasma potential, (b) free electron density,
(c) plasma density, (d) ion velocity, (e) electron temperatures, and (f) ion temperatures.

anisotropy. In fact, although Ti‖ decreases similarly for both hot- and cold-ion
simulations (Ti‖ ' 0.2Ti0 and Ti‖ ' 0.33Ti0 for cold- and hot-ion cases, respectively),
Ti⊥ increases at the throat. This increase is related to the existence of a low-velocity
empty region in the ion VDF at the throat, of characteristic energy |eφM | ∼ Te0,
as discussed in the Appendix 4.5. This empty region becomes more relevant in
the integral for Ti⊥ the lower the characteristic ion energy Ti0. Therefore, the
temperature anisotropy in the ion population is more marked in the case of initially
cold ions, Ti0/Te0 � 1.

Both ion and electron particles suffer a similar a magnetic mirror effect, reducing
the parallel particle velocity and reflecting back particles with w‖ = 0. However,
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the collective MME is very different in the two VDFs populations, due to the dif-
ferent effect of the electric potential on the two species: additional confinement of
electrons and parallel acceleration for ions. It is shown later that that the collective
MME on a given species appears as the volumetric force n(T⊥− T‖)d lnB/dz in its
momentum equation, so a collective MME is closely related to the development of
temperature anisotropy. Therefore, Figure 4.3(e) and (f) suggest the existence of a
strong collective MME on the ions but a negligible one on the electrons. For elec-
trons the individual magnetic mirror plus the electric potential make the VDF to
decrease its density along the convergent MN, while remaining nearly Maxwellian
and isotropic. Appendix A discusses and plots the evolution of the ion and elec-
tron VDFs on the convergent MN, in order to better understand their collective
behaviors.

Several works on kinetic models consider the plasma expansion in a divergent
MN only, placing the plasma source at the throat M (or nearby) [26, 110]. This
configuration makes full sense when plasma processes on the convergent MN are
dominated by phenomena different from magnetic guiding, such as plasma produc-
tion and heating or interaction with chamber walls.

The plasma conditions imposed at the throat in these models generally differ
partially with the present ones, for instance on the ion temperature anisotropy and
the beam ’near-sonic’ macroscopic velocity. This fact must be taken into account
for a proper comparison with the present model.

4.3.3 Parametric laws for the total potential fall

The asymptotic downstream values of plasma magnitudes are important variables
characterizing the plasma response in the MN. They depend on the two free param-
eters of the model: the mass ratio, mi/me, which defines the propellant type; and
the temperature ratio Ti0/Te0, which species stores more internal energy upstream.

The main downstream variable is surely the total electric potential fall in the
convergent-divergent MN, plotted in Figure 4.4(a). The dimensionless final po-
tential, e|φ∞|/Te0, increases logarithmically with the mass ratio. For electron-ion
plasmas -i.e. mi/me ≥ O(103)-, the potential fall (including the drop in the conver-
gent MN) is 5-8 times the upstream electron temperature, which agrees reasonably
well with experimental data, taking into account the differences between this model
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and practical configurations [74, 42]. The dimensionless final potential depends
weakly on the temperature ratio: it almost does not change from Ti0/Te0 =0.1 to
1, and only by a 15-20% percent from Ti0/Te0 =1 to 10. This implies that |φ∞| is
set mainly by the electron thermal energy and is consistent with the role of φ of
confining most of the electron population. Approximate semi-analytical fittings for
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e|φ∞|/Te0 versus mi/me and Ti0/Te0 are derived below.
Figure 4.4(b) plots the plasma beam velocity, For the cold-ion case Ti0/Te0 = 0.1,

the numerical linear fitting is
ui∞√
Te0/mi

≈ 0.168 ln mi

me

+ 1.95, (4.19)

and the two coefficients in this linear fitting become (0.160, 2.25) and (0.118,4.40) for
Ti0/Te0 = 1 and 10, respectively. In the cold-ion case, one has ui∞ ≈

√
2e|φ∞|/mi,

while a relevant contribution from the conversion of ion thermal energy into kinetic
energy is added in the hot-ion cases. In plasma thrusters, the final beam velocity
is closely related to the specific impulse, Isp. In this respect it is interesting to
observe that, to dominant order, ui∞ ∝

√
me/mi ln(mi/me), so that the heavier

the propellant is, the larger electric potential fall compensates partially the higher
ion-mass penalty in Isp.

Since ui∞ is finite, the continuity equation (4.13) states that the plasma density
goes to zero as n ∝ B−1. The perpendicular temperatures of ions and electrons
also go to zero, i.e. Ti⊥∞ = Te⊥∞ = 0, due to the conservation of the magnetic
moment (i.e. the inverse magnetic mirror effect). However, the parallel velocities
of ions and electrons keep part of their upstream dispersion and the respective
downstream parallel temperatures of ions and electrons are not zero. Figure 4.4(c)
plots Ti‖∞/Ti0. For the cold-ion case Ti0/Te0 = 0.1, the numerical linear fitting is

Ti‖∞
Ti0
≈ −0.099 ln mi

me

− 3.91 (4.20)

The two coefficients in this linear fitting become (−0.077,−1.87) and
(−0.033,−0.96) for Ti0/Te0 = 1 and 10, respectively. Figure 4.4(d) shows that
the dependence of Te‖∞/Te0 on the mass and temperature ratios is through the final
electric potential fall, via the numerical linear fitting

ln Te‖∞
Te0

= −0.67e|φ∞|
Te0

+ 0.89. (4.21)

Both final parallel temperature ratios are much less than one and they are lower
the higher mi/me and, thus e|φ∞|/Te0) are. It can also be concluded that the final
electric potential depends more on the electron state than on the ion one.

Next, Figure 4.5 presents µT (E) for ions and electrons for the parametric ranges
mi/me = 102–105 and Ti0/Te0 = 0.1–10. As Ref. [83] showed and Figure 4.5(a)
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illustrates, the electron function µeT (E) is practically independent of the two di-
mensionless parameters and satisfies rather accurately the linear relation

µeT (E) ≈ E/BM . (4.22)

For Maxwellian ions, Figure 4.5(b) shows that µiT (E) is independent of the mass
ratio, but depends on Ti0/Te0. Only for the hot-ion case the approximation µiT (E) ≈
E/BM is applicable. Using these linear approximations for µeT (E) and µiT (E),
analytical expressions are found for the flows of electrons and hot ions in equation
(4.13). For mass ratios above O(102) and Maxwellian VDFs, these are

nue
B
' ne0
BM

√
Te0

2πme

(
e|φ∞|
Te0

+ 1
)

exp
(
−e|φ∞|

Te0

)
, (4.23)

and

nui
B
' ni0
BM

√
Ti0

2πmi

' 0.40 ni0
BM

√
Ti0
mi

(
for Ti0

Te0
� 1

)
. (4.24)

Equating both flows, the total potential fall satisfies the implicit equation

e|φ∞|
Te0

− ln
(

1 + e|φ∞|
Te0

)
= ln

√
miTe0
meTi0

− 0.2, for mi

me

� Ti0
Te0
� 1, (4.25)

where the offset −0.2 has been added from the linear numerical fitting plotted
in Figure 4.4(a). Notice that the second term on the left side of equation (4.25)
provides just a mild correction to the first one.

For the cold-ion case, no simple-enough expression for µiT (E) has been obtained,
but it is found that the dimensionless potential fall depends no more on Ti0. A
suitable numerical fitting based on the results of Figure 4.4(a) is

e|φ∞|
Te0

− ln
(

1 + e|φ∞|
Te0

)
= ln

√
mi

me

− 0.4, for Ti0
Te0
� 1. (4.26)

These two fittings of the MN potential fall for the cold- and hot-ion cases match at
Ti0/Te0 ≈ 1.5.

Figure 4.2(a) showed that |φ∞| was very similar for Maxwellian and monoener-
getic ion VDFs, for same mass and temperature ratio. Indeed, for a monoenergetic
and hot-ion VDF, equation (4.17), the ion flow satisfies

nui
B
' ni0
BM

√
3Ti0
16mi

' 0.43 ni0
BM

√
Ti0
mi

, for mi

me

� Ti0
Te0
� 1,
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which differs very little from equation (4.24) for a Maxwellian VDF, thus justifying
the previous observation.

Figure 4.3(a) and equation (4.18) showed that the potential drop in the conver-
gent MN is modest compared to the total potential drop in the MN. Hence, the
above scaling laws for e|φ∞|/Te0 can then be taken as valid approximations for the
potential fall in the divergent nozzle, eφ∞M/Te0, with φ∞M = φM − φ∞. Then, the
logarithmic dependence of eφ∞M/Te0 on mi/me resembles much the one for the po-
tential fall in a conventional Debye sheath next to a wall. In this respect, it is worth
to compare the model for the magnetic cusp (indeed a convergent MN) studied by
Martínez-Sánchez and Ahedo[82] to the present convergent-divergent MN one. In
their case the plasma was current-free too, and the convergent MN was followed
by a Debye sheath (of zero thickness and non-neutral) and a solid wall located at
the MN throat, while here the convergent MN is followed by the divergent MN (of
infinite extension and quasineutral).

The total potential fall within their sheath and the one within the present diver-
gent MN have indeed the same role: to confine appropriately most of the electrons
in order that the electron current leaking downstream is the correct one (i.e. equal
to the ion current for a current-free beam). Electron and ion physics are shown here
to be more complex in the divergent MN than in the planar, purely-electrostatic
sheath, but the required potential drops for electron confinement are rather similar.

Figure 4.2 showed that most plasma magnitudes reach their downstream asymp-
totic values around ζ ∼ 2, that is B/BM ∼ 0.01. Thus, the downstream law is
discussed in this subsection are strictly valid only if the plasma continues to be
fully-magnetized at ζ ∼ 2, which is unlikely (mainly for ions) in many practical
cases. Ion and, then, electron demagnetization at an earlier stage of the expansion
will certainly modify somehow the plasma response, but collective changes could be
rather limited. This judgement is supported by the comparison of the present MN
model with the (collisionless, paraxial) unmagnetized plume model by Merino et al.
[95] where plasma anisotropic cooling and similar parametric laws for e|φ∞|/Te0 are
found too.
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4.4 Macroscopic plasma description

4.4.1 The equivalent fluid model

Taking velocity moments of the Vlasov equation for a generic VDF, the fluid equa-
tions for the bulk variables are obtained. For the present paraxial flow, the main
fluid equations for each species are

nu

B
= const, (4.27)

B
d

dζ

(
mnu2

B

)
+ nZe

dφ

dζ
+ dp‖

dζ
− (p‖ − p⊥)dlnB

dζ
= 0, (4.28)

nuZeφ

B
+ nu

B

[
mu2

2 + 3T‖
2 + T⊥

]
+ q‖ + q⊥

B
= const, (4.29)

nuT⊥ + q⊥
B2 = const, (4.30)

corresponding to the conservation of particles, momentum, total energy, and per-
pendicular energy, respectively. The constant in the continuity equation was already
determined in equation (4.13). The momentum equation (4.28), which cannot be
reduced to a first integral, shows 1/B as the effective cross-section variation in the
convective term, and includes the collective MME as a third volumetric force. The
total energy conservation equation (4.29) includes the contributions of the kinetic
and thermal energy flows plus the parallel heat flows of parallel and perpendicular
energies, plus the ‘flow of potential energy’ (indeed, the integral of the work of the
electric field). Dividing this equation by equation (4.27), the conservation of total
energy ‘per particle’ in the ion or electron flow is

mu2

2 + 3T‖
2 + T⊥ + q‖ + q⊥

nu
+ Zeφ = E , (4.31)

with E the total energy per (average) particle. Finally, the very simple form of the
perpendicular energy equation (4.30), without kinetic energy flow and electric field
work, is due to the paraxial approximation (i.e. it is the perpendicular energy in
the centerline). The factor 1/B2 in this equation combines the effect of the cross-
section variation and the magnetic mirror effect (which increases the perpendicular
kinetic energy proportionally to B).

Since these fluid equations are exact moments of the Vlasov equation they must
be satisfied by the integral velocity moments of the ion and electron VDFs obtained
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terms of the fluid equations of (a)-(b) momentum, (c)-(d) total energy per particle, and
(e)-(f) perpendicular energy. Units in vertical axes are arbitrary. Results are for mi/me =
104 and Ti0/Te0 = 10.
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mentum (4.28), and (b) total energy (4.29) for the cold-ion case. Units in vertical axes
are arbitrary. Results are for mi/me = 104 and Ti0/Te0 = 0.1.

directly from the kinetic model. In fact the error in fulfilling these fluid equations
measures the error of the numerical integration algorithms; in all cases presented
here it has been checked that this error is negligible. The analysis of the fluid terms
for mi/me = 104 and Ti0/Te0 = 10 is presented in Figure 4.6 for electrons (left)
and ions (right). Each subplot depicts the different terms of the momentum, the
total energy, and the perpendicular energy equations for ions and electrons along
the nozzle, thus illustrating the dominant terms in each equation and nozzle region.
Concerning plots 4.6(c)-(d), equation (4.31) has been used and the constant on
its right-hand side has been included into the potential energy term. This is not
possible in plots 4.6(e)-(f) for the flows of perpendicular energy, but units have been
set in order that the right-side constant in equation (4.30) is equal to 1.

Starting with electrons and their momentum equation, Figure 4.6(a) shows that
inertia terms are negligible, as expected. The collective MME turns out to be
marginal in the whole MN, due to the small temperature anisotropy except at the
far-downstream end. Therefore, electrons present everywhere a near perfect balance
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between the electrostatic force and the pressure gradient,

en
dφ

dζ
' dpe

dζ
. (4.32)

Furthermore, in the convergent part of the MN, since Te is almost constant, and
equation (4.32) becomes the Boltzmann relation. This is not the case in the the
divergent MN, where no simple relation among Te, n, and φ have been found.

Regarding the conserved electron energy Ee, Figure 4.7(a) plots its dependence
with mi/me and Ti0/Te0. Interestingly Ee + eφ∞ is almost universal and close to
(1.2 ± 0.1)Te0. Once more it is worth to compare this result to the case of a
conventional Debye sheath where Ee + eφ∞ ' 2Te0. Figure 4.6(c) plots the different
contributions to the electron energy balance: the kinetic electron energy is negligible
and the potential energy flow is the dominant contribution, which is balanced by
the thermal and heat flows, with the dominance of the heat flow of parallel energy.
Figure 4.6(e) shows that qe⊥ and Te⊥nue near-balance each other except in the
central region of the MN. Since the electron temperature is nearly-isotropic except
in the cold downstream end, a good approximation for the electron energy balance
is

5
2Te + qe

nue
− eφ ' Ee, (4.33)

with qe = qe‖ + qe⊥. The error in using this approximate law, in the wide param-
eter range considered, is found to be below 7% in the whole MN. Regarding the
dependence on B, the asymptotic analysis of Ramos et al. [106] for the electron pop-
ulation at the downstream end of the nozzle, yielded nTe‖u ∝ B and nTe⊥u ∝ B5/3,
which is confirmed here. Additionally, it is found here that similar scaling laws
apply to the parallel and perpendicular heat fluxes: qe‖ ∝ B and qe⊥ ∝ B5/3. Next
Subsection further analyzes electron heat fluxes.

The behavior of the hot ion population, shown on the right plots of Fig. 4.6,
presents interesting differences with respect to the electron one. In Fig. 4.6(b) for
the ion momentum equation, the electrostatic force is found to be marginal for hot
ions (except for a discrete contribution in the divergent region). The momentum
flux gain is provided mainly by the two pressure terms; in particular, the macro-
scopic MME is a dominant contribution in the whole MN. Also, far upstream, the
magnetic mirror and the parallel pressure gradient are seen to develop sooner than
ion convection. Figure 4.6(d) and (f) for the ion energy show that: the kinetic
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energy of ions comes mainly from the electric potential energy and the parallel
thermal energy; the heat flux of parallel ion energy can be considered a second-
order contribution; and the total flux of perpendicular energy qi⊥+nuiTi⊥ tends to
zero at both nozzle ends but is non negligible in the central region of the MN. In
the cold-ion case, the response of the electrons is practically the same, but the ion
response is simpler, as shown in Figure 4.8. Now, the ion kinetic and electrostatic
energies dominate totally the ion response. Figure 4.7(b) plots Ei. There is not a
good-enough approximate expression, similar to equation (4.33), for the ion energy.
The equation

1
2miu

2
i + 3

2Ti‖ + Ti⊥ + eφ ≈ Ei. (4.34)

yields an error of up to 10% in the central region of the nozzle and remains below
2% for both hot- and cold-ion cases along the divergent region of the expansion.
Nonetheless, equation (4.34) is not valid far upstream (where relative errors are of
order one).

4.4.2 Electron heat fluxes

Using the preceding fluid equations directly, i.e. without solving the kinetic Vlasov
equation, requires closure relations for the heat fluxes. Clearly, the CGL double
adiabatic limit, q‖ = q⊥ = 0[35], does not apply. Still, ion heat fluxes are not
a dominant contribution to the energy balance and could be ignored in a first
approach, as in equation (4.34). This is not the case for the electron heat fluxes,
which are further investigated in this subsection.

First, electron heat fluxes do not follow a Fourier law, as it evident from Fig. 4.9,
which compares the shapes of the heat fluxes and the temperature gradients and
shows that they are not proportional. Furthermore, the upstream and downstream
electron heat fluxes satisfy

ζ = −∞ : qe⊥
nue

= −Te0,
qe‖
nue

= 3
2Te0 + e|φ∞|, (4.35)

ζ → +∞ : qe⊥
nue

= 0, qe‖
nue
' Ee ≈ 1.2Te0, (4.36)

so they are nonzero, in general, while the temperature gradients become null at the
two MN ends. These facts indicate that a heat flux in collisionless and collisional
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fluids does not represent the same physics. In both fluids, the heat flux is the differ-
ence between the total and convective fluxes of total energy, Eqs. (4.11) and (4.12).
In a collisional fluid, the heat flux has the simple and clear meaning expressed by
the Fourier law: it develops when a temperature gradient exists and its effect is to
reduce that gradient. No such meaning and effect extend to a collisionless fluid,
where the heat flux is principally a mathematical entity. A physical meaning can
theoretically be extracted from the third-order equations in the fluid hierarchy for
the transport of qe‖ and qe⊥; see, for instance, Eqs. (43) and (44) of Ref. [107].
However, the complexity of these equations and the presence of next-order terms
make uncertain they can unveil a clear physical interpretation of these fluxes.
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Figure 4.9: Normalized evolution of electron heat fluxes and gradients of temperatures
along the nozzle for mi/me = 104, and Ti0/Te0 = 10.

Instead, in order to understand better the relevance here of the heat fluxes
(i.e. the diffusive fluxes of thermal energy), Figs. 4.10(a)-(d) compare them with
the convective thermal fluxes. First, Fig. 4.10(a) shows that the total flux of
perpendicular energy, qe⊥ + nueTe⊥, is positive all along the MN and tends to
zero at both nozzle ends, although only at the downstream end both individual
contributions are zero. The negative value of qe⊥ at the two asymptotic regions is
a good example of its predominantly mathematical character. In the central region
of the MN, the total flux of perpendicular energy increases as a consequence of the
individual magnetic mirror effect on electrons; as a consequence qe⊥ increases (and
changes sign). Next, Fig. 4.10(b) compares the two parallel energy fluxes, both
being positive along the whole MN. As commented above, the heat flux is about
2.5-4 times the convective flux in the convergent MN in spite of the quasi-constant
temperature there. Then, just downstream of the nozzle throat, there is a minimum
of the diffusion-to-convection ratio, which balances the magnetic mirror effect on the
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Figure 4.10: (a) Ratio of perpendicular heat flux versus perpendicular thermal energy
flux. (b) Ratio of parallel heat flux versus parallel thermal energy flux. (c) Ratio of total
heat flux versus thermal energy flux. (d) Ratio of total heat flux versus total flux. mi/me

= 103 ( ), 104 ( ), 105 ( ), and Ti0/Te0 = 10.

fluxes of perpendicular energy. Further downstream, at ζ ≈ 2, all curves intertwine
around the value 7/3, and finally the diffusion-to-convection flux ratio increases to
the large asymptotic value

2qe‖
3nueTe‖

≈ 0.8 Te0
Te‖∞

− 1,

obtained from equation (4.31) and Figure 4.7(a).
The splitting of the heat flux of the electron thermal energy into fluxes of parallel

and perpendicular thermal energy could be more a disadvantage than a benefit
when looking for a comprehensive macroscopic picture of the electron response.
Figure 4.10(c) plots the diffusion-to-convection flux ratio of total thermal energy.
Compared to Figs. 4.10(a) and (b), this ratio is monotonic down to ζ ∼ 2, and then
grows to attain a large asymptotic value (not shown there). Figure 4.10(d) plots
qe/nue, non-dimensionalized with Te0 and confirms that the heat flow qe/B (which is
proportional to qe/nue) is monotonically decreasing. The absence of local extrema
around the nozzle throat in figures 4.10(c) and (d), confirms the compensation there
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of the magnetic mirror effects on parallel and perpendicular heat fluxes, caused by
the exchange between perpendicular energy diffusive flux, me〈w2

⊥c‖〉/2, and parallel
energy diffusive flux, me〈c3

‖〉/2.
In summary, in terms of the electron energy, three regions can be identified in

the MN: (1) the convergent region which is near isothermal but with a rather large
heat flux, (2) the main divergent region, reaching until B/BM ∼ 0.01, with both Te
and qe/B decreasing, and (3) the far downstream region, with qe/B near constant
and Te still decreasing to its asymptotic value.

The changing behavior of qe along the MN and its unclear physical basis does not
help to derive a closure relation for the set of electron fluid equations. Nonetheless,
to end this subsection, let us comment a crude phenomenological law for qe, which
in the end is going to be equivalent to the phenomenological polytropic law, often
used to analyze plasma expansions. Based on Figure 4.10(c), let us take an average
value of the diffusion-to-convection flux ratio, i.e. qe/nueTe =const or, in vector
formulation,

qe = ᾱ nTeue, (4.37)

with ᾱ a constant. This is substituted in the stationary internal energy equation

∇ ·
(5

2Tenue + qe

)
= ue · ∇pe +Qe, (4.38)

where, for compactness, Qe groups all volumetric sources of internal energy. For
the stationary, collisionless case, it is Q = 0 and ∇·nue = 0, and a straightforward
integration of the energy equation yields

Te ∝ nγ̄−1 with γ̄ = 5 + 2ᾱ
3 + 2ᾱ , (4.39)

with γ̄ an effective polytropic coefficient. The adiabatic case ᾱ = 0 corresponds
to γ̄ = 5/3 and, as the relative heat flux increases, γ̄ decreases. For instance, the
intermediate value α = 7/2, extracted from Figure 4.10(c), o yields γ̄ ≈ 1.2, a
value close to some experimental evidence [42, 78, 69, 70, 74]. Implementing the
crude closure (4.37) in the energy equation (4.33) yields the known law between the
electric potential fall and the polytropic coefficient,[95]

e|φ∞|
Te0

≈ γ̄

γ̄ − 1 . (4.40)
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This implies that γ̄ depends on the mass and temperature ratios: for the cold-ion
case and using equation (4.26) one has

γ̄ ≈ 1 +
(

1 + ln
√

mi

2πme

)−1
. (4.41)

In summary, in a collisionless plasma, the polytropic law (4.39) is equivalent
to a constant diffusion-to-convection energy flux law (4.37). Indeed the variation
of qe/nueTe along the nozzle is equivalent to the variation of the ’local polytropic
coefficient’

γ = 1 + d lnTe
d lnn (4.42)

computed in Ref. [95], for instance. The advantage of the flux-based law proposed
here is that it is easily extended to a weakly collisional plasma expansion. However,
the main point to stand out is that both of them are crude phenomenological closures
of a collisionless fluid model and do not reproduce the real electron energy balance,
mainly in the divergent MN, which generally is the region of most practical interest.
This would partially explain that some experimental data requires to be matched
with piecewise polytropic laws [69, 42]. In any case, these simple laws have a
practical value for fluid simulations, since they provide acceptable spatial profiles
of the electric potential, and the plasma density and temperatures.

4.5 Summary and conclusions

A previous work on a kinetic paraxial model of collisionless magnetized plasma,
channelled by a convergent-divergent MN, has been complemented here in several
directions. One of the central studies has been on magnetic mirror effects. In the
fully-magnetized case, those are equally important to ion and electron particles, but
macroscopically, magnetic mirror effects manifest only if temperature anisotropy is
generated. Contrary to naive intuition, it has been shown that the collective mirror
effect is very mild on electrons, in both convergent and divergent regions, except
very far downstream (where anyway the electron pressure and temperature are
residual).

On the contrary, magnetic mirror effects are shown to be strong on ions, gen-
erating a large temperature anisotropy in the ion population. Furthermore, ions
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change from having Ti⊥/Ti‖ > 1 in the convergent MN to Ti⊥/Ti‖ → 0 far down-
stream. Related also to the ion temperature, the comparison of the plasma response
when the upstream ion VDF is monoenergetic or Maxwellian shows changes only
on second and higher order velocity moments, such as Ti and qi.

The collisionless macroscopic (i.e. fluid) equations for ions and electrons have
been analyzed using the moments of the kinetic solution. First, the ion fluid behav-
ior is different for the cold- and hot-ion cases. While in the first case ion dynamics
are dominated by the ambipolar electric field, in the second one the anisotropic
pressure and the collective magnetic mirror effect have dominant roles and even ion
heat fluxes are not fully negligible in the energy balance.

Since collective magnetic mirror effects are small for electrons, their momentum
equation reduces to the standard equilibrium between the electric and pressure
forces, but no simple relation between pe and n (such as the Boltzmann relation)
can be invoked in general. In the present collisionless case, the equations for parallel
and perpendicular electron energies are the most challenging ones theoretically,
since electron heat fluxes are dominant terms in them even in the regions where
the electrons are practically isothermal. The electron heat flow qe/B is large and
near-constant in the convergent nozzle and then decreases around the throat and
the divergent nozzle to reach a downstream asymptotic value. In almost the whole
MN, the diffusive thermal flux qe is larger than the convective one, (5/2)Tenue, so
its variation along the nozzle is related closely to the total potential fall.

The electron heat fluxes are far from fulfilling a Fourier-type law; in fact, a
physical meaning for them in a collisionless fluid is uncertain. Without it, a heat
flux is just the mathematical difference between the total (physical) energy flux
and what is defined as the convective flux. The search of a physical basis should be
further pursued analyzing the corresponding third-order electron fluid equation.

Here, in order to find an approximate closure of the fluid equations, a sim-
ple phenomenological law based on a constant diffusion-to convective thermal flux
ratio has been discussed. It has been demonstrated to be equivalent to the of-
ten invoked polytropic closure, but presents the advantage of being applicable to
weakly-collisional discharges too. In any case, these simple laws, although practical,
do not reproduce the locally changing physics of the real collisionless discharges.

Due to their practical interest, the parametric dependence of e|φ∞|/Te0 on the
two free parameters of the model, the propellant mass and temperature ratios, has
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been assessed and good analytical approximations have been derived. Similar laws
have been obtained for the final beam velocity and parallel temperatures of ions
and electrons. Finally and motivated by a previous work on the plasma discharge
in a convergent MN followed by a Debye sheath and a wall, the similarities and
differences between the electron confinement and electric current control by a very
thin sheath and by the semi-infinite divergent region of a MN have been discussed.

The goal of the present paraxial MN model has been to understand fundamental
kinetic aspects of a collisionless plasma discharge and their macroscopic manifesta-
tion. The implementation of the new findings in the 2D or 3D electron fluid models
used, for instance, by the codes DIMAGNO [9], FUMAGNO [92] or EP2PLUS
[37, 38] should improve the simulations of plasma expansions in real configurations
such as those of space electric thrusters.

Appendix 4.A: Evolution of the velocity distribution func-
tions

In the parametric plane (µ,E), the VDF of each species, f , is constant to first order
along the ζ direction. This constant propagation of f from the upstream plasma
reservoir is only interrupted by the turning points of the axial velocity, which are
given by (4.5), that is

Lζ : E(µ; ζ) = Zeφ(ζ) + µB(ζ). (4.43)

This equation constitutes a family of straight lines in the (µ,E) plane, with ζ as
parameter. For each location ζ, the region locally apt for having particles is the one
above the corresponding Lζ . Far upstream and downstream, the lines are horizontal,
while at the MN throat, the line has maximum slope, BM :

L0 : E(µ) = 0, (4.44)

LM : E(µ) = BMµ+ ZeφM , (4.45)

L∞ : E(µ) = Zeφ∞. (4.46)

These three lines, together with the envelope Σ of family (4.43), delimit the regions
of phase space of free, reflected, and doubly-trapped particles. Figure 4.11 displays
these lines for electrons (Z = −1) and ions (Z = 1) in the cold ions case. There
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are four distinct electron regions in the (µ,E) plane, separated by L∞, LM and
Σ. Region A contains the high-energy, low-µ electrons that manage to escape the
MN, i.e., free electrons, for all values of ζ. Region B has reflected electrons initially,
and then becomes energetically forbidden downstream as ζ increases. Region C
has reflected electrons initially, then becomes forbidden, and then allowed again
but empty. Finally, the special region D is delimited by the envelope Σ, formed
by line (4.43) in the divergent part of the MN. This region transitions from having
reflected electrons, to being forbidden, to having doubly-trapped electrons, to being
forbidden again. It is the only region of the parametric plane that can host doubly-
trapped electrons. In the case of ions, Σ is the relevant boundary for free (region
A). To its right (region C), reflected ions exist initially, then this region becomes
forbidden, and then available and empty again..
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Figure 4.11: Regions in the (µ,E) plane for electrons and ions in the cold ion case,
showing the lines L0, LM , L∞ and the envelope Σ. The thicker lines delimit regions where
different types of particles are allowed and correspond to: A, free particles; B (only elec-
trons), reflected low energy particles, then forbidden; C, reflected high energy particles,
then forbidden, then empty; D (only electrons), reflected particles, then forbidden, then
doubly-trapped particles, then forbidden again.

In order to illustrate the evolution of the ion and electron VDFs along the mag-
netic nozzle and complement the discussion in the main text, Figure 4.12 plots three
examples in the (w‖, w⊥) velocity plane. The first column corresponds to electrons
(for the cold-ion case). The second column corresponds to cold Maxwellian ions (a
Maxwellian f+

i0 with Ti0/Te0 = 0.1) and the third one to hot ions (a Maxwellian f+
i0

with Ti0/Te0 = 10). For additional illustration, the thick black rings on the two last
columns correspond roughly to a monoenergetic f+

i0 .
The three lines L0, LM and L∞ of (4.44), (4.45), and (4.46) become the following
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electrons cold ions hot ions

Figure 4.12: Electron and ion VDFs in the velocity plane at four different spatial
locations. First column is for electrons in the cold-ion case. Second and Third columns
are for a Maxwellian f+

i0 with Ti0/Te0 = 10 and 0.10, respectively; the thick solid line is for
the equivalent monoenergetic case of f+

i0 . The mass ratio is mi/me = 104; cs0 =
√
Te0/mi.

Dotted lines are for L0, dash-and-dot ones for LM , and dashed ones for L∞. The vertical
tick in the x-axis is the local value of the macroscopic velocity ui. Observe that the w‖
axis is shifted in this last row.
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conical sections in the velocity (v‖, v⊥) plane:

L0 : w2
‖ + w2

⊥ = −2Ze
mα

φ(ζ), (4.47)

LM : w2
‖ −

(
BM

B(ζ) − 1
)
w2
⊥ = 2eZα

mα

[φM − φ(ζ)] , (4.48)

L∞ : w2
‖ + w2

⊥ = −2Ze
mα

[φ(ζ)− φ∞] . (4.49)

These lines are plotted in Figure 4.12 as a dotted semi-circle, dash-and-dot hyper-
bola, and dashed circle, respectively. The envelope Σ is the free boundary of the
coloured region, joining with the other curves smoothly. Observe that LM for ions
and electrons are conjugated hyperbolas, and that these hyperbolas become straight
lines at ζ = 0, position where they swap the major axis direction. In all plots, those
particles on the w‖ > 0 side of the plane that do not have a corresponding image
particle on the w‖ < 0 side are free particles; regions where particles exist for both
w‖ > 0 and w‖ < 0 represent reflected or doubly-trapped particles.

In the case of electrons (first column in the Figure), only LM and L∞ shape
the regions of the VDF. Electrons within the L∞ semicircle cannot reach the down-
stream end of the MN, and electrons above the hyperbola LM cannot reach the
nozzle throat. Therefore, only electrons above L∞ and to the right of LM are free
electrons. For ζ < 0 the rest of them are reflected electrons. For ζ > 0, those below
L∞ and LM are reflected, while those between these two lines are doubly-trapped
ones.

In the case of ions (two last columns), only L0 and Σ (which approaches LM
in most plots) play a role as indicated in the analysis of the (µ,E) plane. The L0

semi-circle delimits a region below which no ions exist. For ζ < 0, the forward-
moving ions located above Σ cannot reach the throat and are reflected back; below
Σ and above L0, most of the ions are free and the region w‖ < 0 is almost empty.
For ζ > 0, all ions are free ions, and are located to the right of Σ and above L0.
Far upstream essentially all ions are reflected and the ion VDF is Maxwellian. As
the expansion begins, an empty region appears (and correspondingly, the free ions
can be identified).

At the throat and beyond all ions are free ions. In the divergent side, the empty
region grows further, and the hyperbola of (4.48) becomes more eccentric until far
downstream only ions with w⊥ → 0 exist.
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The different behavior of Ti⊥ at the throat M for hot- and cold- ions, shown
in Figure 4.3(f), can be explained in view of the ion VDF of Figure 4.12. At the
throat (ζ = 0), the ion VDF would extend the semiplane w‖ > 0 and yield Ti⊥ = Ti0,
were it not for the empty region below the semi-circle L0 and the arc of envelope
Σ. The relevance of this empty region in the integral definition of Ti⊥ is small for
hot-ions but large for cold-ions, leading to the observed Ti⊥ ' Ti0 in the hot case
and Ti⊥ ' 3Ti0 in the cold case.





CHAPTER

FIVE

Kinetic study of hot and cold electrons
co-existence in magnetic nozzles

This Chapter studies the formation of a quasi-neutral steepened layer in a magnetic
nozzle by means of a three species (cold xenon ions, hot and cold electrons) colli-
sionless kinetic model, based on the model of Ref.[83] and Chapter 4. A parametric
analysis of the solution is provided for the main plasma properties and the thermo-
dynamics of the hot and cold electron species is studied separately. The fraction of
hot electrons, as well as their temperature ratio with respect to the cold electrons, de-
termine the total potential drop along the nozzle, which in turn, defines the amount
of free escaping electrons. The electron cooling of the hot population is analyzed
in detail, showing that they can be strongly affected by the magnetic mirror effect.
The maximum plasma potential drop for the same plasma energy at the source is
obtained when the hot to cold electrons density ratio at the plasma reservoir is ≈ 3
%. The main energy exchange between species is between the parallel energy flow of
hot electrons and the ion kinetic energy flow.
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5.1 Introduction

The coexistence of a low temperature plasma with a small population of “hot”
(suprathermal) electrons has been widely observed both in nature and in laboratory,
such as in the solar wind [53], laser-plasma interactions [111], pulsed-discharge
plasmas [79] and electric propulsion thrusters[118]. Energetic electrons can alter
significantly the plasma beam expansion, and in electric propulsion thrusters, they
can modify the overall system power balance. In material processing, they can even
lead to undesirable effects, such as surface damage[135], while in current-free plasma
expansions, they can induce the formation of a steepened potential layer [59].

In the field of electric propulsion, regarding the existence of hot electrons, two de-
vices deserve special attention: the so-called Helicon Double Layer (HDL) Thruster
[34, 121] and the Electron Cyclotron Resonance (ECR) Thruster[66, 112]. Both of
them belong to the electrodeless thruster type, where plasma is quasi-neutrally ex-
panded on the magnetic nozzle (MN) and ions are accelerated due to the ambipolar
electric field. In the HDL thruster, there is abundant experimental evidence of a
high energetic tail in the electron distribution function [31, 39, 138, 120], although
its origin is still unclear, and this is not always present. Furthermore, there is still
uncertainty regarding the formation of the electric potential structure in a HDL
thruster, and whether it comes from the co-existence of two distinguished electron
populations or from two populations of positive ions. However, as was pointed
out in Refs. [8, 5, 88], in the outer space, without the interaction with the back-
ground chamber pressure, the generation of a small fraction of hot electrons could
form a double layer structure in the MN plume of a HDL thruster, what justifies
the application of the present study to these devices. With respect to the ECR
thruster, there are abundant experiments in ECR sources reporting the generation
of a hot electron tail [18, 50, 100, 84]. Recently, Boivin et al. have investigated the
Electron Energy Probability Function of a microwave low pressure ECR plasma by
means of a Langmuir probe and optical emission spectroscopy, finding that it con-
sists of a combination of two Maxwellian populations with disparate temperatures
[22]. In addition, an experiment by Jandovitz et al. demonstrated the existence of
keV electrons in a capacitively-coupled RF plasma source, which could have direct
implications in other electric propulsion devices [58].

In a current-free plasma expansion into vacuum, it is well established in the
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Literature that the presence of a hot electron population can lead to the formation
of a Current-Free Double-Layer (CFDL), which consists of a steepened potential
drop localized in a very narrow non-neutral spatial layer. It is important to recall
that in a single electron temperature current-free plasma expanding into vacuum,
an ambipolar electric field develops naturally due to the difference in the ion and
electron dynamics, accelerating ions and confining electrons. The difference in a
multiple electron temperature plasma, is that a large portion of the total potential
drop can occur in a very localized region of the expansion. If quasi-neutrality is
maintained throughout all the expansion, this region can be named as “Quasi-
neutral Steepened Layer” (QSL) [8]. Depending on the density fraction of these
hot electrons, and their temperature with respect the cold population, the electric
potential gradient can be strengthened in such a way that it ends up breaking quasi-
neutrality; a non-neutral double layer is formed connecting the two quasi-neutral
regions of the expansion. In these cases, the CFDL is considered to be a limit case
of the QSL.

Several authors have contributed to the understanding of this phenomenon,
both in the laboratory and in the modelling side [116, 5, 88, 76, 1, 126, 119, 59].
Hairapetian and Stenzel were the first to study experimentally the effect of hot elec-
trons in expanding plasmas, and demonstrate the relation between a three species
plasma with two electron populations of disparate temperatures and the formation
of a steepened potential layer, showing that the total potential fall depends on the
density and temperature of the hot electron population [59]. Ahedo and Martínez-
Sánchez developed a simple current-free double layer (CFDL) collisionless plasma
model, which faithfully reproduced the Hairapetian and Stenzel experiment [8].
In their work, they state that the formation of the double layer is not critically
related to the assumption of Maxwellian electrons (two isothermal electron popu-
lations), but could influence the CFDL parametric domain, and more importantly,
could modify significantly the downstream plasma properties. This last statement
constitutes the main motivation of the present study.

In a collisionless magnetized plasma expansion, the electron population does not
necessarily follow the Boltzmann relation [24]. While ions are accelerated, a signif-
icant part of the electron population is trapped in the magnetic nozzle due to the
ambipolar electric potential (“confined” electrons), but a small fraction of the most
energetic electrons will escape and neutralize the ion beam (“free” electrons). In
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this scenario, a population of doubly-trapped electrons bouncing between two loca-
tions of the magnetic nozzle can exist due to the combination of magnetic mirroring
and electrostatic barriers [110, 70]. The emergence of empty regions in the electron
velocity phase space results in an effective electron cooling [83, 95], which indeed
leads to an anomalous closure for the fluid equation hierarchy. As well, asymp-
totically, the parallel and perpendicular components of the electron temperature
decay differently [106]. To the best knowledge of the authors, these kinetic effects
have not been considered when modelling the formation of a QSL or double layer
in a current-free magnetized plasma expansion, which leaves fundamental questions
unanswered.

This Chapter explores the kinetic aspects on the formation of a QSL in a current-
free plasma expansion, by re-formulating the model of Ref. [83] to include two
electron populations with disparate temperatures. The total potential drop as a
function of the hot to cold electrons density fraction at the source and temperature
ratio is studied, together with its effect on the hot electrons thermodynamics. The
contribution of free, trapped and reflected particles to the macroscopic quantities of
both species is studied and results are compared with the response of a two species
ion-electron plasma.

The chapter layout is as follows: Section 5.2 describes the formulation of the
kinetic model with the main assumptions. Section 5.3 studies the plasma response
with the two electron species. Section 5.4 shows a parametric study of the main
plasma properties as a function of the model parameters. Section 5.5 analyzes
the propulsive performance of the nozzle in terms of specific impulse and energy
exchange. Finally, Section 5.6 gathers the main conclusions of this work.

5.2 Kinetic model of a three species plasma

The steady-state paraxial kinetic model of Chapter 4 is extended here to include
two electron species with disparate temperatures. Typical topologies for the µm
curves of both ions and electrons are shown in Figure 5.1.

In this work, the subscript “s” will be used for any species, and “h” and “c” will
stand specifically for hot and cold electron species, respectively. The forward VDF
of ions and electrons consists of a mono-energetic ion VDF and two Maxwellian
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Figure 5.1: Topology of the curves µm for ions and electrons.

electron VDFs with disparate temperatures,
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Ts0
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, (5.2)

with ni0, ns0, Ti0, and Ts0 density and temperature values at the source for each
species. The superscripts “f”, “t” and “r” will be used for the subpopulations of
free, doubly-trapped and reflected particles. A priori, both cold and hot electrons
contain all type of particles, although each subpopulation weights differently on the
contribution to the different macroscopic quantities of each species. This will be
discussed later.

The contributions of the different subpopulations (free, reflected, doubly-
trapped) to the macroscopic moments consider the fluid velocity of the species
(uc, uh), and not the specific velocity of the subpopulation (ufc , urc, utc). In other
words, the parallel drift velocity is equal to c‖ = w‖ − u, being w‖ the particle
parallel velocity and u the fluid velocity of each species (uc, uh)

The profile of the ambipolar electric potential φ(z) needs to be determined so
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that quasi-neutrality and current-free conditions are satisfied.

ni = nh + nc, (5.3)

niui = nhuh + ncuc. (5.4)

An iterative algorithm equivalent to the one in Chapter 4 is used to obtain the
self-consistent solution of the problem, for a given value of the model parameters.
Once the ambipolar potential profile φ(z) is determined, any moments of the dis-
tribution function can be computed, and kinetic and macroscopic features of the
expansion can be analyzed.

Four dimensionless parameters arise from the normalization of the problem:
The ion to electron mass ratio mi/me, the ratio between the ion temperature
and the electron temperature Ti0/Tc0, the upstream density ratio of hot electrons
α0 = nh0/ni0, and the upstream temperature ratio between the cold and the hot
populations θ0 = Th0/Tc0. For this work, the first two parameters are fixed to
mi/me = 2.39 · 105 and Ti0/Tc0 = 0.01, representing a plasma beam with cold
Xenon ions. Notice that the variation of the solution with these two parameters
was already studied in Ref. [83] and in Chapter 4.

5.3 Plasma response with cold and hot electrons

To analyze the response of the two electron species, α0 and θ0 have been fixed
to 0.03 and 10, respectively. As it will be seen in Section 5.4, these values are
representative of the formation of a QSL in a MN. Regarding all the macroscopic
quantities (temperatures, heat fluxes, etc.), these are computed with respect to
their own species; thus, considering their own density and fluid velocity.

The plasma potential longitudinal profile is plotted in Figure 5.2(a), where a
localized steepened drop is observed in the vicinity of ζ ≈ 2. In a single ion-electron
plasma, most of the potential drop occurs in a more extensive region (between ζ = 0
and ζ = 2 approximately [6]).

Plasma density, represented in Figure 5.2(b), has two differentiated regions;
upstream the QSL (ζ < 1.3), cold electrons govern the expansion, while downstream
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Figure 5.2: Spatial profiles of plasma properties from the cold (“s=c” ) and hot
(“s=h” ) electron species separately. (a): plasma potential, (b): plasma density, (c):
parallel electron temperature, (d): perpendicular electron temperature, (e): fluid velocity,
where the the black solid line “s=i” represents the fluid ion velocity and (f): electron heat
fluxes. Case for α0 = 0.03 and θ0 = 10.

the QSL (ζ > 1.3), hot electrons become dominant. In the first region, the hot
electrons density remains almost constant, while in the second region, the cold
electrons density drops dramatically and becomes almost negligible. Therefore, it
can be concluded that, for the represented case, cold electrons “do not exist” beyond
ζ ≈ 2. For this reason, from this location downwards, the evolution of the cold fluid
properties is not depicted in Figure 5.2.

The parallel and perpendicular components of the electron temperatures are
shown in Figure 5.2(c) and (d), respectively. The cold electron species is isotropic
throughout all the expansion, since the energy distribution function is almost “com-



108 Kinetic study of hot and cold electrons co-existence in magnetic nozzles

plete”; all energies are below the escape energy. Oppositely, anisotropy is devel-
oped downstream in the hot electrons VDF, analogously to a simple two-species
(ion-electron) plasma expansion [83, 6].

The fluid velocity of both negative species is depicted in Figure 5.2(e), nor-
malized with an effective “sonic” velocity at the source cs0, which is defined as a
function of the source density ratio α0 and the source species temperatures Tc0 and
Th0,

cs0 =
√√√√ 1
mi

(
1−α
Tc0

+ α
Th0

) . (5.5)

This subplot reveals that the fluid velocity of the cold electron species is zero,
uc = 0, along all the expansion, which implies that this population is completely
confined. Consequently, the current-free condition (equation (5.4)) remains

niui ' nhuh. (5.6)

Figure 5.2(e) shows that downstream of the QSL, the fluid velocity of the hot
electrons uh is exactly the ion fluid velocity ui, which is an inherent consequence of
the current-free condition. From equation 5.6, and defining α = nh/ni, one has

uh = ui
α
. (5.7)

The ion fluid velocity ui increases along all the expansion, while α is almost
constant in the convergent region (see Figure 5.2(b)). However, close to the QSL,
α increases dramatically, which is seen as a macroscopic deceleration of uh. Indeed,
the QSL decelerates hot electrons to ensure uh ≈ ui downstream of the QSL, where
this population dominates. After the QSL, uh ≈ ui.

Regarding the electron heat fluxes, plotted in Figure 5.2(e) and (f), it turns out
that since the cold electron species is practically confined, its parallel heat fluxes
are completely negligible. For the hot electrons, the situation is different, and no
simple relation of the heat fluxes with the convective terms a priori exists [6].

The main thermodynamic properties of the hot and cold electrons are governed
by the contribution of the different subpopulations (free, reflected and doubly-
trapped) to the macroscopic quantities. Here, it has been verified that cold electrons
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are mainly reflected particles; where the contribution of doubly-trapped particles
starts to be significant, the cold electrons density is already negligible. Regarding
hot electrons, these are composed of both doubly-trapped and free particles. The
type of particles governing the expansion of each species is coherent with the results
shown in Figure 5.2.

5.4 Parameter dependence of main plasma properties

This section presents a parametric study of the main plasma properties with α0 and
θ0. The study is limited to the parametric domain given by α0 = [0.01 − 0.1] and
θ0 = [5− 20].

The variation of the main plasma properties with α0 is shown in Figure 5.3 for
θ0 = 10, and the variation with θ0 is depicted in Figure 5.4 for α0 = 0.03. The
plasma potential profile and its gradient are plotted in Figures 5.3(a)-5.4(a) and
5.3(b)-5.4(b), respectively. A QSL is observed in the divergent region of the expan-
sion, represented by a localized steepened plasma potential drop, whose location
shifts upstream as α0 increases, and whose strength increases as θ0 increases. The
spatial location of the QSL is very weakly dependent on the temperature ratio (al-
though it slightly shifts upstream when increasing θ0). The region affected by the
QSL is narrower for larger values of θ0.

The ion fluid velocity, depicted in Figures 5.3(c)-5.4(d), behaves analogously to
the plasma potential profile. The ion Mach number M , shown in Figures 5.3(d)-
5.4(d), is defined as follows:

M = ui
1√

mi

(
1−α
Tc

+ α
Th

) . (5.8)

In a regular two-species (ion-electron) MN expansion, the ion fluid velocity is
sonic in the vicinity of the magnetic throat, and the local sound speed cs =

√
Te/mi

decreases downstream due to the electron cooling [83], but in a three species plasma
with two Maxwellian electron populations, the local sound speed increases from√
Tc/mi to

√
Th/mi, which leads to a minimum in the local Mach number. In

the present model, these two effects co-exist in the expansion, and therefore, the
local sound speed could have a non-monotonic behaviour. The electron cooling
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Figure 5.3: α0 parametric plots. Profiles of main plasma properties for θ0 = 10 and α0

= 0.01 ( ), α0 = 0.03 ( ), α0 = 0.05 ( ) and α0 = 0.10 ( ). Subplots are
for (a) Plasma potential, (b) Plasma potential gradient (c) Ion velocity (d) Local Mach
number (e) α and (f) Hot electron temperature.

counteracts the increase of the local sound speed, and consequently, extends the
parametric space of the quasi-neutral steepened layer domain. For all the results
presented here, there is only one sonic point in the expansion; several sonic crossings
will lead to a non-neutral double layer [5], a domain not covered by the present
model. These results show how the ion Mach numberM , in the vicinity of the QSL,
approaches the sound speed (and the non-neutral DL domain) for larger values of
θ0.

The hot electrons density ratio nh/ni is shown in Figures 5.3(e)-5.4(e) along the
expansion. If we compare this plot with Figures 5.3(a)-5.4(a), respectively, it is
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Figure 5.4: θ0 parametric plots. Spatial variation of main plasma properties for α0 =
0.03 and θ0 = 5 ( ), θ0 = 10 ( ), θ0 = 15 ( ) and θ0 = 20 ( ). Subplots are
for (a) Plasma potential, (b) Plasma potential gradient (c) Ion velocity (d) Local Mach
number (e) Plasma density and (f) α.

clear that the hot electrons come to dominate the expansion right after the QSL.
These results suggest that the location of the QSL in the expansion is determined by
the fraction of hot electrons at the source, while the temperature ratio will basically
increase its strength.

Plasma density is plotted in Figure 5.5 as a function of the ambipolar plasma
potential. It is clear that the hot electrons come to dominate the expansion right
after the QSL, which is represented as a change of slope in the log n − φ relation.
Figure 5.5(b) shows how increasing θ0 narrows the extension of the QSL region.

Finally, the electron temperature of hot electrons, Th = Th‖/3 + 2Th⊥/3, is
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Figure 5.5: Plasma density profile as a function of the electric potential. (a): Cases for
θ0 = 10 and α0 = 0.01 ( ), α0 = 0.03 ( ), α0 = 0.05 ( ) and α0 = 0.10 ( ).
(b): Cases for α0 = 0.03 and θ0 = 5 ( ), θ0 = 10 ( ), θ0 = 15 ( ) and θ0 = 20
( ).

depicted in Figures 5.3(f)-5.4(f) from ζ = −2 to ζ = 2, since it is where it presents
the largest variation (outside this range it remains almost unchanged). A higher
cooling rate is observed in this region for lower values of α0, and lower values of
θ0; this is, where the lowest total potential drop is observed. From all the cases
represented here, α0 = 0.01 and θ0 = 5 has the largest cooling rate in the QSL
region; Figure 5.6 plots the parallel and perpendicular components of the electron
temperature from ζ = −2 to ζ = 2. A strong anisotropy is observed, which is a
collective effect of the magnetic mirror and the electric potential drop [6]. This
plot reveals an important aspect of the expansion: hot electrons are more affected
by the magnetic mirror effect at lower values of α0 and θ0. The rationale behind
this statement is the contribution of free electrons to the macroscopic moments.
At lower values of α0 and θ0, the total potential drop of the nozzle is lower, the
contribution of the free population is larger (more electrons are able to overcome
the total potential drop).

The macroscopic effect of the magnetic mirror and the electric potential drop can
be evaluated by computing the contribution of the different terms to the electron
momentum equation, as was shown in Ref. [6]. Figure 5.7 shows the electron
momentum equation broken down into the different terms. To spot the differences,
two cases are plotted: α0 = 0.01 and α0 = 0.03, both for θ0 = 5. In the first case,
the anisotropic term can not be neglected, and affects significantly the shape of the
parallel pressure gradient.
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Figure 5.6: Perpendicular temperature ( ) and parallel temperature ( ) of hot
electrons for θ0 = 5 and α0 = 0.01.

To conclude, the thermodynamics of the hot population is more affected by the
magnetic mirror effect in those cases where the total potential drop decreases, while
it behaves as in a single ion-electron plasma for large values of e|φ∞|/Th0. Notice
that this analysis is analogous to the “hot ions” case of Chapter 4, where we saw
that they were barely affected by the potential drop, and strongly by magnetic
mirroring.
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Figure 5.7: Contribution of the different terms to the hot electrons momentum equation
for θ0 = 5, α0 = 0.01 (solid) and and α0 = 0.03 (dashed).

5.4.1 Limit of the QSL parametric domain

The kinetic model iterates numerically the profile of the ambipolar plasma potential
φ(z) in order to minimize the local error at each point of the mesh. Systematically, it
is considered that a solution has been found when the mean quadratic error is below
the desired tolerance. However, as it is shown in Figure 5.8(b), for some regions of
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the parametric domain, the established tolerance is not reached because the quasi-
neutrality relative error breaks in a very localized region of the mesh. Here, it has
been found that in the parametric domain defined by α0 = [0, 1] and θ0 = [0, 20],
the non-compliance of the desired tolerance is directly linked to a very narrow
non-neutral spatial region. Figure 5.8(a) shows the maximum relative error on the
compliance of the local quasi-neutrality condition. It has been verified that regions
with a large maximum local error (≥ 10%) belong to the parametric domain of a
non-neutral double layer identified by Ahedo and Martínez Sánchez [8]. Although
the quasi-neutrality error found here is very localized, and the two converged regions
could be analyzed separately, an additional model for the non-neutral region should
be implemented in order to properly solve the complete expansion. The current
model can not solve the plasma expansion if a non-neutral double layer is present,
and therefore we are limited to the QSL domain.

−4 −2 0 2 4
ζ

−0.2

−0.1

0.0

1
−

(n
h

+
n
c)
/n

i

b)

−5

0

eφ
/T

h
0

Figure 5.8: a) Color map of the maximum quasi-neutrality relative percentage of local
error as a function of the model parameters α0 and θ0 b) Quasi-neutrality relative local
error ( ) for α0 = 0.3 and θ0 = 15 together with the ambipolar plasma potential profile
( ).

5.5 Analysis of the propulsive performance of the nozzle

The isothermal behaviour of electrons assumed by some fluid models leads to an
unbounded plasma potential, and consequently, an infinite ion beam acceleration.
In our kinetic model, since the total potential drop has a finite value, it is possible
to study the effect of expanding a three-species plasma on the total acceleration of
the plume. Since in the cold ion limit (Ti0 � Te0), which is the case studied here,
the final ion velocity scales with

√
2e|φ∞|/mi, the total potential drop e|φ∞| is used
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to quantify the effect of α0 and θ0 in the total specific impulse of the MN. It must
be noticed that in a simple ion-electron plasma, e|φ∞| is only related to the ion to
electron mass ratio mi/me and the ion to electron temperature ratio Ti0/Te0 [83].
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Figure 5.9: (a) Parametric solution of the total potential drop against Th0, (c) Normal-
ized parametric solution of the total potential drop (c) values of Th0/Te0 in the parametric
domain of α0 and θ0 and (d) Parametric solution of the total potential drop against Te0.
Curves are for θ0 = 5 ( ), θ0 = 10 ( ), θ0 = 15 ( ) and θ0 = 20 ( ).

To evaluate the influence of α0 and θ0 on the specific impulse, Figure 5.9(a)
plots the total potential drop with respect to Th0 as a function of α0 for four dif-
ferent values of θ0. As α0 increases, e|φ∞|/Th0 approaches an asymptotic value and
becomes independent of α0, as it is expected; for larger values of θ0, this value is
reached with a lower fraction of hot electrons. However, it is important to notice
that curves in Figure 5.9(a) have different values at α0 = 0. In order to properly
assess the influence of this parameter, the curves have been normalized and plotted
in Figure 5.9(b). These two figures show that with a small amount of hot electrons,
the total potential drop scales mostly with Th0. However, since without hot elec-
trons the total potential drop scales with Tc0, its value necessarily depends on the
temperature ratio. From Figure 5.9(b), one can extrapolate and deduce that for a
very large value of θ0, the corresponding curve will have an infinite slope.

The shape of curves in Figure 5.9(a) and (b) has several implications. For
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0 < α0 < 0.2, the total potential drop with respect the hot electrons temperature is
lower than for a two species ion-electron plasma, which affects the thermodynamics
of the hot electrons species. Since hot electrons see a lower potential drop, they will
be less confined (the contribution of free particles will be larger). One of the most
important consequences, as it has been shown in the previous section, is that they
will be more affected by the magnetic mirror effect. For electrons, a large electric
potential drop diminishes the collective effect of the magnetic mirror.

Figure 5.9(a) suggests that there is a value of α0 for a given θ0 that will give
the maximum specific impulse of the nozzle. In other words, there is a minimum
amount of the hot electrons density fraction which ensures that the total potential
drop scales with the hot electrons temperature, and increasing the value of this
fraction will increase the energy deposited into the plasma, but will not increase
the specific impulse anymore. In order to study this, an effective source temperature
is defined as:

Te0 = (1− α0)Tc0 + α0Th0. (5.9)

In our model, which does not account for any energy losses, this temperature is
equivalent to the total energy deposited into the plasma source.

Figure 5.9(c) shows the dependence of the ratio Th0/Te0 with θ0 and α0. By
multiplying the curves of Figure 5.9(a) by Th0/Te0 (the corresponding curves of
Figure 5.9(c)), Figure 5.9(d) is obtained, which shows the total potential drop with
respect to Te0, which increases linearly with α0 from Tc0 to Th0. Notice that e|φ∞|
scales with Tc0 for α0 = 0 and with Th0 for α0 = 1.

Figure 5.9(d) enables the identification of the value of α0 for which the largest
electric potential drop (i.e., specific impulse) is obtained for the same “effective”
energy at the source. In this regard, the value of e|φ∞|/Te0 must be indistinguishable
when α0 = 0 and when α0 = 1 as long as ions remain “cold” with respect to the
electrons, and this is confirmed by the solution.

For each θ0, there is a value of α0 where the ratio e|φ∞|/Te0 is maximum. This
value turns out to be around α0 = 0.03; this is, 3% of the initial electron density
belonging to the hot electron species. However, it slightly decreases with θ0. From
this analysis, we conclude that the optimum value of the hot electrons density
fraction at the source is around 3%. Increasing this value will need more energy
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to be deposited at the source, and will not improve significantly the total specific
impulse of the nozzle.

Particular attention should be paid to this analysis, since although a QSL can
provide a large gain in specific impulse, it can also imply a significant increment
in the power deposited. The correct assessment of the propulsive quality of the
magnetic nozzle must study how much power is required to obtain the same Te0
(which ,in turn, will depend on the heating mechanism). In our model, since there
are no power losses possible, the efficiency of the nozzle is considered to be 100 %.
Notice that the total energy equation for each species in the paraxial limit is

nuZeφ

B
+ nu

B

[
mu2

2 + 3T‖
2 + T⊥

]
+ q‖ + q⊥

B
= const. (5.10)

Along the expansion, there is an energy exchange between the electric potential
and the rest of the terms. A detailed analysis of the internal energy transfer of
each species separately was performed in Chapter 4, so here we focus on the energy
transfer between species by means of the ambipolar electric potential. First, since
the constant nu/B is several orders of magnitude smaller for the cold electrons, this
population does not contribute at all to the total energy flow balance; it is the total
thermal energy flow of hot electrons what is converted into kinetic ion energy flow.
However, not all the electron energy flow is transferred into energy flow, since far
downstream there is a remaining non-negligible electron parallel heat flow, as was
seen in Chapter 4. Regarding the cold electrons energy flows, they are completely
negligible in the total plasma energy balance and therefore they are not involved in
the electron-ion energy transfer.

5.6 Conclusions

The kinetic model of Ref. [83] and Chapter 4 has been extended to include a
three species plasma MN with cold xenon ions and cold and hot electrons, which
allows to study the formation of a QSL in a current-free plasma expansion. Two
dimensionless parameters govern the expansion, the ratio of hot electrons density
α0 and the temperature ratio between the hot and the cold electron species θ0.

The plasma response when a QSL is formed has been discussed. The cold elec-
tron species turns out to be a completely confined isothermal population (conclud-
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ing that for them, the hypothesis of Boltzmann’s relation is a good approximation),
and it governs the expansion upstream of the QSL. The thermodynamics of the hot
electrons has been found to be analogous to the one of electrons in a two species
ion-electron plasma, and to be driven by the total potential drop of the MN.

A parametric study of the quasi-neutral solution has been performed. A QSL
is formed in the studied parametric domain, and its spatial location depends on
the value of α0. It has been shown that the role of θ0 is mainly to increase the
intensity of the QSL. The plasma response to the parametric variation of α0 and θ0

presented here is consistent with the fluid-Boltzmann model developed by Ahedo in
Ref. [5]. However, in the kinetic model presented here, the plasma potential tends
asymptotically to a finite value e|φ∞|, something that cannot be modelled in Ref.
[5]. This feature modifies the main plasma response in the divergent side of the
expansion.

In the parametric study, it has been shown that as e|φ∞|/Th0 decreases, hot
electrons are macroscopically more affected by the magnetic mirror effect (the con-
tribution of free electrons is larger), showing a large anisotropy along the expansion.
This phenomenon has not been observed before when analyzing the MN of xenon
ions and a single electron species, and reveals an important aspect of the expansion:
if the fraction of hot electrons is very small, which is the case of interest, they will
be strongly affected by the magnetic mirror effect. The analysis is analogous to the
“hot ions” case studied in Chapter 4.

The finite total potential drop of the nozzle has allowed to perform a parametric
analysis of the MN performance in terms of specific impulse. It has been shown
that the ratio between the total potential drop and the hot electrons temperature
increases with θ0 and α0, as expected. For α0 > 0.2, the total potential drop e|φ∞|
scales directly with Th0, for all the cases represented here. For the same plasma
energy at the source, the maximum acceleration of the ion beam occurs in the
vicinity of α0 ≈ 0.03 in the parametric domain studied here, almost independently
of θ0.

Finally, the electron energy equation reveals that the cold electron species does
not contribute at all to the total energy balance and the energy exchange in the
nozzle is from the hot electron parallel flows to the ion kinetic energy flow, with a
remaining parallel heat flow of hot electrons far downstream.



CHAPTER

SIX

Anisotropic bi-Maxwellian electrons
expanding in magnetic nozzles

This chapter analyzes the collisionless plasma expansion in a magnetic nozzle where
the upstream electron velocity distribution function is formulated as bi-Maxwellian
(different temperatures in the parallel and perpendicular directions to the mag-
netic field line). Two steady-state paraxial models are implemented: a convergent-
divergent kinetic model and a hybrid divergent model. Solutions are obtained for
xenon ions, for a wide range of the electron temperature anisotropy ratio. The
kinetic effects, as well as the macroscopic plasma response, when expanding an
anisotropic bi-Maxwellian EVDF in a magnetic nozzle are described. The main
contributions and limitations of the present study are highlighted.
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6.1 Introduction

In thermodynamic equilibrium, one can expect the velocity distribution function
of a certain species to have a Maxwellian shape. However, in particular situations,
this distribution can be far from Maxwellian; for instance, a collisionless plasma
immersed in a varying magnetic field can develop a large anisotropy due to the
magnetic mirror effect. As well, in ECR sources, due to the nature of the heating
mechanism, electrons absorb energy in the direction perpendicular to the magnetic
field lines, which is transferred to the parallel direction by means of collisional events
or inverse magnetic mirror. However, in a low density regime, collisions can be in-
sufficient to ensure thermodynamic equilibrium, resulting in an anisotropic electron
velocity distribution function (EVDF) with a larger kinetic energy dispersion in the
perpendicular direction.

In the ECR thruster, the EVDF can be highly anisotropic at the thruster exit
[62, 54, 52, 60], but the implications in the thruster performance are still unclear.
There is experimental evidence of electron temperature anisotropy in ECR sources
[11, 13, 85, 25]. The most outstanding work is the one from Amemiya et al., where
they measured perpendicular electron temperatures up to 30 % larger than parallel
electron temperatures inside an ECR source [13]. However, there is a lack of exper-
imental evidence regarding electron anisotropy along the MN of an ECR thruster.
Sercel did measure different values for the parallel and perpendicular electron tem-
peratures, although he attributed them to possible errors in the experiments [113].
Measuring accurately enough the parallel and perpendicular components of the
electron temperature along a MN is not trivial, and it is a current field of research
(the error in the electron temperature obtained by means of Langmuir Probes can
be around 20 % [57] in both components). Recapitulating, there is experimen-
tal evidence of electron temperature anisotropy inside ECR sources, but there is
a lack of experimental data regarding temperature anisotropy along the MN of
ECR thrusters. Therefore, developing theoretical models capable of predicting the
plasma response along a MN when the EVDF at the thruster exit is anisotropic is
becoming a critical need.

To contribute to the understanding of these phenomena, this chapter is devoted
to exploring the evolution along a MN of a non-isotropic electron distribution func-
tion already at the plasma reservoir. Two paraxial models have been developed
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based on the model of Ref. [83]; a fully-kinetic convergent-divergent model, and a
hybrid divergent model. The results of both models are presented here, analyzing
the impact of expanding an anisotropic EVDF along a MN.

The present chapter is organized as follows: Section 6.2 presents the convergent-
divergent kinetic model and a parametric analysis of the results. Section 6.3 shows
the results obtained with a divergent hybrid model with fluid ions and kinetic
electrons. Finally, Section 6.4 summarizes the main contributions of this work, as
well as suggestions for advances in the modelling side.

6.2 Convergent-divergent model

The convergent-divergent kinetic model is analogous to the model of Ref. [83] and
Chapters 4 and 5, with a Maxwellian ion distribution function and an anisotropic
bi-Maxwellian EVDF at the plasma source, given by:

f+
e (w‖, w⊥) = mene∗

(2π)3/2 Te⊥∗

(
me

Te‖∗

)1/2

exp
(
−
mew

2
‖

2Te‖∗
− mew

2
⊥

2Te⊥∗

)
. (6.1)

By assuming conservation of mechanical energy and magnetic moment, one can
express the distribution function in terms of these two invariants, leading to:

f+
e (Ee, µe) = mene∗

(2π)3/2 Te⊥∗

(
me

Te‖∗

)1/2

exp
(
B0µe
Te⊥∗

(
−1 + Te⊥∗

Te‖∗

))
exp

(
−Ee
Te‖∗

)
,(6.2)

Equation (6.2) reveals that f+
e is not a function only of the electron energy Ee,

as it was in the isotropic case, but it also depends on the electron magnetic moment
µe. Moreover, the ratio Te‖∗/Te⊥∗ defines the sign of the exponential function,
which must be considered when evaluating the integral moments. In principle,
as in Chapters 4 and 5, ne∗, Te‖∗ and Te⊥∗ are reference magnitudes, and are not
necessarily the electron density and temperatures at the source. However, as long as
the initial value of the magnetic field is several orders of magnitude lower than the
magnetic field at the throat, f+

e ' f−e , and the reference magnitudes ne∗, Te‖∗ and
Te⊥∗ are exactly the density, parallel and perpendicular electron temperatures at
the source, respectively. For all the results presented here, this condition is perfectly
satisfied, and therefore ne∗ ' ne0, Te‖∗ ' Te‖0 and Te⊥∗ ' Te⊥0. The same applies
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for ions, meaning Ti∗ ' Ti0. In the rest of the Chapter, the reference magnitudes
will be referred directly as the source magnitudes.

After normalizing the quasi-neutrality and current-free equations, the formula-
tion leads to three dimensionless parameters: the already known ion to electron
mass ratio mi/me and ion to electron temperature reference ratio Ti0/Te‖0 and the
electron parallel to perpendicular reference temperature ratio Te‖0/Te⊥0. The results
presented in this Chapter are exclusively for xenon ions.

6.2.1 Kinetic effects: isotropization of the EVDF
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Figure 6.1: Evolution of main plasma properties along the convergent side of the
expansion. The magnetic throat is located at B/B0 = 107. Cases are for Ti0/Te‖0 = 0.1
and Te‖0/Te⊥0 = [0.5, ( ), 0.8 ( ), 1.0 ( ), 1.4 ( ) and 2.0 ( )].

The plasma response in a convergent-divergent MN when the EVDF is bi-
Maxwellian at the plasma reservoir differs from the Maxwellian case only in the
convergent region. Figure 6.1 plots the main plasma properties as a function of
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B/B0 for different values of Te‖0/Te⊥0, where B0 is the magnetic field at the up-
stream source. In these simulations, the magnetic throat is located at BM/B0 > 103.
The isotropic solution (shown as a red solid line in Figure 6.1) within this region
is almost constant; therefore, all the variations observed are directly related to the
anisotropic character of the EVDF.

Figure 6.1(a) shows that as the magnetic field increases, an additional electric
potential gradient is developed, whose sign depends on the sign of Te‖0 − Te⊥0. If
Te‖0 > Te⊥0, there is an additional negative potential drop, but if Te⊥0 > Te‖0,
a positive potential drop is developed, which implies that the electric potential
profile losses its monotonic character. However, this potential drop is negligible
with respect the total potential drop along the MN (≈ 8Te‖0 for xenon ions), which
in turn, is not modified with the parameter Te‖0/Te⊥0, as it is shown in Figure 6.2,
which represents the complete solution of the ambipolar plasma potential profile
along the convergent-divergent expansion for three different values of Te‖0/Te⊥0.

−7.5−5.0−2.50.0
eφ/Te‖0

101

103

105

107

B
/B

0

Figure 6.2: Solution of the ambipolar plasma potential along the convergent-divergent
expansion. Cases are for Ti0/Te‖0 = 0.1 and Te‖0/Te⊥0 = [0.5, ( ), 1.0 ( ) and 2.0
( )].

Regarding electrons, the most significant effect is that there is an “isotropiza-
tion” of the EVDF; the perpendicular component of the electron temperature in-
creases or decreases to match the parallel component as B increases, as it is shown
in the subplots of the second row of Figure 6.1. This isotropization is a direct con-
sequence of the magnetic mirror in a collisionless non-Maxwellian plasma. In the
absence of collisions, each particle conserves its total energy, and its magnetic mo-
ment is conserved due to the the fully magnetization assumption. The distribution
function fe(Ee, µe) is constant along each magnetic line. In the region plotted in
Figure 6.1, f+

e (Ee, µe) ' f−e (Ee, µe), since the magnetic field is still several orders
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of magnitude lower than the value at the magnetic throat, and there are hardly any
empty regions in the EVDF.

Then, according to equation (6.2), the following quantity is invariant in this
region:

B0µe
Te⊥0

(
−1 + Te⊥0

Te‖0

)
− Ee
Te‖0

= const. (6.3)

By replacing Ee and µe with the total energy and magnetic moment conservation
equations, respectively, the invariant remains as follows:
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2
⊥
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In the velocities space (w‖, w⊥), equation (6.4) has an elliptical shape, whose
eccentricity is initially defined by the second term of the equation. As B increases,
the second term of equation (6.4) decreases. Therefore, fe is circularized as B
increases its value; in other words, there is an isotropization of the electron velocity
distribution function. This basic phenomenon is just a consequence of how fe is re-
distributed in the velocities space along the expansion. Even if the curves fe = const

are initially elliptical, in the absence of collisions, particles can only “move” in this
space phase in circumferences due to energy conservation.

The isotropization effect is visualized in Figure 6.3, which represents fe in the
velocities space, at three different values of B/B0, for two different cases Te‖0/Te⊥0 =
0.5 (left), and Te‖0/Te⊥0 = 2.0 (right). The black solid line, which represents one
curve of fe = const, is circularized as B increases. This isotropization phenomenon
has also an impact on the local density. As it is plotted in Figure 6.1(b), there is an
increase of the plasma density if Te‖0/Te⊥0 > 1.0, and a decrease if Te‖0/Te⊥0 < 1.0.
The effect on the fluid velocity, shown in Figure 6.1(c), is almost negligible, since
changes in u are proportional to changes in B/n (mass conservation).

Finally, regarding ions, Figure 6.1(g)-(i) show the evolution of the ion temper-
ature in this region, which is directly linked to the ambipolar electric potential
gradient. An additional negative gradient (Te‖0/Te⊥0 > 1.0), increases the ratio of
the curves corresponding to fi = const in the ion velocities space, which without
any other kinetic effect, implies an increase of the ion temperature. The opposite
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Te‖0/Te⊥0 = 0.5 Te‖0/Te⊥0 = 2.0

Figure 6.3: Electron VDF in the velocity plane at three different spatial locations. The
black solid lines represent curves of fe = const. Results are for Ti0/Te‖0 = 0.1.

behaviour is observed for Te‖0/Te⊥0 < 1.0. It is important to notice that the ion
temperature remains isotropic in this region, since the ambipolar potential profile by
itself is not an anisotropy generation mechanism. The evolution of the IVDF in the
initial region is plotted in Figure 6.4, where it is shown how the increase/decrease
of the ion temperature is a direct effect of the electric potential gradient in this
region.
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Te‖0/Te⊥0 = 0.5 Te‖0/Te⊥0 = 2.0

Figure 6.4: Ion VDF in the velocity plane at three different spatial locations. The
black solid lines represent curves of fi = const. Results are for Ti0/Te‖0 = 0.1.

6.2.2 Macroscopic plasma response

The previous subsection has shown the kinetic effects responsible for the variation of
the main plasma properties along the convergent MN, when the EVDF is postulated
as bi-Maxwellian at the upstream source. From a “fluidic” macroscopic point of
view, it is possible to study the plasma response by analyzing the plasma momentum
equation (4.28).

Figure 6.5 shows the contribution to the total electron and ion momentum of



6.2. Convergent-divergent model 127

101 102

B/B0

−0.50

−0.25

0.00

0.25

0.50

(electrons)

a)

101 102

B/B0

−0.04

−0.02

0.00

0.02

0.04

(ions)

b)

a), b)

B d
dζ

(
mnu2

B

)

Zndeφdζ

(p⊥ − p‖)d logB
dζ

n
dT‖
dζ

T‖
dn
dζ

Figure 6.5: Relative contribution for electrons (left) and ions (right) of the different
terms of the momentum equation. Units in vertical axes are arbitrary. Results are for
Ti0/Te‖0 = 0.1 and Te‖0/Te⊥0 = 0.5.
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Figure 6.6: Relative contribution for electrons (left) and ions (right) of the different
terms of the momentum equation. Units in vertical axes are arbitrary. Results are for
Ti0/Te‖0 = 0.1 and Te‖0/Te⊥0 = 2.0.

the different terms in equation (4.28), for Te‖0/Te⊥0 = 0.5. Regarding electrons,
the anisotropic term of the pressure tensor n(T⊥ − T‖)d lnB/dz, which is not zero
anymore, is balanced with a strong density gradient, and a small electric poten-
tial gradient for the high anisotropic cases. Ions see the effect of the anisotropic
EVDF by means of the developed density gradient and electric potential gradient.
Although these two have opposite signs, an additional gradient is needed to balance
the ion momentum equation, which is assumed by the parallel ion temperature (see
Figure 6.5(b)). The perpendicular ion temperature suffers the same variation than
the parallel ion temperature, maintaining Ti⊥ ' Ti‖ in this upstream region. Fi-
nally, Figure 6.6 shows the contribution of the different terms to the momentum
equation for Te‖0/Te⊥0 = 2.0. In contrast with the case where Te‖0/Te⊥0 = 0.5, here
the “isotropization” effect is longer, and needs a higher gradient of the magnetic
field in order to be completed. An anisotropic EVDF with Te⊥0 > Te‖0 has higher
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electron magnetic moments than an EVDF with Te⊥0 < Te‖0, and the larger the
magnetic moment of the particle, the “faster” (spatially) will be the energy transfer
to the parallel direction due to the magnetic mirror effect.

6.3 Divergent model

The convergent-divergent model developed in the previous section has shown that
the initially anisotropic EVDF becomes isotropic as B/B0 increases, and therefore
the divergent side of the expansion is barely affected by the initial shape of the
EVDF upstream. Since this isotropization is directly linked to the convergent char-
acter of the MN, the results can not be extrapolated to an only divergent MN. In
order to study this feature, a divergent MN model, which considers fluid cold ions
and bi-Maxwellian electrons has been developed. The model is analogous to the one
of Section 3.4.1, but with a bi-Maxwellian EVDF. The dimensionless parameters
which govern the expansion are the ion Mach number defined as

M0 = ui√
Te‖∗/mi

, (6.5)

the ion to electron mass ratio mi/me, and the electron temperature anisotropy
ratio Te‖∗/Te⊥∗. The solution shows that due to the large confinement of the elec-
trons, ne∗ ' ne0, Te‖∗ ' Te‖0 and Te⊥∗ ' Te⊥0, so the reference magnitudes will be
treated as the source magnitudes in the rest of the document.

Since the most interesting cases for this Thesis are for Te‖0/Te⊥0 < 1, solutions
have been obtained for Te‖0/Te⊥0 = 1.0, Te‖0/Te⊥0 = 0.95 and Te‖0/Te⊥0 = 0.75.
Figure 6.7 shows the evolution of the main plasma properties along the expansion.
Contrary to what happens in the previous convergent-divergent model, the profile
of the electric potential is always monotonically decreasing. As Figure 6.7(a) illus-
trates, as Te‖0/Te⊥0 decreases, the main acceleration region occurs in a smaller mag-
netic field gradient, but the total plasma potential drop against the mean electron
temperature at the source remains unchanged. The main reason behind this phe-
nomenon is that in an anisotropic EVDF, the mean value of the electrons magnetic
moment is higher, which implies that the energy transfer from the perpendicular
to the parallel direction takes place in a smaller magnetic field gradient. Notice
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Figure 6.7: Evolution of main plasma properties along the divergent side of the expan-
sion. Cases are for Te‖0/Te⊥0 = [0.75, ( ), 0.95 ( ), and 1.0 ( )].

that a small degree of anisotropy at the plasma source is already enough to modify
significantly the plasma potential profile.

Plasma density is shown in Figure 6.7(b); since the main acceleration region is
shorter, the density drops “faster” than in the isotropic case. The effect on the ion
velocity, plotted in Figure 6.7(c), is analogous to the electric potential profile.
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Figure 6.8: Contribution of the different electron subpoplations to the main elec-
tron properties. Reflected (green), doubly-trapped (blue) and free (red). Cases are for
Te‖0/Te⊥0 = [0.75, (dotted), 0.95 (dashed), and 1.0 (solid)].

The subplots of the second row of Figure 6.7 show the evolution of the elec-
tron temperatures along the expansion. As it was expected, the “isotropization”
effect is no longer present, and the plasma response is exactly the opposite. The
parallel electron temperature decreases “faster” than in the isotropic case, and the
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perpendicular component increases in the near region, reaches a maximum, and
then decreases.

In order to understand the evolution of the parallel and perpendicular electron
temperatures, it is crucial to analyze separately the electron temperatures of the dif-
ferent types of particles (reflected, doubly-trapped and free). Figure 6.8 shows the
electron density, parallel and perpendicular temperatures of each subpopulation. In
the isotropic case (solid lines), the parallel temperature of the doubly-trapped sub-
population increases initially, while the perpendicular component decreases. When
anisotropy is present, there is an additional kinetic feature which counteracts the
decrease of perpendicular temperature: the eccentricity of the curves fe = const in-
creases. This effect is seen as a decrease of the perpendicular temperature gradient,
as it is shown in Figure 6.8(c). The same rationale can be applied to the reflected
subpopulation.

The perpendicular temperature of each subpopulation decreases along the ex-
pansion as a due to the inverse magnetic mirror effect. However, an increase is
observed in the total perpendicular electron temperature of Figure 6.7(e), which
is a result of weighting the temperatures of the different subpopulations (reflected,
doubly-trapped and free) with their respective densities. Figure 6.8(a) shows that
the electron density is governed by reflected particles at the upstream source, and
then by the doubly-trapped subpopulation. In the anisotropic case, the location
where the doubly-trapped subpopulation dominates is closer to the magnetic throat.
Moreover, the peak on the perpendicular electron temperature profile can exceed
its value at the source, since the mean perpendicular temperature of the doubly-
trapped subpopulation is larger than the mean perpendicular temperature of the
whole electron species.

To illustrate the evolution of the EVDF along the expansion, Figure 6.9 shows
the EVDF at three different values of B0/B, for Te‖0/Te⊥0 = 0.75, and for
Te‖0/Te⊥0 = 1.0. In the first case, the curves of fe = const are initially ellipti-
cal due to the anisotropy of the EVDF. As B decreases, the eccentricity of these
ellipses increases (without taking into account the void regions). This effect is only
present in initially anisotropic EVDFs.
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Te‖0/Te⊥0 = 0.75 Te‖0/Te⊥0 = 1.0

Figure 6.9: Electron VDF in the velocity plane at three spatial locations close to the
magnetic throat. First column is for Te‖0/Te⊥0 = 0.75 and second column for Te‖0/Te⊥0 =
1.0. The solid lines represent curves of f = const.

6.4 Summary of results and final discussion

We have studied the expansion of an anisotropic EVDF in a MN. The problem is
of high interest, since in some plasma sources, such as the ECR, a high level of
anisotropy can be achieved.

Two models have been studied: a convergent-divergent fully kinetic model and
an only-divergent hybrid model. The convergent-divergent model has been solved
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for Te‖0/Te⊥0 = [0.5− 2.0]. There is an “isotropization” of the EVDF in the conver-
gent region. In the velocities space, the EVDF is re-distributed along circumferences
as B increases, transferring energy from the parallel component to the perpendicular
direction due to the magnetic mirror effect. This phenomenon takes place before
the “void” regions start to be noticeable, and results in an isotropization of the
EVDF. Particularly, the perpendicular electron temperature increases or decreases
to match the parallel component.

The isotropization of the EVDF is directly linked to the magnetic field gradient.
For the cases with Te⊥0 > Te‖0, this feature takes place in a smaller gradient;
the larger the magnetic moment of the particles, the more sensible they are to
magnetic field strength variations. Regarding the main plasma properties, density
and electric potential gradients are also developed in the region where the EVDF is
becoming more isotropic. These additional gradients ensure that from a macroscopic
point of view, the total momentum of electrons is perfectly conserved. Finally, ions
see the the electric potential gradients developed in the convergent region. An
increase/decrease of the ion temperature (both in the parallel and perpendicular
components) is observed due to this effect, remaining isotropic throughout all this
region, where the magnetic mirror effect is still not noticeable.

In an only divergent expansion, the opposite behaviour has been observed; there
is an increase of the anisotropic electron temperature ratio as B decreases. The per-
pendicular electron temperature increases, while the parallel component decreases
“faster” than in the isotropic case.

To conclude, this study has shown that an anisotropic EVDF expanding in a
MN, does not conserve its anisotropic temperature ratio, since due to the magnetic
mirror effect, the EVDF is re-distributed in circumferences in the velocities space,
regardless its initial shape. This kinetic effect results in an isotropization of the
EVDF in the convergent expansion, and in an increase of the electron temperature
anisotropy in the divergent side.

As a final remark, it must be said that several limitations have been encoun-
tered when solving the entire models. In the case of the convergent-divergent ki-
netic model, it has not been possible to obtain solutions for B0/BM > 10−3 when
Te⊥0 6= Te‖0, which has limited the study presented here. Unfortunately, the study
is incomplete since numerical convergence has been impossible to achieve in rele-
vant parametric regions. Therefore, other numerical algorithms must be tested in
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future investigations, in order to achieve a better numerical convergence. The hy-
brid divergent model, as it is formulated right now, also presents some limitations.
The initial guess on the plasma potential profile needed to initiate the numerical
algorithm needs to be very close to the solution itself. However, as it has been
shown in the previous section, the solution varies significantly when introducing a
weak anisotropy in the EVDF. The code, as it is right now, does not solve properly
the model if the initial guess is too far away from the solution. Finally, the fact
that the doubly-trapped electron population is anisotropic is limiting the utility of
this study, since the steady-sate model has no means to determine which is exactly
its distribution function.





CHAPTER

SEVEN

Conclusions and future work

This chapter outlines the main contributions of this Thesis and proposes future lines
of research.

7.1 Review and main contributions

The main goal of this Thesis was to contribute to the understanding of the physical
phenomena involved in MN thrusters, such as the Helicon Plasma Thruster (HPT)
or the Electron Cyclotron Resonance (ECR) Thruster. Particularly, this Thesis has
been focused on the electron and ion thermodynamics along the nozzle. On the
theoretical side, the kinetic steady-state paraxial model developed previously by
Martínez Sánchez et al. [83] has allowed to study fundamental physical phenomena
related to the plasma behaviour along a MN. The model has been extended and
re-formulated to consider different plasma conditions at the upstream source and
different MN topologies, which is essential to reproduce the real plasma conditions
in existing MN thrusters. On the experimental side, different diagnostics have been
used to characterize the main plasma properties along the MN of an ECR thruster;
the research has been focused on studying plasma diamagnetism, ion acceleration
and electron cooling, among others. The work performed in this Thesis has allowed
to compare the kinetic model of Ref. [83] with real experimental data. Since this
Thesis has been carried out in two different research centers, the results are divided
into two parts: (i) experimental research of ONERA’s ECR thruster, (ii) modelling
of MN expansions at EP2 group. The main contributions are detailed below.
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7.1.1 Experimental research along the MN of an ECR
Thruster

The MN of two ECR thruster prototypes (permanent magnet and solenoid ON-
ERA’s ECR thrusters) has been studied by means of different plasma diagnostics.
The main contributions are related to two different topics, which correspond to
Chapters 2 and 3, respectively.

In Chapter 2, the induced magnetic flux of the permanent magnet ECR thruster
has been measured for the first time by means of a non-intrusive diamagnetic loop,
whose principle of operation is based on the induction Faraday’s law. This research
presents an innovative procedure to estimate the mean perpendicular pressure inside
MN thrusters. The main contributions are complied as follows.

• It has been demonstrated that the integration of the diamagnetic loop signal
during the thruster shutdown allows to estimate the mean perpendicular elec-
tron pressure inside the ECR thruster. This technique is potentially of high
interest, due to the difficulties of measuring plasma properties inside thruster
sources, and can provide useful information regarding the plasma conditions
at the thruster exit.

• The calibration procedure has been described, and the main sources of er-
ror have been identified. Particularly, the influence of eddy currents in the
thruster walls has been found to be crucial. The effect of eddy currents on dif-
ferent thruster wall materials has been addressed, identifying graphite as the
best option for implementing this diagnostic without modifying significantly
the thruster performance.

• The diamagnetic loop detects large plasma oscillations during operation.
While in the present set-up, this involves uncertainty in the measurements, in
a different configuration it could help to characterize the transient phenomena
during operation.

• A parametric study of the induced magnetic flux at different operating condi-
tions has been performed. It has been found that it increases with the applied
power and presents a maximum in the mass flow rate range. These trends
agree well with the direct magnetic thrust measurements performed by Vialis
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et al. in Ref. [130] in the same ECR thruster. This result is very relevant,
since diamagnetic flux and magnetic thrust are directly related.

• By means of a plasma model, one can relate the integrated magnetic flux
with the mean perpendicular electron pressure inside the plasma source. As
an example, two models (1D and 2D) have been implemented, illustrating
the limitations of using a simple 1D model. Being able to estimate the mean
perpendicular electron temperature inside the thruster source by means of a
non-intrusive diagnostics constitutes a substantial progress in the experimen-
tal research field.

• The influence of the loop radii has been illustrated by testing two loops
with significantly different dimensions. It has been shown that the small-
est loop provides a better estimate of the mean perpendicular pressure inside
the source, since the 2D effects of the induced magnetic field in the plume can
be disregarded.

Continuing with the experimental research, the plume of ONERA’s ECR
thruster has been characterized by means of different diagnostics: a cylindrical
Langmuir probe for estimating the electron density, plasma potential and mean
temperature along the nozzle, Laser Induces Fluorescence for measuring the mean
ion kinetic energy and a Faraday gridded probe to obtain angular profiles of current
density. The mean plasma properties of the two thrusters mentioned above have
been characterized at different operating conditions (different mass flow rates). In
Chapter 3, the experimental set-up is explained in detail, as well as the main results
and discussion. The main outcomes of this experimental research are summarized
below.

• For equal absorbed measured absorbed power and different mass flow rates,
the plasma potential, electron density and electron temperature profiles have
been obtained. The collection of these data was essential to understand the
plasma behaviour along the MN and to further compare with theory. The
obtained profiles were reproduced with high repeatability.

• An effective electron cooling along ONERA’s ECR thruster MN has been
measured for the first time. Interestingly, the electron cooling trends found



138 Conclusions and future work

in the permanent magnet thruster differ from the ones found in the solenoid
thruster. An effective and constant polytropic coefficient of 1.23 ± 0.02 was
found in the permanent magnet version, while two clearly different coefficients
(1.55 and 1.17 ) were identified in the case of the solenoid thruster. Although
the spatial region where the measurements were obtained was the same, the
MN topologies were different, being larger for the permanent magnet thruster.
The deviation from simple cooling laws is more visible downstream (where the
magnetic field has dropped more) in the expansion.

• The LIF set-up has allowed to measure the ion velocity profile close to the
thruster exit, and even inside the ECR source. However, very close to the
magnets, the Zeeman splitting effect is visible and it can corrupt the mea-
surements. Velocities up to 16 km/s have been measured.

• The most innovative part of this research has been to combine the measure-
ments from the Langmuir Probe and from the LIF set-up to obtain complete
profiles of the plasma potential, assuming the total ion energy is conserved.
By overlapping these curves in the region where they operated simultaneously,
one can reconstruct the complete plasma potential profile, which is of high
interest to compare with theoretical 1D models.

• The data from the angular scans of current density obtained with the Fara-
day probe have been used to estimate the mass utilization efficiency at each
operating conditions, which has helped to interpret the results.

7.1.2 Magnetic Nozzle Modelling at EP2

The paraxial model developed my Martínez Sánchez et al. [83], extended to include
different MN configurations and upstream plasma conditions, has been the basis of
the theoretical research carried out in this Thesis. The kinetic formulation of ions
and electrons allows to consider magnetic mirroring and electric potential barriers,
which are two of the main principles of operation of MN. Furthermore, a finite
potential drop is obtained as part of the solution, and an effective collisionless
electron cooling is developed along the expansion. For all this, the model of Ref.
[83] represents a step forward in MN modelling, and allows to perform multiple
parametric studies varying the boundary conditions of the problem.
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The experimental data of the main plasma properties along the ECR MN were
compared to a paraxial steady-state model similar to the one of Ref. [83], with two
main differences: the magnetic field is fully divergent, and ions were modelled as
a fluid species. Chapter 3 details the comparison for different thruster operating
conditions; the main contributions are listed as follows.

• A least-square method was implemented to compare the experimental data
with the aforementioned model. The main difficulty was to estimate the
real sonic transition in the nozzle, since the plasma was created in a fully
divergent magnetic field. Since the model assumes an initial Mach number,
the least-square method was implemented to minimize the total error between
the experimental data and the model prediction, estimating a possible sonic
transition of the plasma flow.

• The plasma potential, ion velocity and density profiles agree well with the
model. However, the highest error was found in the electron temperature;
concretely, for the lower mass flow rates. This discrepancy is probably due
to anisotropic effects, since at lower mass flow rates, a higher anisotropy is
expected. As well, the uncertainty regarding the computation of the electron
temperature by means of Langmuir Probe measurements is quite large (20
%).

• In this work, we advanced that the sonic transition of the plasma flow was
probably shifted from the maximum magnetic field strength location. Our
statement was based on the comparison of the experimental ion velocity pro-
files with the model predictions. This hypothesis was experimentally con-
firmed later by Collard et al. [40].

Apart from comparing with experimental data, the model formulated in Ref. [83]
has been complemented and extended to investigate further and understand fun-
damental kinetic aspects of MN expansions. The main studies can be divided into
two main parts; first, the macroscopic manifestation of the kinetic effects (Chapter
4), and then, the non-Maxwellian character of EVDF at the plasma reservoir and
its impact on the plasma expansion (Chapters 5 and 6).

Regarding the first part, the main contributions of the study are drawn below.
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• The macroscopic expression of the magnetic mirror effect has been discussed,
showing that it is only relevant when a large anisotropy is developed.

• Contrary to intuition, it has been demonstrated that macroscopically, the
magnetic mirror effect is very mild on electrons, since they do not develop
anisotropy until very far downstream. In contrast, ions are strongly affected
in the convergent region, being larger the effect for hot ions.

• Ions have been formulated as mono-energetic and Maxwellian upstream. The
plasma response is very similar, and differences have only been found in the
second and third order fluid quantities.

• Since electrons are (macroscopically) barely affected by the magnetic mirror
effect, there is an almost perfect balance between the ambipolar potential field
and he pressure gradients.

• In an attempt to find a closure to the electron fluid equation hierarchy based
on the kinetic solution, the contribution of the heat fluxes along the expansion
has been investigated. It has been found that these fluxes are dominant along
all the expansion, and in general larger than the convective thermal energy
flows. Although this study has enabled to identify the relevance of the diffusive
and convective terms in the energy equation, it has not been possible to find
a unique closure that fairly reproduces the plasma behaviour.

• It has been demonstrated that a constant diffusion/convection thermal energy
flux is equivalent to the commonly used polytropic law. The first one is more
useful, since it closes the fluid equation hierarchy in the energy level.

• The physical meaning of the collisionless heat fluxes has been discussed, show-
ing that without evaluating the four-order terms, we can only attribute them
a mathematical connotation.

• Useful parametric laws relating the downstream plasma properties with the
model parameters (ion to electron mass ratio and ion to electron source tem-
perature ratio) have been derived, which allow to predict the main expansion
properties without solving the entire model.
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The model has been extended to expand non-Maxwellian EVDFs. The study is
of high interest, since it is crucial to understand how the conditions at the plasma
reservoir affect the MN expansion and the downstream properties. Chapters 5 and
6 are devoted to explore an EVDF with a small fraction of hot electrons, and an
EVDF with a bi-Maxwellian anisotropic distribution, respectively. In the first case,
the main contributions are related to the total potential drop of the nozzle and
the study of the hot electrons thermodynamics. The forward upstream EVDF has
been formulated as two Maxwellian distributions with disparate temperatures, and
the plasma response is governed by the density and temperature ratio of hot/cold
electrons upstream. The main conclusions of this investigation are the following:

• The formation of a quasi-double-layer (quasi-neutral) has been studied as a
function of the model parameters. It has been shown that its location is
determined by the hot to cold electrons density ratio at the source α0, while
the temperature ratio θ0 mainly increases its strength. Results are coherent
and consistent with a previous work by Martínez Sánchez and Ahedo of a
three species fluid model (with Maxwellian electrons) [5].

• The cold electron species has been found to be a completely isothermal and
confined species. The hot electron species governs the electron cooling along
the expansion. It has been shown that the total potential drop e|φ∞|/Th0

determines the thermodynamics of the hot electrons. For the cases where this
parameter is below its value in a single ion-electron plasma, the contribution
of free particles to the hot electron species modifies its behaviour; they be-
come much more anisotropic in the convergent and divergent expansion (the
magnetic mirror effect is no more negligible macroscopically).

• Since e|φ∞|/Th0 is a key parameter to understand the hot electrons thermo-
dynamics, a parametric study of its value as a function of the new model
parameters has been performed. It has been shown that for α0 < 0.2, the
total potential drop scales basically with the hot electrons temperature at the
source. However, there is a parametric domain where the total potential drop
is lower. These cases are the most interesting ones, since in real devices, hot
electrons constitute only a small fraction of the electrons source density. A
large anisotropy is developed close to the magnetic throat, which is a direct
effect of the magnetic mirror effect.
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• For the same plasma energy at the source, it has been identified that with 3 %
of hot electrons at the source, the specific impulse of the nozzle is maximized.
This result could be useful for MN electric propulsion devices which generate
two electron distributions at the source, although in reality, this parameter is
difficult to control.

Finally, the formulation of the model with bi-Maxwellian anisotropic electrons at
the source has been presented. This preliminary study constitutes the first attempt
to model MN expansions of anisotropic EVDFs within the EP2 group. The main
goal was to investigate how electrons anisotropy influences the plasma expansion
dynamics. Two models have been analyzed; a fully kinetic convergent-divergent
model, where ions were treated as Maxwellian and electrons as bi-Maxwellian with
different parallel and perpendicular temperatures, and an only divergent hybrid
model with fluid ions and bi-Maxwellian kinetic electrons. In the following lines,
the main conclusions regarding this study are outlined.

• In the convergent-divergent model, there is an “isotropization” effect on the
convergent side of the expansion, where the perpendicular temperature in-
creases or decreases to match the parallel component as B increases. This
isotropization is a direct kinetic effect of magnetic mirroring in initially non-
Maxwellian distributions.

• In the divergent model, the effect is the opposite: the initial electron
anisotropy temperature ratio increases. The acceleration region is shorter
compared to the isotropic case when the perpendicular electron source tem-
perature is larger than the parallel component.

• Numerical limitations have been found when solving the model, which has
limited the parametric analysis presented here. Other different numerical
algorithms must be tested in order to achieve a better numerical convergence.

To conclude, this Thesis has contributed to the understanding of the fundamen-
tal physical phenomena that govern MN expansions, reaffirming the need for ex-
perimental and theoretical findings and investigations to be fully aligned. From the
theoretical point of view, this Thesis has contributed to understand the macroscopic
expression of the kinetic effects (magnetic mirror and ambipolar plasma potential
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barriers), and the effects of expanding non-Maxwellian EVDFs. On the experimen-
tal side, a new diagnostic has been developed to measure the induced magnetic
flux inside an ECR thruster, which has allowed to estimate the mean perpendicular
plasma pressure. The mean plasma properties have been characterized along the
MN by means of electrostatic probes and optical diagnostics, and compared with
the paraxial steady-state model studied here.

7.2 Future work

The ultimate goal of all scientific research must be to cross-check the theoretical
assumptions with experimental validation. In this regard, a roadmap for future
work is proposed below.

On the theoretical side, the future work must be oriented in two directions: first,
the kinetic model must be implemented in 2D and 3D electron fluid models, in order
to perform more complete and rigorous simulations of MN plasma thrusters. The
most challenging part is precisely the 2D character of the solution itself; one can
not solve independently each magnetic streamline (unless the plasma is assumed
fully magnetized, which is unpractical). The current-free assumption is a global
boundary condition, which should be formulated to consider each section of the
plasma plume. Ideally, the kinetic model should be implemented and solved as part
of the 2D, 3D models. However, a limited intermediate step would be to apply fluid
closure laws to the electron fluid equation hierarchy of 2D and 3D models, based
on the results of this Thesis.

Apart from the implementation in 2D and 3D codes, additional work should be
done regarding the formulation of the kinetic model. The nature of the doubly-
trapped electron population is still unclear. A time-dependent, collisional model
should be implemented in order to study not only the shape of the EVDF, but
also the existence regions of doubly-trapped particles in the velocities phase space.
In this regard, the research of Sánchez-Arriaga et al. showed that these regions
could be populated up to 25 % only due to non-stationary effects of the electric
potential [110]. However, collisions must be taken into account to properly model
the fulfilment of these regions.

The postulate of non-Maxwellian EVDFs at the plasma source has re-opened
uncertainties regarding the formulation of the doubly-trapped and reflected elec-
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trons. The present model considers they have the same functional dependence as
the source electrons. This assumption is plausible for a Maxwellian EVDF, but be-
comes meaningless for a bi-Maxwellian (anisotropic) assumption, since one should
understand that since this population is isolated from the source, electrons in these
regions would eventually collide and isotropize. Postulating the doubly-trapped
electrons with a different EVDF is not particularly difficult, and should be the
first change to be implemented in the anisotropic model. This implementation is
specially important regarding the divergent MN model.

Finally, from the experimental point of view, we outline three important missing
studies. First, plasma conditions at the thruster exit should be properly character-
ized since as we have seen here, the assumption of the ion and electron VDFs at the
“upstream” source are crucial to determine the MN performance. In this regard,
non-intrusive diagnostics are recommended, such as Thomson scattering, or laser
induced measurements. Second, this Thesis has characterized only the center line
of the MN. 3D set-ups should be implemented in order to have a complete map
of the main plasma properties. Last, experiments should be oriented to measure
anisotropic plasma properties, along the MN and in the plasma source. In this
Thesis, we have been able to estimate the mean perpendicular electron pressure at
the source, but it is insufficient to provide information about the EVDF anisotropy.
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