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The expansion of a plasma with two disparate electron populations into vacuum and channeled by

a divergent magnetic nozzle is analyzed with an axisymmetric model. The purpose is to study the

formation and two-dimensional shape of a current-free double-layer in the case when the electric

potential steepening can still be treated within the quasineutral approximation. The properties of

this quasi-double-layer are investigated in terms of the relative fraction of the high-energy electron

population, its radial distribution when injected into the nozzle, and the geometry and intensity of

the applied magnetic field. The two-dimensional double layer presents a curved shape, which is

dependent on the natural curvature of the equipotential lines in a magnetically expanded plasma

and the particular radial distribution of high-energy electrons at injection. The double layer

curvature increases the higher the nozzle divergence is, the lower the magnetic strength is, and the

more peripherally hot electrons are injected. A central application of the study is the operation of a

helicon plasma thruster in space. To this respect, it is shown that the curvature of the double

layer does not increment the thrust, it does not modify appreciably the downstream divergence of

the plasma beam, but it increases the magnetic-to-pressure thrust ratio. The present study does not

attempt to cover current-free double layers involving plasmas with multiple populations of positive

ions. VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4789900]

I. INTRODUCTION

Expansion of a current-free (CF) plasma into vacuum,

whether geometrically or magnetically channeled, is inher-

ently associated with the existence of an electric field created

by the plasma, which accelerates ions and confines electrons

along the expansion direction (except for the small electron

drift current that keeps the plasma beam globally current-

free). Under certain circumstances, a significant part of the

total potential drop takes place in a thin non-neutral plasma

region, known as current-free double-layer (CFDL). A recent

review by Singh1 has highlighted the upsurge of research on

CFDLs due to their applications to plasma acceleration,

astrophysical plasmas, and helicon plasma devices (HPDs).

Several of Singh’s conclusions serve as the starting

framework for the present study. First, he establishes the ex-

istence of, at least, two different categories of CFDLs: the

one that can develop in two-electron-temperature (2ET) plas-

mas and the one observed in the laboratory experiments with

HPDs; furthermore, it is concluded that “the physical process

taking place in the formation of 2ET-CFDLs appears to be

quite different from that in the formation of HPD-CFDLs.”

Second, the theoretical understanding of the 2ET-CFDL is

considered quite established, and this DL is regarded as a

“robust phenomenon,” which has been identified in labora-

tory experiments and in large-scale models and numerical

simulations of space and astrophysical plasmas. Third, in

spite of these advancements, the review expresses the neces-

sity of studying further the multi-dimensional structures of

2ET-CFDLs. And fourth, in contrast with 2ET-CFDLs, it is

acknowledged that a sound theoretical development of HPD-

CFDLs is still lacking. Finally, the reference list, covering

theoretical, numerical, and experimental studies, presented

in Singh’s review is quite exhaustive; therefore, here only

those works more connected to ours will be cited.

The understanding of the 2ET-CFDL is based, on the

one hand, on the commendable experiments by Hairapetian

and Stenzel2,3 with 2ET plasmas expanding in a vacuum

chamber with a near-uniform magnetic field and, on the

other hand, on the one-dimensional(1D) models of Bezzer-

ides et al.,4 Perkins and Sun,5 Barakat and Schunk,6 and

Ahedo and Mart�ınez-S�anchez.7 The 2ET-CFDL is likely the

simplest type of CFDL, since it may involve just a collision-

less plasma constituted by three distinguished species: posi-

tive ions and two electronegative populations of disparate

thermal energies. Commonly, these last ones are Maxwellian

(or “cold”) and suprathermal (or “hot”) electrons. The two-

dimensional (2D) structure of the 2ET-CFDL was observed

experimentally by Hairapetian and Stenzel, and curved 2ET-

CFDLs have been detected in astrophysical plasmas too.1,8

The central aim of the present work is to develop a 2D mac-

roscopic model of the 2ET-CFDL and its surrounding plasma

in order to understand the role of plasma conditions on its

formation, location, and curvature.

The laboratory HPD-CFDL has been studied extensively

by several groups—Refs. 9–17 being representative of such

activity, — and there is evidence of the emission of supra-

thermal electrons in HPDs,11,13,18–20 possibly generated by

electron-wave Landau resonance.21 In spite of such amount

a)Electronic mail: mario.merino@upm.es. URL: web.fmetsia.upm.es/ep2.
b)Electronic mail: eduardo.ahedo@upm.es.

1070-664X/2013/20(2)/023502/11/$30.00 VC 2013 American Institute of Physics20, 023502-1

PHYSICS OF PLASMAS 20, 023502 (2013)



of research and the presence of a 2ET plasma, there is an

incomplete understanding of the HPD-CFDL and there are

reasons to defend a separate category for them. Singh states

that the HPD-CFDL is “device specific,”1 in the sense that

experimental results are diverse and a systematic characteri-

zation of the HPD-CFDL is still pending. The experimental

evidence shows that the plasma in a HPD-CFDL is more

complex than the one considered in the 2ET-CFDL case: in a

typical HPD-CFDL experiment, the device emits a partially

ionized, 2ET plasma into a background plasma, this one con-

fined by a diffusion chamber (or the vacuum chamber). As a

consequence, downstream ionization and other collisional

processes can be important and a secondary, low-energy

population of ions can form outside of the source (see, e.g.,

Fig. 1 in Ref. 15). Thus, the HPD-CFDL would involve typi-

cally a partially collisional plasma with at least five distin-

guished, counterstreaming species (taking into account the

neutrals), as it is assumed, e.g., in the theory of Liebermann

et al.22 That theory resembles the classical one for the

current-carrying Langmuir DL,23 laying a central role on DL

formation to the presence of trapped and freely accelerated

ions, while forward and backward flows of suprathermal

electrons would adjust to meet the current-free condition.

This 5-species HPD-CFDL is not discussed in this paper.

Interestingly, part of the experiments on HPD-CFDLs is

meant to study the use of helicon plasma devices as space

thrusters. However, there are two crucial conditions of a heli-

con plasma thruster operating in space that differ from those

of the aforementioned HPD-CFDL laboratory experiments.

First, for a space thruster to be competitive, the emitted

plasma must be near-fully ionized and hot, which means

quasi-collisionless.24 And second, there is no interaction of

the emitted plasma with the very tenuous plasma of the space

environment in the distances of interest. Therefore, for a

HPD operating in space and emitting a plasma with supra-

thermal electrons, a 2ET-CFDL, instead of a HPD-CFDL,

could form.

In the typical configuration of a helicon thruster, the

plasma, after leaving the chamber, is guided and expanded

supersonically by a divergent magnetic nozzle.25–28 To this

respect, it is important again that collisions are negligible,

since otherwise they would screen the magnetic channeling

and annihilate its benefit in thrust efficiency.29,30 This justi-

fies that our 2D model of a 2ET-CFDL is built upon two pre-

vious ones. The first one describes the quasi-1D expansion

of a 2ET plasma in a convergent-divergent geometry.7,31

This 1D model characterizes, in terms of the temperature

and density ratios of the electron populations, the parametric

regime where a CFDL is formed as a discontinuity surface of

the quasineutral solution. The second model analyzes the 2D

expansion of a single electron temperature (1ET) plasma—

i.e., a simple plasma—in a divergent, axisymmetric magnetic

nozzle.29 This model shows that crucial 2D phenomena are

missed by 1D nozzle models, such as the strong radial rare-

faction of the beam, the separation of ion and magnetic

streamtubes, the plume efficiency, and the magnetic charac-

ter of thrust in the nozzle (based on the axial magnetic force

of azimuthal plasma currents). The 2D model achieves a

neat formulation by considering that the plasma expansion is

collisionless and electrons are fully magnetized. The inclu-

sion of a 2ET plasma model into the 2D nozzle model allows

us to analyze the formation and 2D shape of a 2ET-CFDL.

The influence of the intensity and geometry of the applied

magnetic field, and of the hot-to-cold electron radial distribu-

tion at injection are investigated.

A controversial subject related to helicon plasma thrust-

ers has been whether the CFDL can have a propulsive role,

since Charles and Boswell9 claimed that the CFDL was an

innovative thrust mechanism. On the one hand, 1D models

show that the 2ET-CFDL does not increment thrust and

modifies very slightly the thruster efficiency.31,32 On the

other hand, the 2D model of a 1ET plasma shows that the

downstream divergence of the plasma beam (one of the fea-

tures reducing the thruster efficiency), is dependent on the

magnetic nozzle divergence and strength. In the present

work, we assess how the curved 2D shape of the 2ET-CFDL

can change the average divergence of the plasma beam and

whether this can affect the thruster efficiency.

The rest of the paper is organized as follows. Section II

reviews the main conclusions on 2ET-CFDLs emanating

from previous studies. This review is pertinent for the discus-

sion of the 2D-2ET model to follow, and also as a comment

to subjects raised in Singh’s paper. Section III formulates the

2D-2ET plasma/nozzle model. Section IV presents main

results and discusses the influence of different parameters.

Section V discusses propulsive performances. Finally, con-

cluding remarks are gathered in Sec. VI.

II. ON PROFILE STEEPENING AND DOUBLE-LAYER
FORMATION

The first point we want to highlight is that an ambipolar
steepening, at some intermediate location, of the profiles of

plasma density n and electric potential /, occurs naturally in

a simple 1ET current-free plasma expanding into vacuum;

see for instance, Fig. 1 of Ref. 1. The typical amplitude of

the potential steepening is the plasma temperature, and its

typical thickness (in a weakly collisional plasma) is the geo-

metrical length R of the plasma region. In an unmagnetized

cylindrical plasma expanding into vacuum, that length can

be the tube radius. In a plasma channeled by a diverging

magnetic nozzle, the steepening length is the curvature ra-

dius Rn of the magnetic field. Plasma profiles expectedly

become more steepened as R or Rn decrease. In a multi-

species plasma, with populations of different mean energies,

profile slopes can depend on the locally dominant species,

and additional steepening can occur.

Depending on the properties of the expanding plasma,

the potential drop can concentrate locally to give rise to a

DL. The most relevant literature is unanimous in that a DL is

a thin, non-neutral layer between two adjacent quasineutral
regions.32–34 This statement makes full sense only within a

two-scale analysis based on the asymptotic zero-Debye-

length limit, i.e., kD=R! 0. In real devices and in single-

scale models, where kD=R can be small but not zero, the

above statement must be interpreted in the following way: a

DL in a plasma of temperature Te is a region where the
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electric field, E, is of order �Te=ðekDÞ, in contrast to a typi-

cal value of �Te=ðeRÞ outside the DL. For instance, a plasma

with n � 1017 m�3 and Te � 5 eV has kD � 50 lm. Thus,

for R¼ 5 cm, we have kD=R � 10�3, and typical DL and

ambipolar electric fields would be clearly distinct: �103 V/

cm and �1 V/cm, respectively.

In practice, the unequivocal presence of a DL is more

difficult to ascertain when kD=R is moderately small or the

maximum electric field in the plasma is in the intermediate

range Te=R� eE� Te=kD. The term weak DL is sometimes

used for these cases. It turns out7 that a 2ET-CFDL is always

weak because the electric space-charge qe is always small,

i.e., qe=ðenÞ � ð1Þ. The electric field of the 2ET-CFDL is

�Th=ðeLDLÞ with LDL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0Th=ðeqeÞ

p
and Th the tempera-

ture of hot electrons. This weak character would explain the

difficulty to distinguish, in practice, between a “true,” non-

neutral CFDL and just an enhanced ambipolar steepening,

termed “quasineutral steepened layer” (QSL) by Ahedo and

Mart�ınez-S�anchez.7 Here, we have opted for the more identi-

fiable name of “quasi-double-layer” (QDL).

At any rate, two-scale models, like the one to be used

here, are unambiguous on whether the 2ET plasma presents

a QDL or a (true) DL. Bezzerides et al.,4 for a time-

dependent expansion, and Barakat and Schunk6 and Ahedo

and Mart�ınez-S�anchez,7 for a steady-state one, have demon-

strated that augmenting the suprathermal electron relative

density or temperature increases progressively the steepening

of the QDL, until the quasineutral spatial profile becomes

multivalued and a discontinuity (i.e., the DL) has to be

postulated. For the standing case, Ahedo and Mart�ınez-

S�anchez determine, in the hot electron density-temperature

parametric plane, the boundary line between QDL and DL

regimes. Ahedo31 also shows that the shift of dominance

from cold to hot electrons across a QDL involves a large

change in the sound speed of the plasma. This makes the var-

iation of the plasma Mach number non-monotonic, and the

potential steepening is maximum around the location where

the supersonic Mach number presents a local minimum. For

this “anomalous thermodynamics,”4 Ahedo demonstrated

that the transition from a QDL to a DL takes place when this

minimum becomes subsonic: the quasineutral plasma cannot

manage the crossing of a new sonic point and a discontinuity

develops.

III. FORMULATION OF THE 2D, 2ET PLASMA MODEL

The model described in this section extends the 2D, 1ET

plasma model of Ref. 29 to include different electron spe-

cies. As such, only the indispensable and distinctive aspects

of the extended model will be summarized below. The nota-

tion followed here is based on our previous works.29,31

A collisionless, low-b, cylindrical plasma of radius R is

injected sonic/supersonically at the throat of a divergent, axi-

symmetric magnetic field B. The plasma is constituted of

low-energy (“cold,” c) and high-energy (“hot,” h) electrons,

and singly charged ions (i), with negligible temperature

compared to “cold” electrons. The quasineutrality condition

ni ¼ nh þ nc � n is satisfied. Motion is described using the

cylindrical frame of reference f1z; 1r; 1hg complemented

with magnetic unit-vectors 1k ¼ B=B and 1? ¼ 1h � 1k. We

work in the zero Larmor radius limit of electrons,35 ‘j

¼
ffiffiffiffiffiffiffiffiffiffi
Tjme

p
=ðeBÞ � R (for j ¼ c; h); as a consequence, elec-

tron and magnetic streamtubes coincide (u?j � 0 for

j ¼ c; h). Ions, however, are only partially magnetized and,

since ion temperature is neglected, the relevant ion Larmor

radius ‘i is the one based on the ion longitudinal velocity,

~ui ¼ ui � uhi1h, i.e., ‘i ¼ ~uimi=ðeBÞ.
The steady-state fluid equations for ions are29

@uzi

@z
þ @uri

@r
þ uzi

@ ln n

@z
þ uri

@ ln n

@r
¼ � uri

r
; (1)

mi uzi
@uzi

@z
þ uri

@uzi

@r

� �
þ e

@/
@z
¼ �euhiBr; (2)

mi uzi
@uri

@z
þ uri

@uri

@r

� �
þ e

@/
@r
¼ euhiBz þ

miu
2
hi

r
; (3)

miruhi þ ew ¼ DiðwiÞ; (4)

where / is the ambipolar potential, w and wi are the mag-

netic and ion streamfunctions and DiðwiÞ a known function

of flow conditions at the throat. Besides the conservation of

the canonical azimuthal momentum, Eq. (4), energy Hi is

conserved on each ion streamtube,

mið~u2
i þ u2

hiÞ=2þ e/ ¼ HiðwiÞ: (5)

To close these ion equations, the electron model must

provide a relation between n and /. As in Refs. 7 and 29, an

isothermal fluid model is assumed for each electron species.

Then, the required /–n relation is simply the Boltzmann

relation along each magnetic streamtube,

Tj ln nj � e/ ¼ HjðwÞ; j ¼ c; h; (6)

where functions Hj are known from flow conditions at the

throat. The differentiation of Eq. (6) yields:

dn ¼ nc

Tc
þ nh

Th

� �
ed/þ nc

Tc

dHc

dw
þ nh

Th

dHh

dw

� �
dw; (7)

where the terms in the last parenthesis are related to the mag-

netic force of electron azimuthal current densities,

jhj � �enjuhj ¼ rnj
dHj

dw
; j ¼ c; h: (8)

For a supersonic ion flow, the substitution of Eq. (7) in

Eqs. (2) and (3) results in a set of three hyperbolic equations,

which can be solved with a forward-marching method of

characteristics (MoC).29,36 The plasma sound speed cs of the

ion flow is given by the relation4

n

mic2
s

¼ nc

Tc
þ nh

Th
; (9)

and the effective Mach number is M ¼ ~ui=cs. At this point, it

is convenient to define the hot-to-cold temperature ratio,

s ¼ Th=Tc, and the local hot-electron density ratio,
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aðz; rÞ ¼ nhðz; rÞ=nðz; rÞ: (10)

There are three families of characteristic lines in the longitu-

dinal plane, namely: the ion streamlines (i.e., the longitudinal

section of ion streamtubes) and the upward- and downward-

marching Mach lines, which form angles 6sin�1ð1=MÞ with

respect to the former.

The MoC, implemented in our DIMAGNO code, allows

for a favorable integration scheme in terms of accuracy and

computational cost. However, our approach does not allow

the simulation through true DLs, associated to an additional

sonic surface downstream of the throat where hyperbolicity

(and quasineutrality) fails.31 As a consequence, our analysis

of enhanced steepening in 2ET plasmas is limited to the

QDL regime where the minimum ion Mach number, M, in

the divergent nozzle is still supersonic. This restriction is not

critical for present purposes since, despite the formal differ-

ences related to the zero Debye-length limit, QDL and DL

structures represent the same physical phenomenon with a

different degree of intensity. Nonetheless, one observation is

necessary. While a DL is a sharp discontinuity in the quasi-

neutral scale and its location is perfectly defined, the location

of the QDL is partially arbitrary. In the present 2D model,

the location of the QDL is defined as the surface formed by

the minima of M along each magnetic line, which is almost

coincident with the surface of maxima of E.

Notice that, as expressed by Eq. (6), the 1D model de-

pendency of electron dynamics on / is still essentially valid

for the 2D model, but limited to each magnetic line sepa-

rately. Clearly, in the 2D model, / ¼ /ðz; rÞ results from the

hyperbolic plasma response, and also M ¼ Mð/;w;wiÞ.
Since the potential and the Mach number depend on the

whole plasma flow, the formation of the QDL in the mag-

netic nozzle is a fully 2D effect.

Plasma conditions at the throat (i.e., at z¼ 0 and

0 � r � R) are

~uc ¼ ~uh ¼ ~ui ¼ M0csð0; rÞ1z; / ¼ 0;

n ¼ n0 expð�ar2=R2Þ; að0; rÞ known;
(11)

where subindex 0 denotes values at the origin (z ¼ r ¼ 0),

and að0; rÞ refers to the radial distribution of hot electrons,

Eq. (10). We shall take M0 ¼ 1:01 to comply with hyperbol-

icity of the ion equations, and a ¼ 3 ln 10 [so that

nð0;RÞ=n0 ¼ 10�3]. For sake of illustration, we will use the

divergent magnetic nozzle created by a single loop of radius

RL placed at z¼ 0. The rest of the parameters of the model

are: (1) the constant hot-to-cold electron temperature ratio

s ¼ Th=Tc; (2) the nozzle divergence rate, measured by

R=RL or more precisely by R=Rnð0;RÞ; and (3) the magnetic

strength at the throat, measured by the dimensionless gyro-

frequency at the throat, bXi0 ¼ eB0R=
ffiffiffiffiffiffiffiffiffiffi
miTc

p
.

Several observations on Eq. (11) are due. First, note that

the assumption of current-free flow is not essential for our

model. As such, we expect it to be applicable to plasmas

with a net current smaller than the electron thermal current,

so that most cold electrons are effectively confined. Second,

/ð0; rÞ ¼ 0 means that each electron species is in a h-pinch

equilibrium at the throat, with the radial pressure gradient

balanced by the magnetic force due to azimuthal currents,

which are essential for the electromagnetic thrust.29 And

third, it must be acknowledged that, since a theory on the

hot-electron velocity distribution function has not yet been

established, any modeling of that distribution is highly spec-

ulative. In the present case, this affects the thermodynamic

models for cold and hot electrons as well as the relative hot-

electron radial distribution að0; rÞ. Our choice for two super-

imposed Maxwellian, isothermal populations is based (in the

absence of a better criterion) on simplicity and on the fact

that Bezzerides et al.4 and others37,38 showed explicitly that

the enhancement of the steepening and the DL formation do

not depend particularly on the thermodynamic equation of

state but on the disparities of energies between cold and hot

electrons. With respect to the distribution of að0; rÞ, the sim-

plest choice corresponds to identical radial profiles of hot

and cold electron densities at the throat, i.e. að0; rÞ ¼ const,

which besides has the advantage of allowing direct compari-

son with the 1D 2ET-CFDL model. On the contrary, the gen-

eral case of different radial profiles for cold and hot electrons

at the throat, að0; rÞ 6¼ const, is genuinely 2D. Experimental-

ists have detected (or inferred) the two extreme cases: hot

electrons forming preferentially either near the edge11,39,40

or around the center3,18 of the plasma beam. Both possibil-

ities are explored here.

IV. LOCATION AND CURVATURE OF THE 2D QDL

The discussion of QDLs herein is illustrated with several

simulation cases, which are described in Table I: Simulation

T0 illustrates the expansion of a 1ET plasma, with

að0; rÞ ¼ 0; T4 and T8 take að0; rÞ ¼ 0:04 and 0.08, respec-

tively. In particular, simulation T4, with 4% of hot electron

relative density at the throat and nearly unmagnetized ions,

constitutes the reference simulation against which the rest of

2ET plasma cases are compared. In simulation S, the

strength of the magnetic field is 1000 times larger than in T4,

thus ions are highly magnetized at the throat, with ‘i=R
¼ 0:02 there. In simulation D, the nozzle divergence rate is

TABLE I. Summary of the different parameters used for each simulation.

Simulation T0 describes a simple 1ET plasma (i.e., single temperature elec-

trons). Simulation T4 is our reference 2ET plasma. All other simulations

deviate from it in the value of one of the parameters (highlighted in bold-

face): simulation T8 has a higher fraction of hot electrons, simulation S has

stronger magnetic field, and simulation D has a more divergent nozzle

(roughly half the curvature radius). Simulations T4, T8, S, and D all have

að0; rÞ ¼ const. In simulations P and C, the function changes according to

g6ðrÞ / ½2 6 cosðpr=RÞ�, while keeping an average value of 0.04, as in T4;

simulations P and C concentrate hot electrons in the periphery and the beam

axis respectively. All simulations have s ¼ 18 and M ¼ 1:01.

Simulation að0; rÞ bX i0 RL=R

T0 (simple 1ET plasma) 0 0.05 3.5

T4 4% 0.05 3.5

T8 8% 0.05 3.5

S (strength) 4% 50 3.5

D (divergence) 4% 0.05 2.5

P (periphery) g�ðrÞ 0.05 3.5

C (center) gþðrÞ 0.05 3.5
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roughly twice that of T4. Finally, in simulations P and C, hot

electrons concentrate at the periphery and the center of the

beam, respectively, while having the same integral fraction

at z¼ 0 as simulation T4, i.e.,

�a0 ¼
ðR

0

rnhdr

�ðR

0

rndr ¼ 0:04: (12)

(Notice that �a0 should not be confused with a0 in Refs. 7 and

31, where subindex 0 referred to the stagnation conditions of

the flow far upstream of the nozzle throat, a region not

treated here).

According to the 1D model, the hot-to-cold temperature

ratio s defines the intensity of the steepening and the

critical value of �a0 for DL formation.7 In the present simula-

tions, it has been fixed at s ¼ 18. For this value of s, the 1D

model predicts that the parametric transition from

solutions with a QDL to those with a DL takes place at

�a0 ’ 10%.

A. Influence of the hot-electron fraction

Figure 1 shows plasma properties for simulations T0,

T4, and T8. Color maps represent the electric field strength;

equipotential surfaces and electric field lines are also shown.

The 2ET plasmas of T4 and T8 exhibit the formation of a

steady-state QDL (displayed as a thick dashed line). The

plots above the 2D maps of Fig. 1 present the evolution of

the electric potential /, electric field E ¼ �r/, and ion

Mach number M along the axis (i.e., for r¼ 0).

In agreement with the experiments of Hairapetian-

Stenzel3 and the 1D model, as að0; rÞ increases: (1) the

position of the QDL surface shifts towards the throat, (2) the

local maximum of the electric field increases, and (3) the

local minimum of the supersonic Mach number becomes

closer to 1. The novel 2D feature is the curvature of the

QDL, which agrees qualitatively with the convex U-shaped

steepenings detected experimentally.11,16 In fact, the QDL

convexity mimics that of the nearby equipotential surfaces,

i.e., the QDL surface is almost an equipotential one. This

property is only satisfied when að0; rÞ, /ð0; rÞ, and Hið0; rÞ
are constant at the throat and uhi � ~ui. In this case, / ¼
const surfaces are constant surfaces for aðz; rÞ and Mðz; rÞ
too, and consequently, the QDL matches them as well.

Notice that the curvature of the QDL is similar in simula-

tions T4 and T8.

In addition, the shape of the initial plasma density pro-

file given by Eq. (11) is propagated along equipotential

surfaces, so that plasma density is the magnitude changing

most along the QDL surface [indeed decreasing three orders

of magnitude from the center to the edge for the initial condi-

tions used here, Eq. (11)]. Figure 2 presents the evolution of

plasma density in the magnetic nozzle and shows that a

decrease in density takes place across the QDL in simula-

tions T4 and T8. The strong difference between / ¼ const

and n ¼ const surfaces in these simulations is also found

experimentally (cf. Figs. 8(a) and 9 of Ref. 10). The pressure

gradient in the 1? direction, linked to the density profile, is

balanced by the magnetic force on the azimuthal electron

current and the electric force, Eq. (8).

Figure 3 displays the local angle cEB formed between E
and B. The ambipolar electric field, self-adjusted by the

plasma, guarantees quasineutrality in the whole plasma do-

main, by taking the correct magnitude and direction to steer

FIG. 1. Map of the intensity of the non-dimensional electric field bE ¼ eER=Tc for simulations T0, T4, and T8. Contours show isopotentials of b/ ¼ e/=Tc, and

E streamlines (orthogonal to the former). The separation between each two successive b/-lines is Db/ ¼ 2. Thin dashed lines show the direction of the magnetic

field. Thick dashed lines represent the QDL location in simulations T4 and T8. The evolution of b/, bE, and M along the axis (r¼ 0) is depicted in the panels on

top for each simulation.
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the ion trajectories as required. In the 1ET plasma of simula-

tion T0, equipotential surfaces are curved as a consequence

of nozzle divergence and the need of a perpendicular electric

field to radially expand the ions. This perpendicular field—

and cEB — increases from the axis towards the beam edge,

where the highest ion deflection is demanded. Cases T4 and

T8 of Fig. 3 show that the formation of a QDL implies a

strong change of the electric field direction around and

downstream of the QDL. The electric field becomes almost

parallel with the magnetic field at and after the QDL, but still

imparts a large radial acceleration to ions as a consequence

of the curvature of the layer. The small negative values ofcEB that can occur downstream of the QDL suggest that ions

can leave the layer with an excess of outwards velocity that

the ambipolar electric field needs to accommodate

downstream.

B. Influence of magnetic strength and divergence

For nearly unmagnetized ions, as in simulations T0 or T4,

the perpendicular electric field satisfies E? ’ mi~u
2
i =ðeRiÞ, with

Ri the meridian curvature radius of the ion streamtube. For

higher magnetization cases, i.e., bXi0 	 1, E? is lower since

part of this ion deflection task is taken by the magnetic force on

ions, jhiB. Therefore, assuming Ri ’ Rn 
 OðRÞ as general

estimates, we have E? � OðM2
0Te=ðeRÞÞ. The effect of

increasing B is illustrated here with simulation S (Fig. 4). The

enhanced magnetic field of simulation S decreases the required

E? for ion expansion, while Ek remains basically unaffected

(cf. simulation T4 in Fig. 1). Consequently, the cEB angle is

notably decreased with respect to T4 (as can be observed

in Fig. 3) and the equipotential surfaces become almost perpen-

dicular to B. Since the QDL closely matches the local

FIG. 2. Maps of n=n0 in simulations T0, T4, and T8. Thick dashed lines represent the QDL location. Density decreases one order of magnitude between each

two consecutive lines.

FIG. 3. Detail of the local cEB angle in the nozzle (in deg) for different simulations. Dashed lines represent the QDL location.

FIG. 4. Electric field and QDL position

(thick line) of simulations S and D (for

small and large nozzle divergence). The

horizontal and vertical scales of both

figures are the same, in ratio 1:1. The

description of lines is as in Fig. 1.
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equipotential surfaces when að0; rÞ ¼ const, the curvature of

the resulting QDL is lower in simulation S. This is in agreement

with the observed tendency in the experiments of Hairapetian

et al.3 for increasing values of B. This effect is more apparent

in Fig. 5, where the angle cLB between the QDL surface normal

and the local magnetic field of the different simulations has

been plotted. From these results, it is easy to infer that the par-

tial ion magnetization case will be contained within the no-

magnetization limit (which is practically T4) and the full-

magnetization one (where cLB ’ 0 as E? ! 0 and r/ k B).

[This will not be necessarily true for the more intricate cases

with að0; rÞ 6¼ const described in Sec. IV C.]

The divergence rate of the magnetic field can have simi-

lar effects on the curvature of the QDL. By roughly halving

the value of Rn in simulation D (more diverging nozzle), a

larger E? is generated in the plasma beam, which results in

more curved equipotentials and hence a more curved QDL,

as can be appreciated in Fig. 4, and also in a larger cLB angle

(Fig. 5).

In conclusion, the strength and curvature of the mag-

netic field can alter the convexity of the QDL, as the neces-

sary E? for the ion expansion changes, but it must be

emphasized that they have no direct influence on the forma-

tion of the QDL itself nor the magnitude of the potential

jump across it, which depend only on the distribution of hot

and cold electrons.

To this respect, Singh1 suggests that when B is increased

the “full development of the ion cyclotron motion” can have

a relevant role in the curvature of the plasma column and, in

particular, in the sign of E? (changing from E?>0 to E?<0

as ions gyrate outwards). This phenomenon is not found in

our model, where the supersonic ions, advancing in a diverg-

ing magnetic field, do not establish any distinguishable cyclo-

tron motion in the range of magnetizations studied, and in

any case, their tendency is to separate inwards from the mag-

netic tubes due to inertia.29 Moreover, since the ion Larmor

radius is ‘i/1=B, any effect proportional to ‘i should dimin-

ish when increasing B.

Also, it has been claimed that an “abruptly divergent”

magnetic field is relevant for DL formation,1 even in the

case of a simple 1ET plasma.41 In the frame of our model, an

“abrupt” nozzle would correspond to a magnetic curvature

radius Rn satisfying kD � Rn � R, which would lead to

Te=ðekDÞ 	 E? 	 Te=ðeRÞ. Two observations are pertinent

here. First, as commented in Sec. II, in the absence of other

mechanisms, there is no DL formation in 1ET plasmas,5,32

just a natural steepening of characteristic length Rn. Second,

abrupt divergence seems highly undesirable for the main

purpose of a magnetic nozzle, that is, to efficiently channel

and expand the plasma beam emitted by the plasma source,

with minimal plume divergence.

C. Influence of the hot electron injection zone

In a real device, the radial profiles of low- and high-

energy electrons at the source exit (or the nozzle throat) are

likely not the same, and will depend on the particularities of

the plasma source. The effects and main tendencies to be

expected when að0; rÞ 6¼ const are explored here with simu-

lations P and C. In both of them and to facilitate comparison,

the radially averaged value of að0; rÞ is chosen to coincide

with simulation T4 (�a0 ¼ 4%) but a sinusoidal radial de-

pendence has been added. Specifically, we take

að0; rÞ / ½2 6 cosðpr=RÞ�; (13)

with þ sign for C and lower � sign for P. Thus, the sequence

of simulations P ! T4 ! C corresponds to progressively

displacing the hot electron injection from the periphery to

the center of the beam.

Notice that, for að0; rÞ 6¼ const, the sound speed, Eq.

(9), varies radially at the throat. In order to maintain superso-

nicity and lacking a detailed description of the velocity pro-

file at the throat, we have opted here to keep

Mð0; rÞ ¼ 1:01 ¼ const, thus letting uzið0; rÞ 6¼ const in Eq.

(11). The electron response in the simulations shown here is

FIG. 6. Detail of the QDL shape of sim-

ulations P, T4, and C. The background

color shows the intensity of the non-

dimensional electric field bE ¼ eER=Tc.

The description of lines is analogous as

that of Fig. 1.

FIG. 5. Angle cLB (in deg) formed by the QDL surface normal and the mag-

netic field, in simulations T4, S, D, P, and C. s=sV is the normalized arc

length along the meridional projection of the QDL, running from the axis to

the plasma border V.
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the particularization to each magnetic streamtube of the elec-

tron behavior in the 1D model, i.e., the functions ncð/;wÞ,
nhð/;wÞ, and csð/;wÞ on each magnetic tube w are univo-

cally defined given the hot-electron fraction of that tube at

the throat. Notice that now M is fully dependent on (z; r) and

not a function of / as before, therefore the QDL does not

coincide with any equipotential surface.

A detailed map of the electric potential around the QDL

of simulations P, T4, and C is plotted on Fig. 6. On each

magnetic tube, higher hot-electron fractions at injection

cause the QDL to take place earlier in the expansion, as in

the 1D model. Hence, when the injection of hot electrons

moves from the periphery towards the center, the curvature

of the QDL decreases. Interestingly, the QDL surface is

nearly planar in simulation C, and it actually forms a nega-

tive cLB angle with the local B, illustrated in Fig. 5, revealing

the strong influence of the function að0; rÞ on the curvature

of the layer. It can also be observed that the region of strong-

est E takes place near the axis for simulation P, while it is

located at the periphery in simulation C.

It was already commented that the QDL curvature

affects the trajectory of ions, modifying their direction down-

stream. This effect is clearly more pronounced when

að0; rÞ 6¼ const. Figure 7, which displays selected ion

streamtubes and their relative position with respect to their

reference magnetic streamtubes, shows a remarkable feature

of simulations P and C: the more planar QDL of simulation

C causes ion streamtubes to deflect inwards around the layer,

thus reducing their divergence angle. On the contrary, the

strongly curved QDL of simulation P causes ion streamtubes

to diverge faster than the magnetic field. These alterations

extend into a limited region downstream of the QDL, mean-

ing that its influence is of local character: indeed, after

crossing the QDL (and because ions are not sufficiently

magnetized downstream), the divergence of ion streamlines

soon decreases and eventually becomes lower than that of

the local magnetic field again, resembling that of a 1ET

plasma (see, for instance, Fig. 1 of Ref. 42).

The shape and position of the steepening can have a

strong influence on the map of / downstream of the QDL,

where the extraordinary deflection of the ion flow by the

layer needs to be corrected and can lead to E? < 0 (i.e.,cEB < 0), as illustrated by simulation P in Fig. 6. The possi-

bility of formation of potential barriers and/or shock waves

(in an otherwise shock-free flow) as a result of this should be

considered. At any rate, it is clear that the structures gener-

ated by general 2ET plasmas can result in much more com-

plex electric fields and plasma flows.

V. EFFECT OF THE QDL ON PROPULSIVE
PERFORMANCES

In application to magnetic nozzles of space plasma

thrusters, it is interesting to discuss the effects of the 2D

QDL on the propulsive figures of the plasma beam. The

main purpose of a magnetic nozzle stage in a plasma thruster

is to increase thrust,24

F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gPa _m

p
; (14)

where g is the thrust efficiency, Pa the applied power, and _m
the mass flow rate. For a given Pa and _m, the efficiency g lim-

its the maximum value of F and is a function of the multiple,

interconnected phenomena taking place in the thruster, such

as plasma ionization, radiation, plasma-wall interaction, and

plume expansion and divergence in the magnetic nozzle. The

nozzle model presented here does not allow the study of the

total thrust efficiency of a given thruster, which requires to

match it with the model of the plasma source.43 However, it

permits to assess the influence of the plume divergence on g.

FIG. 7. Effect of the QDL (thick dashed

line) on the ion streamtubes (solid) in

simulations P and C. The corresponding

magnetic lines are plotted for reference

(dashed).

FIG. 8. Plume efficiency gplumeðzÞ (left)

and magnetic thrust fraction FmðzÞ=FðzÞ
(right) for different simulations. The ref-

erence 1ET plasma of simulation T0 has

been plotted as a thick line. The graphs

of FmðzÞ=FðzÞ for simulations P and C

are almost indistinguishable from that of

simulation T4, and have not been

plotted.
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This can be quantified with the plume efficiency function,

gplumeðzÞ, defined in Ref. 29 as the ratio of ion axial-to-total

energy fluxes at z ¼ const sections, i.e.,

gplumeðzÞ ¼ PizðzÞ=PiðzÞ: (15)

The plume efficiency is an intrinsically 2D effect, non recov-

erable by 1D models. This factor is of utmost importance not

only for its contribution to g but also since it can ultimately

characterizes the plume divergence angle and the plasma

detachment losses.44 Figure 8 (left) compares the plume effi-

ciency function of the different 2ET plasmas of Table I. The

visible non-monotonicity of the curves for 2ET plasmas is

due to the fact that gplumeðzÞ is being evaluated on z ¼ const

sections, while the QDL is a curved surface. This causes the

peripheral part of the QDL to affect the plasma first (i.e., at

lower values of z). In the beam periphery, a large radial

acceleration is exerted on ions, which explains the local drop

of gplumeðzÞ. When the central part of the QDL is crossed, the

strong axial acceleration imparted to the ions in this region

raises gplumeðzÞ again. Therefore, comparison with 1ET plas-

mas makes full sense only far downstream of the QDL.

Interestingly, in simulation C, where most of the hot

electrons are located about the magnetic nozzle axis and the

QDL is more planar, a local increase of gplumeðzÞ is observed,

which is due to the larger axial acceleration imparted by the

QDL in this case. On the other hand, simulation P, with pe-

ripheral hot electrons and a more curved QDL, shows the

largest local decrease of gplumeðzÞ. This particular local

behavior of simulations C and P can be explained by the

deflection of ion streamtubes that was depicted in Fig. 7. All

simulations except C show a slightly worse efficiency than

T0 after the QDL. In spite of the pronounced local extrema

in gplumeðzÞ caused by the presence of the QDL, simulations

of 2ET plasmas deviate from the reference T0 only in the vi-

cinity of the layer. Downstream of the steepening, most of

the plume efficiency of the 1ET plasma is recovered, indicat-

ing that the divergence of ion streamlines gradually returns

back to that of T0, and further downstream the effect of the

QDL on gplumeðzÞ becomes marginal. This suggests that the

presence of a QDL has little incidence on the final plume

efficiency.

In regard to these results, it is important to acknowledge

that some of the simplifications of the current model might

be responsible of an overly optimistic downstream value of

gplumeðzÞ. In particular, a more realistic description of the

electron velocity distribution function could modify the evo-

lution of the hot population downstream of the QDL, possi-

bly reducing the depicted recovery of gplumeðzÞ.
The main parameter characterizing the usefulness of the

magnetic nozzle stage in a plasma thruster is its contribution

to the total thrust of the device. In an electromagnetic plasma

thruster, there are two contributions to thrust: the pressure
thrust, Fp, due to the plasma axial pressure on the source

walls, and the magnetic thrust, Fm, caused by the magnetic

axial force that plasma electric currents (mainly in the nozzle

stage) induce on the thruster magnetic circuit.29 The pressure

thrust can be assimilated to the plasma momentum flow at

the nozzle throat (z ¼ 0),

Fp ¼ 2p
ðR

0

rdrðnmiu
2
zi þ Thnh þ TcncÞ; (16)

whereas, by virtue of the action-reaction principle, the mag-

netic thrust function at section z ¼ const, FmðzÞ, is defined as

the integral of the axial magnetic force density exerted on

the plasma in the nozzle volume V(z) comprised between the

throat, the beam-vacuum edge, and z ¼ const. For Bh ¼ 0,

that force is

FmðzÞ ¼ �
ð

V

jhBrdV: (17)

Electrons provide the main contribution to jh (Ref. 29). A

simple estimate shows that hot electrons have higher azi-

muthal velocity than cold electrons, but the respective cur-

rent density, Eq. (8), depends on the density of each species.

As such, the contribution of an elemental plasma volume to

magnetic thrust depends on the local B, nh and nc.

In order to assess the magnetic thrust, the function

jnozðzÞ ¼ FmðzÞ=Fp was computed in Ref. 30 for a 2D, 1ET

plasma; the same magnitude was discussed in Ref. 31 for a

1D, 2ET plasma. Defining FðzÞ ¼ Fp þ FmðzÞ as the total

thrust function along the nozzle, Fig. 8 (right) plots the axial

evolution of the relative magnetic contribution

FmðzÞ
FðzÞ �

jnozðzÞ
1þ jnozðzÞ

; (18)

which is found to be a better self-explaining magnitude to

understand the propulsive performance of the device, since

FðzÞ is governed by the absorbed power and mass flow rate

as expressed by Eq. (14). The curves of Fig. 8 show that the

presence of hot electrons can substantially increase the mag-

netic thrust fraction. Interestingly, the QDL presence and its

curvature are marginal for the value of FmðzÞ=FðzÞ, which is

only dependent on s and �a0. Contrary to the behavior of

gplumeðzÞ, no local change of FmðzÞ=FðzÞ is observed across

the QDL in Fig. 8. Moreover, simulations T4, P, and C are

indistinguishable from each other as they have the same

magnetic nozzle and the same value of �a0. This serves as a

“two-dimensional” refutation that the thrust mechanism

associated with the presence of a DL is non-existent.

When the upstream hot-electron fraction is small (which

is the case of highest practical interest), plasma dynamics

upstream from the QDL are dominated by (more abundant)

cold electrons, whereas downstream from the QDL, hot elec-

trons dominate the expansion. This means that pressure

thrust is settled mainly by the cold electron population, while

the magnetic thrust function tends to be dominated by cold

and hot electrons upstream and downstream of the QDL,

respectively. As �a0 increases, the QDL moves upstream and

the hot electron contributions to Fm and Fp increase. As a

result, there is a value of �a0 that maximizes the downstream

value of the fraction Fm=F, as can be inferred from Fig. 8.

An important remark, pointed out by Ahedo31 and worth

emphasizing here again, is that the increase of the magnetic

thrust fraction (in 2ET plasmas with QDLs) cannot be inter-

preted neither as a net increment of thrust nor as an
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enhancement of thruster performance. Equation (14) shows

very clearly that F /
ffiffiffiffiffiffiffiffiffi
Pa _m
p

, and the only magnitude that

can actually improve the thruster operation is the thrust effi-

ciency g. Here, we have found that gplume (one of the partial

efficiencies determining g) is not affected substantially by a

2ET plasma and its associated QDL. On the contrary, gplume

depends on the magnetic field intensity and divergence.29

VI. CONCLUSIONS

A 2D model of the expansion of a two-electron-tempera-

ture (2ET) plasma in a divergent magnetic field has allowed

us to study the formation, position, and 2D shape of a

current-free quasi double layer (QDL). The characteristics of

these structures have been investigated in terms of (1) the

relative fraction of hot electrons, (2) their radial distribution

when injected at the nozzle throat, and (3) the geometry and

intensity of the applied magnetic field. Since the model

developed here is fully quasineutral, the transition from the

quasineutral QDL to a non-neutral DL cannot be completed,

but it had been previously shown that both structures are the

same with just different levels of non-neutrality.

Axial properties of 2ET-QDLs are in accordance with

those already analyzed in 1D models. The model yields the

curved 2D shape of the QDL, which agrees qualitatively

with related experiments on 2ET plasmas. The QDL curva-

ture is found to be mainly the consequence of two features:

first, the natural curvature of the electric equipotential lines

in a divergent magnetic field, already known for 1ET plas-

mas; and second, the radial distribution at injection of the

high-energy electron population. The curvature of the QDL

increases the higher the divergence of the magnetic nozzle,

the lower the magnetic strength, and the more peripherally

hot electrons are injected. The DL curvature modifies the

ambipolar electric field and ion trajectories downstream,

which can be made to diverge locally faster or slower than

the magnetic field depending on the radial acceleration

imparted by the large electric field at the layer.

For propulsive applications, it is confirmed that a 2ET-

QDL has a zero effect on thrust. The novel result is that the

final plume divergence, far downstream from the QDL, is

almost unaffected by its presence and shape. Therefore, no

propulsive role of the current-free double layer (CFDL) has

been identified yet. To this respect, the only interesting fea-

ture we have found (which could merit further consideration)

is that the magnetic-to-pressure contribution becomes maxi-

mum for a certain (small) fraction of hot electrons.

As stated in the Introduction, the subject of the present

study has been exclusively the formation of a CFDL in the 2D

expansion of a fully ionized, collisionless, 2ET plasma. This

2D analysis is of interest for the interpretation of the labora-

tory experiments of Hairapetian and Stenzel and presumably

for the operation of a helicon plasma thruster in space. Exist-

ing research on the polar wind suggests that the structures

developing in auroral plasmas can resemble the 2ET-CFDLs

studied here,6 although multiple DL structures may form at

different altitudes45,46 and essential differences such as current

across the layer and the effect of the gravitational potential

can affect the upward plasma expansion along the polar mag-

netic cusp. On the contrary we cannot assure that the central

aspects of our analysis are relevant for understanding the

more complex HPD-CFDL, at least until it is clarified whether

the presence of two distinguished populations of positive ions

is the main instrument for the formation of such DLs.
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