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Model of the plasma discharge in a Hall thruster with heat conduction
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The inclusion of heat conduction into a one-dimensional, macroscopic model of the plasma inside
a Hall thruster and in the near plume is found to smooth the temperature profile of previous solutions
with a nonconductive model. The spatial structure still consists of reverse-flow, ionization, and
acceleration regions. Conductive energy flow, being of the same order of convective flow, has
significant effects on the rear part of the channel where it can make impossible the establishment of
a steady anode sheath. As a result, there is an upper bound on the plasma reverse flow for the
existence of stationary solutions. The analysis of inertial effects on the electron dynamics concludes
that the main contribution is the azimuthal electron motion, which can produce extra collisionality,
mainly in the near plume. The different contributions to the effective axial diffusion of electrons and
the ion temperature are evaluated. A parametric investigation yields the basic scaling laws of the
thruster stationary performance. ©2002 American Institute of Physics.
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I. INTRODUCTION

Recently we presented a one-dimensional~1D! model
~hereafter called Model I! of the stationary axial structure o
the plasma discharge inside a Hall thruster and in the n
plume.1 The structure consisted in an anode sheath, a re
of free diffusion for electrons and reverse flow for ions, t
ionization layer, and the acceleration region, which exte
into the plume, Fig. 1. Although quantitative accuracy cou
not be expected from Model I, it reproduced rather well m
of the main features of the experimental data.2–6 Compared
to previous 1D models,7–9 Model I unveiled the combined
importance of the electron pressure and the reverse flow
ions in shaping the plasma structure. In addition, the inc
sion of the near plume~with the neutralization surface! al-
lowed closure of the formulation with realistic bounda
conditions, and parametric studies on thruster performa
Of particular interest was the determination of the parame
domain of stationary solutions of the model, which w
bounded by the case of zero ion reverse flow.10,11

The main defect of Model I came from the simplifie
treatment of the electron energy equation, which includ
neither heat conduction nor the losses coming from the
teraction with the lateral walls of the chamber. The result
temperature profile had too large gradients around the
ization region and too large a peak temperature. A hyb
~particle/fluid! numerical model by Fife, which includes he
conduction and wall losses, yields smoother tempera
profiles.12 In this paper we present a 1D macroscopic mo
~hereafter called Model II! which adds heat conduction t
Model I. The first point to be emphasized is that heat c
duction is not a new forcing term added to the equations
Model I: it transforms the electron energy equation from fi
to second order for the electron temperature, a fact hav
major implications in the mathematical treatment and
4061070-664X/2002/9(9)/4061/10/$19.00
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parametric domain of stationary solutions. The effects of
plasma interaction with lateral walls are not included
Model II. There are two reasons: first, a detailed radial mo
of that interaction, to be coupled to the axial model, is s
under investigation;13 and second, it is of interest to unde
stand the plasma response in thrusters where lateral lo
are small.

The paper includes the detailed formulation of Model
the discussion of the spatial response, and a parametric
vestigation on the thruster stationary performance. In ad
tion, three issues, not treated in detail in Ref. 1, are analy
here. The first one, treated more or less explicitly in t
recent literature, is the evaluation of the collisional appro
mation for the electron motion. Taharaet al.14 and Barral
et al.15 have added different inertial terms into their 1D ma
roscopic models; Fedotovet al.16 suggest the presence o
unmagnetized and magnetized populations of electrons
the thruster exit; Haas and Gallimore6 conclude, from their
experiments, that the azimuthal drift energy can be h
enough to contribute to ionization. The second issue is
computation of the ion temperature, seeking a confirmat
that it can be neglected everywhere compared to either
electron temperature or the ion beam velocity. And the th
one is a detailed evaluation of the thrust: computations ba
on the momentum thrust of the plasma either at the chan
exhaust~as we did in Ref. 1!, or in the far plume~as simu-
lation models usually do12! are not accurate enough.

The paper is organized as follows. In Sec. II we form
late the quasineutral model, including a detailed discuss
on the collisional approximation for electrons. In Sec. III w
discuss the model singular points, the anode sheath,
boundary conditions, and the numerical procedure. In S
IV we analyze the spatial solution, and we evaluate the
ferent collision frequencies and the ion temperature. In S
1 © 2002 American Institute of Physics
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V we derive the different contributions to the thrust and t
thrust efficiency. In Sec. VI we discuss the thruster perf
mance in the parametric domain of stationary solutions. C
clusions are written in Sec. VII.

II. THE QUASINEUTRAL MODEL

Geometrical sketches of the thruster and the axial mo
are drawn in Figs. 1~a! and 1~b!. The general hypotheses o
the present Model II are the same as in Model I. In the
axial approximation, plasma variables represent average
ues on each cross section and depend only on the axial
able x. The macroscopic formulation consists of fluid-lik
equations for ions (i ), electrons (e), and neutrals (n). The
thruster channel is of lengthLc , radial areaAc , and radial
width hc . The plasma discharge extends outside the thru
into a plasma plume of radial areaA(x) to be determined.
The magnetic field is considered purely radial,B5B(x)1r ,
with the maximum fieldBmax placed near the thruster exi
and two different semi-Gaussian axial profiles are used
side the thruster and in the near plume. Electrons are inje
into the plume at a neutralization surface~point P! placed at
a distanceLcat from the channel exit~point E!. The voltage
difference between anode~point A! and pointP is the dis-
charge voltage,Vd , and the electron current delivered at t
neutralization surface is the discharge current,I d . One part
of this current flows outwards and neutralizes the ion be
current there,I iP ; the other part,I d2I iP , diffuses inwards
across the radial lines of the applied magnetic field and i
izes the mass flow of neutrals,ṁA , injected at the anode
subscript` will refer to downstream conditions far awa

FIG. 1. Sketches of~a! the Hall thruster, and~b! the axial model.Ga

5Acnavxa , a5 i ,e, . . . areaxial flows of particles of the different specie
Point A is the anode, pointB is the anode sheath transition, pointE is the
exit of the thruster chamber, and pointP is the neutralization surface. Point
D and S are the zero-velocity and forward-sonic points of the ion flo
respectively, and can be taken as the practical boundaries of the ioniz
region.
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from the cathodeP. No effects of the radial interaction of th
plasma with the lateral walls of the chamber are includ
here.

The axial plasma flow is considered quasineutral eve
where except in a thin, electron-repelling sheath attache
the anode~region AB in Fig. 1, with xB.xA50 in the
quasineutral scale!. The potential jump in the sheath
fAB5fB2fA.0, adjusts the small diffusive electron flow
in the channel to the thermal flow collected at the ano
Assuming the anode does not emit ions and the ion
ation region is not tied to the anode, a region of reverse
flow must exist in the rear part of the channel~regionBD in
Fig. 1!.

A. Electron dynamics

We review here the closed-drift, collisional model for th
electrons in order to evaluate the importance of inertial
fects. Also, the equation for electron heat conduction is f
mulated.

The vector equation for the electron momentum is

meneve•¹ve52¹neTe1ene¹f2eneve∧B2Re . ~1!

Apart from conventional symbols,

Re5mene~neve2neivi2nenvn!

is the friction force due to collisions, withne5nen1nei

1nano, the total collision frequency for electrons. This in
cludes contributions from electron–neutral collisions (nen),
electron–ion collisions (nei), and anomalous effective colli
sions representing Bohm-type diffusion, which is expres
as nano5aanove , with ve5eB/me the electron gyrofre-
quency andaano a parameter with a classical value of 1/1617

The presence of an anomalous diffusion was already repo
by Janes and Lowder2 who attributed it to observed corre
lated density and electric field azimuthal fluctuations. Wh
current losses to lateral walls are taken into account,ne has
another contribution from electron exchanges at
walls.13,18

In the 1D axial approximation, the electron velocity fie
is ve5vxe1x1vue1u , and spatial gradients reduce to th
axial direction,¹[1xd/dx. Then, applying the closed-drif
hypothesis,

ve@ne , ~2!

and the ansatzuvue /vxeu;ve /ne , Eq. ~1! simplifies into

0.menevevue2d~neTe!/dx1ene df/dx, ~3!

vxedvue /dx.2vevxe2nevue . ~4!

The first term in Eq.~4! is the inertia of the electron azi
muthal motion and is the dominant convective contributio
Then, the collisional approximation requires

ve
21udvue /dxu!1 ~5!

and reduces Eq.~4! to

vue /vxe.2ve /ne . ~6!

The equation for the electron internal energy reads

ion
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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III. MODEL INTEGRATION

A. Singular Õsonic points

Solving Eqs.~11!–~17!, with Ti50, for the spatial de-
rivatives we obtain a matrix relation of the form

~12M2!dY/dx5F~Y!, ~18!

where M5vxi(Te /mi)
21/2 is the isothermal Mach numbe

for the ion axial flow,Y groups the eight plasma variable
~ne , nn , vxi , vxe , vxn , Te , qxe) , and f, and F(Y) is a
regular function. In particular, the scalar equation forvxi can
be written as

dvxi

dx
5n i2vxiF G

Te~12M2!
1

1

A

dA

dxG
with

G52ndmevxeS 12
2qxe

5neTevxe
D

2n imi~2vxi2vxn!1mivxi
2 d ln A

dx
. ~19!

Sonic points,M561, are singular points of Eq.~18!. Notice
that the definition of the Mach number in Model II does n
include the specific heat ratio 5/3 of Model I, and functionG
is different too. As in Ref. 1 we will look for solutions with
a regular sonic transition,

GS50 and MS51 ~20!

inside the thruster~point S in Fig. 1! and a supersonic plasm
flow at the thruster exhaust.

B. Anode sheath

The Debye sheath attached to the anode~region AB in
Fig. 1! completes the 1D model of the channel and defi
boundary conditions at pointB for the quasineutral equa
tions. Under usual conditions, the sheath is electron-repe
and the space-charge field adjusts the potential jump in
sheath,fAB[fB2fA.0, to a value such that the flow o
electrons reaching the anode is equal to the diffusive fl
coming from the quasineutral channel.

In the distinguished limitlD /Lc→0, the problem in the
sheath reduces to collisionless, conservation equations
particular, particle and energy flows are constant. Assumin
quasi-Maxwellian electron distribution with temperatu
TeB , electron magnitudes at pointsA andB are related by

~nevxe!B52
1

4
neB exp

2efAB

TeB
A8TeB

pme
,

~21!
~ 5

2 nevxeTe1qxe!B5~2TeB1efAB!~nevxe!B .

The matching of this ion-attracting sheath with t
quasineutral plasma at pointB requires the plasma to verif
the Bohm condition

MB521, ~22!
Downloaded 02 Sep 2002 to 138.4.73.144. Redistribution subject to AI
t

s

g
e

w

In
a

which states that the ions must flow into the sheath with
plasma local sound speed. Using Eqs.~21! the potential jump
across the sheath satisfies

efAB

TeB
5 lnA TeB

2pmevxeB
2 5 lnSA mi

2pme
UG iB

GeB
U D , ~23!

and the electron energy flux deposited by conduction into
anode sheath is

qxeB5~nevxeTe!BS efAB

TeB
2

1

2D . ~24!

C. Boundary conditions

Following Ref. 1 the appropriate velocity for the plum
radial expansion is the plasma sound velocity at the thru
exhaust,

cpl5ATeE /mi . ~25!

Equations ~11!–~16! need eight boundary conditions
Seven of them are similar to Model I and there is one ad
tional condition forqxe . The eight conditions are as follows

~i! and~ii ! The injected flow and the velocity of neutra
at the anode,ṁA andvnA(5vnB), are known.

~iii ! The electron temperature at the neutralization s
face,TeP , is known.

~iv! The discharge voltage,Vd5fA2fP , is known.
~v! There is a regular sonic point inside the channel ch

acterized by Eq.~20!.
~vi!–~viii ! The matching with the anode sheath yiel

conditions~22!–~24!.

D. Integration procedure

From the preceding equations and conditions, it turns
that the quasineutral model requires input parameters of
ferent kinds. There are design parameters~Ac , Lc!, control
parameters~Vd , B(x), ṁA!, plasma parameters~TeP , vnB!,
and empirical parameters~Lcat , aano!. The main output pa-
rameters are the discharge currentI d , the thrustF, and the
thrust efficiencyh, the two last ones to be defined late
Other output parameters of interest are the position of
sonic point,xS , the divergence angle at the thruster exhau
dE , and several partial efficiencies.

Plasma equations are nondimensionalized as in Mod
hereafter, an upper tilde will indicate dimensionless va
ables. Then, equations are integrated with Runge–Kutta
shooting routines from pointS towards pointsB and P in-
dependently. This means that plasma parameters at poS
are used as input parameters of integration. A Taylor exp
sion solves the indeterminacyGS /(12MS

2)50/0 and yields
the slopes of plasma variables at pointS. Using Eq.~19!, the
regularity condition~20! can be expressed as

n imi

ndme
5

2vxe12qxe /~5neTe!

2vxi2vxn
. ~26!

It is easily seen that this equation relatesh iS to T̃eS, q̃xeS,
and i d . The integration uses these three quantities as in
parameters instead of the natural ones,T̃eP , q̃xeB, and Ṽd .
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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As a consequence, an iteration is needed to reproduce
desired operating conditions. An additional difficulty
Model II, compared to Model I, is that the solutions depa
ing from point S do not converge easily to the bounda
conditions at pointB. Thus, we were forced to launch solu
tions from pointsS andB separately and to match them at
intermediate point.

Once the region between pointsB and P is solved the
solution is continued tox51` by just changing the condi
tion GeP25G iP2I d /e to GeP15G iP .

IV. ANALYSIS OF THE SPATIAL SOLUTION

A. Axial structure of the discharge

Figure 2 shows the axial profiles of main plasma va
ables for an SPT-100 type of thruster; design and con
parameters are given in the figure caption. The discha

FIG. 2. Axial structure of the plasma for xenon,Lc525 mm, Lcat

517.4 mm, Ac545 cm2, ṁA55.3 mg/s, Vd5298 V, TeP52.5 eV,
16aano.0.068, andB(x) as shown in~a!. Output parameters:I d54.51 A,
F50.108 N, h580.8%, h iB527.1%, fAB.4.4 V, xS516.4 mm, dE

.25.7°. The vertical, dashed lines are the thruster exhaust and the ne
ization surface; the asterisk situates pointS. In ~f! the solid line corresponds
to the conductive electron power,Aqxe , and the dashed line to the conve

tive one,A
5
2Tenevxe .
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presents a similar structure to the one obtained in Mod
and sketched in Fig. 1, consisting of the anode sheath,
reverse-flow region, the ionization layer, the internal acc
eration region, and the plume. However, heat conduction
troduces some differences of relevance. First, there is
desired smoothing of the temperature profile, with a pe
temperature around 60 eV, instead of the 90 eV of Mode
Second, the sharp transition between the reverse-flow
ionization regions found in Model I has been smoothed t
yielding a shorter reverse-flow region here. Notice tha
simple dimensional analysis of Eqs.~14!–~16! suggests that
heat conduction is of the same order as convective ene
flow. Figure 2~f! shows that heat conduction~which changes
sign near the channel exhaust! is even larger than the con
vective flow in certain regions.

Plasma equations and boundary conditions force an
most monotonic profile ofqxe betweenB andS. Therefore,
qxe at point S is negative and the point of maximum tem
perature~i.e., qxe50! is placed downstream of pointS, near
the channel exit. FunctionG of Model II, Eq. ~19!, shows
that the energy balance allowing the regular sonic transi
at point S involves losses by ionization, Joule heating, a
heat conduction. However, it turns out that pointS is practi-
cally in the acceleration region and the ionization contrib
tion to the above balance is small, in marked contrast w
Model I. For the case of Fig. 2, the point withqxe50 is at
x.22.6 mm, the sonic point is atxS.16.4 mm, about 1 mm
downstream of the main ionization zone; thus, it still see
adequate to take pointS as the practical end of the ionizatio
layer.

From Fig. 2~b!, the sheath potential drop isfAB

54.4 V, the potential increase in the reverse-flow region
just fBD.1 V and the potential drop in the ionization laye
is fDS.224.1 V. Since the temperature at the sonic poin
TeS;46.2 eV, one hasfBS.2TeS/2, which means that
equationmivxi

2 /22ef.const is satisfied approximately, an
the dispersion of ion velocities is small, a conclusion to
confirmed later.

The typical magnitudes of the reverse-flow plus ioniz
tion regions can be obtained from a dimensional analysis
the plasma equations. Takinga iEi (;30 eV) as the distin-
guished energy there, the length of regionAS, LAS, follows
the known scaling20

LAS;,eAne /n i , ,e5ve
21Aa iEi /me; ~27!

in Fig. 2 one has,e;1 mm andne /n i;200. The average
electron density in regionAS comes from the ion continuity
equation,ne5ṁA /(miAcn iLAS).

The structure of the internal and external accelerat
regions~regionSP in Fig. 1! is simpler because ionization i
negligible there. The quasineutral model simplifies to t
conservation relations,

Ga5const, mivxi
2 /21ef5const,

~28!

5Te/22ef1qxe /nevxe5E Ted ln A,

plus Eqs. ~14! and ~16! for electron momentum and
heat conduction. These two last equations show t

ral-
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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*(2vxe)mend dx is the adequate integration variable for t
acceleration regions. Quasineutrality and flow conserva
state that the electrons counterflow with a velocityvxe

52( i d /hu21)vxi . Adding to this the fact that~i! the ion
flow is mostly supersonic and~ii ! most of the voltage drop
takes place in the regionSP, the integration of Eq.~14!
yields

A2eVd

mi
;E

S

PS i d

hu
21D meve

2

mine
dx. ~29!

This expression suggests

Vd
1/2}~ i d21!LSPBmax

2 /ne, ~30!

with LSP5xP2xS, as one of the main scaling laws amon
the thruster parameters when it operates efficiently.

Kim5 derived a law similar to Eq.~30!. Then, assuming
that ~i! LSP.const ~for a given geometry!, ~ii ! ( i d21)
.const, and~iii ! ne;Vd

1/2hc
21 ~from an estimate based in th

dominance of wall collisions!, he concluded that optimum
operation requiredBmax}Vd

1/2. Curiously, when anomalou
diffusion dominates one hasne;aanoBmax and the scaling
law Bmax}Vd

1/2 still holds, provided that the condition (i d

21).const applies. We come back to this scaling law
Sec. VI B.

Figure 3~a! compares the contributions of different co
lision terms to the electron collision frequencyne . The main
conclusion is that anomalous diffusion provides the m
contribution downstream of the ionization layer, a result s
ported experimentally.2,21 However, we still adjustaano em-
pirically to obtain a satisfactory solution; the value we us
is similar to the one taken by Fife,12 and is almost one orde
of magnitude smaller than the classical value of Bohm. Al

FIG. 3. For the solution of Fig. 2:~a! contributions of different processes t
the total electron collision frequencyne ; and ~b! ionization frequency,n i ,
and axial electron diffusion frequency,n̄d5ndme /mi .
Downloaded 02 Sep 2002 to 138.4.73.144. Redistribution subject to AI
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Fig. 3~a! shows thate– i collisions dominates overe–n col-
lisions in the rear part of the channel; this is due to the h
electron density and low electron temperature arising w
the ionization region is thin. Figure 3~b! depicts the two fre-
quencies governing the axial discharge,n i and n̄d

5ndme /mi @with the mass ratio inn̄d coming from the di-
mensional analysis of Eqs.~11!–~16!#. The plots show that
n i! n̄d even at the peak ofn i , which explains the difficulty
in carrying out a simple asymptotic analysis of the rever
flow plus ionization regions.

B. Inertial effects on electrons

We evaluate now the assumptions of closed-drift a
collisional electron dynamics. Figure 4 plots, for the case
Fig. 2, three parameters related to electron dynamics:
inverse Hall parameter, the drift-to-internal energy ratio, a
the magnetic-to-convective time ratio. We see, first, that
closed-drift approximation, Eq.~2!, is verified in the whole
domain, even near the cathode, where the magnetic fie
vanishing. However, the collisional approximation, Eq.~5!,
fails in the vicinities of anode and cathode. Electron conv
tive effects around the anode come fromvxe}vxi and the
acceleration of the plasma having to meet the Bohm con
tion at pointB. These effects are rather local and we belie
they are not significant globally. On the contrary, the iner
effects in the plume could have more impact in the plas
discharge since they are less localized and the magnetic
becomes residual there. From Eq.~4!, one has

vxe

vue
.2

ne

ve1dvue /dx
;2

ne

ve
S 12

1

ve

dvue

dx D , ~31!

with dvue /dx,0 in the plume, yielding thus a larger valu
of vxe /vue than the collisional approximation. This can b
interpreted as an extra collisionality and could be an imp
tant and independent contribution to the overall anomal
diffusion. However, without solving the coupled equatio

FIG. 4. Profiles of the inverse Hall parameter,ne /ve , the drift-to-internal
energy ratio, mevue

2 /2Te , and the convective-to-magnetic time ratio
ve

21udvue /dxu, for the case of Fig. 2.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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~3! and ~4! together with the other ones, it is difficult t
predict the overall effect of the convective term on the d
charge characteristics.

In spite of the large values reached by the convec
azimuthal term, Fig. 4 shows that the drift energy rema
small in the whole domain. The explanation lies in the a
muthal inertia term of Eq.~4! being balanced by the az
muthal component of the Lorentz force, which yields no co
tribution to the drift energy. In any case,vue is very sensitive
to the local values of the magnetic and electric fields, a
relatively small variations of these magnitudes could ma
mevue

2 /2Te;1 locally.6 Were this the case, the drift energ
should be taken into account to compute the ionization r
Ri .

C. Ion temperature

The evolution equation for the ion temperature is

vxi

d

dx

3

2
Ti

52
Ti

A

d

dx
Avxi1n i F1

2
mi~vxi2vxn!

21
3

2
~Tn2Ti !G ,

~32!

where Tn is the temperature of neutrals. Equation~32! re-
quires a boundary condition forTi and, at the same time
introduces a new singular point atvxi50. The correct bound-
ary condition for a regular solution comes from making ze
the right-hand side of Eq.~32! at vxi50: this yields Ti

5(3Tn1mivxn
2 )/5. Again a Taylor-expansion problem mu

be solved to determine the value ofdTi /dx for a regular
crossing.

Figure 5 plotsTi(x), obtained from the integration o
Eq. ~32! usingvxi(x) andA(x) from the cold-ion solution of
Fig. 2, andTn /Te→0. It confirms thatTi is totally negligible
and the ion beam is nearly monoenergetic. Clearly, the sm
value ofTi and the drawback of a new singular point atvxi

50 makes it inadvisable to add Eq.~32! to the set of Eqs.
~11!–~17!.

The low ion temperature is due to the short ionizati
region and the absence of lateral recombination. The exp
mental retarding potential analyzer data show thatTi

;2 – 3 eV at exit. The discrepancy might be related to

FIG. 5. Profile of the ion temperature for the case of Fig. 2.
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spreading of the ionization zone when there is wall reco
bination; ion–ion and ion–neutral collisions could contribu
too.

V. THRUST AND EFFICIENCY

A. Thrust

The electrostatic interaction between ions and electr
plus the magnetic forces on the electrons are the mechan
by which plasma thrust is transferred to the solids parts
the engine. Since the magnetic field extends some dista
outside the chamber and the plasma plume presents s
radial divergence, neither the momentum thrust of
plasma at the chamber exhaust~point E! nor in the far plume
~point `! evaluate accurately the thrust.

Assuming the engine to be at rest by some thrust bala
device and zero external pressure, the axial momentum
ance for the system constituted by the thruster plus the in
nal plasma yields

F5FpE1Fm,ext, ~33!

whereF is the thrust~exerted on the thruster balance!,

Fp~x!5~minivxi
2 1minnvxn

2 1neTe!A~x! ~34!

is the total axial momentum of the plasma at a given ax
section, and

Fm,ext5E
E

`

enevueBA~x!dx ~35!

is the external thrust due to the magnetic force on the e
trons in the plume. Therefore, the leakage of the magne
field outside the thruster channel yields a contribution to
thrust, which is a unique characteristic of this type of elect
thrusters.

From Eqs.~6!, ~13!, and~14!, the axial momentum of the
whole plasma satisfies

dFp /dx5neTe dA/dx1enevueBA. ~36!

Integrating Eq.~36! along the plume and using Eq.~33! one
has

F5Fp`2Dext, ~37!

with Dext5*E
`neTe dA the drag contribution due to th

plume lateral expansion. Expressions~33! and~37! yield the
difference between the actual thrust and the momen
thrust at points E and `. One has Fp`2FpE5Fm,ext

1Dext, which means that the external acceleration of
ions is transferred only partially to thrust~via ion–electron
electrostatic interaction plus electron–thruster magnetic
teraction!. A relevant point is that were the magnetic fie
zero outside the thruster, all external acceleration would
to plume radial expansion. For the case of Fig. 2 we h
that the contribution of the external magnetic field amou
to Fm,ext/F.15.8% whereas the external acceleration
ions is (Fp`2FpE)/F.19.7%.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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B. Thrust efficiency

The thrust efficiency is defined as

h5F2/2ṁAI dVd , ~38!

and is conveniently factorized into four terms,h
5huhdheho , wherehu is the propellant utilization, and

hd5
I i`

I d
[

hu

i d
, he5

mivxi`
2

2eVd
,

~39!

ho5
F2

~G imivxi!`
2 ,

are efficiencies for discharge, beam-energy, and other eff
~plume expansion, anode sheath, . . .!, respectively. For the
case of Fig. 2, one hashu.100%, hd.85.6%, he

.101.4%,ho.93.4%, andh.81.1%; the thin ionization
region and the fact that the maximum voltage is not at po
A but atvxi50 are responsible ofhe.100%. Notice that the
definition ofh is based in the anode mass flow and does
include the power spent in the magnetic circuit.

The discharge efficiency is the main factor reducing
thrust efficiency. The relation betweenhd ~or i d! and the
ionization losses is deduced from the energy balance for
whole plasma. From the model equations, the energy bala
for the plasma is

I dVd5 (
a5 i ,e,n

~Pa`2PaA!1Pion ~40!

with

Pa5Ga~ 1
2 mavxa

2 1 5
2 Ta!1qxaA ~41!

the energy flow rate of each species, and

Pion5E
A

`

n ia iEineA dx ~42!

the ionization losses. Grouping in Eq.~40! the nondominant
contributions intoPrest, the energy balance becomes

I dVd5Pi`1Pion1Prest;

in Fig. 2, one hasPion /I dVd.9.3% andPrest/I dVd.3.7%
~with qxè the main contribution toPrest!. From the effi-
ciency definitions and a cold ion beam one has

Pion1Prest

I dVd
.12hehd;12 i d

21 , ~43!

which relates directly the discharge efficiency to the relat
ionization losses, and complements the scaling law~30!.

VI. THRUSTER PERFORMANCE

A. Domain of stationary solutions

In Ref. 1 we suggested that the parametric domain
stationary solutions was restricted to the rangeh iB<0 ~i.e.,
G iB<0!. We argued that beyond the parametric lineh iB50
the plasma is unable to provide the ion back-flow neede
keep plasma quasineutrality near the anode, making unc
the possibility of a stationary response. In addition, the
sumption of an electron-repelling sheath at the anode fur
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restricts the minimum value ofuh iBu. The anode sheath van
ishes whenfAB50, which, from Eq.~23!, corresponds to

2h iB

i d2h iB
5A2pme

mi
, vxeB52A TeB

2pme
. ~44!

Since i d;1, the sheath disappears forh iB;2A2pme /mi

;21022. Although it is possible to extend Model II to trea
cases with no electron-repelling sheath, here we take the
of sheath collapse as the practical limit of existence of s
tionary solutions. There are two reasons for this: first,
limit h iB50 is very close; and second, Eq.~44! and Fig. 4
show that, whenfAB50, the electron velocity is large, for
mally beyond the limit of validity of the collisional model.

An important novelty of Model II with respect to Mode
I is that heat conduction introduces an upper restriction
uh iBu. This comes from the Bohm condition at pointB. To
have dvxi /dxuB>0 requiresGB>0, which using Eq.~19!
and n iB.0 meansqxeB<(5/2)(neTevxe)B . For GB,0, the
reverse ion velocity reaches a minimum subsonic value a
intermediate point of regionBD and the sonic condition a
point B cannot be met. Physically, this would mean the i
possibility to establish a stationary sheath at the anode a
possible oscillatory response of the plasma.

Using Eqs.~23! and ~24!, the domain of solutions of
Model II is restricted to

0<efAB /TeB<3, ~45!

or, in terms of plasma currents~and for xenon!, 531023

<uI iBu/I d<0.114.

B. Optimum performance

Figure 6~a! shows the domain of stationary solutions
the plane of input parameters (Vd ,Bmax). Figures 6~b!–6~d!
depict the corresponding bands of output parameters. As
pected from Eq.~45! the domain of solutions is rather na
row. Figure 6~b! confirms two known features of the specifi
impulse I sp5F/ṁ: first, it is proportional toVd

1/2 and, sec-
ond, it is practically independent of the magnetic fie
strength~within the high efficiency regime!. More interesting
issues arise from consideration of the other plots.

Figure 6~a! shows thatBmax must increase withVd to
maintain a stationary solution. This same trend is found
perimentally for optimum thruster performance, which su
ports the idea that optimum performance is related to
nonoscillatory response. Then, Fig. 6~a! yields

Bmax}Vd
5/4 ~46!

as the approximate scaling law for optimum performan
instead ofBmax}Vd

1/2 proposed by Kim. The discrepanc
which might just be due to the effect of wall losses~ne-
glected here!, comes from the behavior of (i d21) andLAS in
Eq. ~30!, which Kim assumed independent ofVd , whereas
we find

i d21;12hd}Vd
21 , LSP}Vd

1/4, ~47!

roughly. These two behaviors can be explained from
plasma equations. First, from the continuity equation,
ionization losses satisfyPion.a iEiG iS5a iEihuṁA /mi , so
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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that Pion is independent ofVd ; numerical results show tha
the marginal termPrest is independent ofVd too. Then, Eq.
~43! justifies the above behavior of (i d21). Second, for zero
wall losses, one expectsTe}Vd ; indeed, our computation
yield Te,max.Vd/5, with Te,max the maximum electron tem
perature~but we could not find a precise justification of th
factor 1/5!. This would lead toTeS}Vd , n i}Vd

1/2, LAS

}Vd
21/4, and, fromLSP1LAS5Lc2Lcat , to the scaling law

for LSP. ~Of course, these scaling laws must be seen jus
dominant trends and valid only within a limited interval
values ofVd .!

The numerical simulations of Blateauet al.22 for a
thruster with metallic walls showBmax}Vd , not far from our
result. Experimental data by Manzellaet al.23 with a thruster
with ceramic walls, fit well withB}Vd

1/2 but h does not
increase clearly withVd . Therefore, our conclusions are th
Eqs.~30! and~43! are the main relationships among thrus
parameters, whereas the particular scaling laws for the e
lution of Bmax and (12h) with Vd depend on the thruste
operating point and the mechanism dominating ene
losses.

VII. CONCLUSIONS

The inclusion of heat conduction in our previous Mod
I has produced the following changes in both the treatm

FIG. 6. Band of stationary solutions for input parametersVd andBmax as in
~a! and the rest of input parameters as in Fig. 2;I sp[F/ṁA . Linesa andb
correspond to the lower (fAB50) and upper (GB50) restrictions onuh iBu,
respectively.
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of the mathematical model and the stationary solutions:~i! a
new boundary condition on the heat flow at the anode
needed,~ii ! the singular points are modified,~iii ! the integra-
tion procedure requires more involved iteration routines, a
~iv! a new restriction on the parametric domain of station
solutions has arisen.

Model II recovers an axial structure of the dischar
consisting mainly of the reverse-flow plus ionization regio
on the rear part of the chamber, followed by the internal a
external acceleration regions. The conductive energy tra
port turns out to be as important as the convective one an
able to smooth the temperature profile. Because of the s
ionization region, the ion temperature is found to be neg
gible, and the transmission of electrostatic energy into
monoenergetic ion beam is very efficient.

The discussion of the inertial effects in the electron d
namics and the electron drift energy has yielded some imp
tant conclusions. First, the dominant inertial term com
from the azimuthal electron motion. Second, this term c
produce an anomalous-like collisionality in the near plum
which could be important to understand the plasma discha
there; further investigation on this issue seems crucial. Th
the fact that the electron inertia can be significant in a cer
region does not imply necessarily that the electron drift
ergy is important too.

The analysis of the forces contributing to the thru
shows the contribution of the external magnetic fields on
incoming electrons. This external thrust is the main part
the ion acceleration in the plume, which is transmitted to
electrons through the quasineutral electrostatic field. Anot
part of the ion acceleration goes to the plume radial exp
sion and does not produce thrust. For our modelization of
magnetic field, the external thrust amounts to near 20
Therefore, a better knowledge of the profile of the exter
magnetic field, the approximate position of the neutralizat
surface, and the external electron dynamics is required
order to compute accurately the discharge characteristic

The domain of steady solutions given by Model II
narrow, accepting only about a 15% of variation of the d
charge voltage~for the rest of parameters given!. The agree-
ment of the model with the experimental curvesBmax(Vd)
for optimum operation of the thruster, suggests that the
tionary regime presented here corresponds to the actua
gime of efficient operation. Model II proposesBmax}Vd

5/4 and
(12h)}Vd

21/2 as scaling laws for good operation around t
nominal design point.

The domain of stationary solutions of Model II is limite
by the conditions the plasma must verify at the anode,
more particularly at the electron-repelling sheath form
there. On the one domain end, the Bohm condition at
sheath transition yields an upper bound of the ion reve
flow ~and of the discharge voltage!, beyond which the re-
verse flow cannot reach sonic conditions and a station
sheath cannot be established. This could correspond to
ported oscillatory responses for large discharge voltages
present, we do not see plausible modifications of Mode
leading to the extension of the stationary domain beyond
upper bound found here.

The situation is more unclear at the lower bound of t
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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ion reverse flow~and of the discharge voltage!. First, we
placed the limits of Models I and II at the vanishing limit o
the anode sheath, which takes place for a relative rev
flow of ions of 1%, roughly. A change of boundary cond
tions at the anode seems enough to extend the doma
stationary solutions until the reverse flow at the anode is z
~or very close to zero!. The main reason we had for ignorin
that extension was the small parametric range we guesse
this regime. However, the narrow range of solutions we h
encountered and the experimental evidence of steady
charges with low applied potentials suggest to analyze
extension.

The high thrust efficiency obtained by Model II~about
75–85 % based in the anode mass flow! and the still high
peak temperature, indicate that energy losses due to
plasma interaction with lateral walls~in thrusters with long,
ceramic chambers, which are the main reference for
model! are an effect of dominant order, producing ener
losses as large as the ionization ones.5 Preliminary work
showed that the effects of the radial plasma-wall interact
can be included in axial models of the discharge throu
three forcing terms.24 Although the quantitative plasma re
sponse is expected to be affected substantially by the ra
interaction, the restrictions on the ion reverse flow and
domain of steady solutions are going to be as severe~quali-
tatively! as in the present model, since the radial forci
terms do not affect the plasma conditions at the anode.
nally, the inclusion of wall losses will also provide mo
insight on the exponentp of the scaling lawBmax}Vd

p for
optimum performance, which is estimated between 1/2
5/4 depending on the authors.
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