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Plasma–wall interaction in an oblique magnetic field: Model
of the space-charge sheath for large potentials and small Debye lengths

E. Ahedo
E.T.S.I. Aerona´uticos, Universidad Polite´cnica, Madrid, Spain

~Received 4 May 1999; accepted 6 August 1999!

An analytical model of the space-charge sheath around a planar wall is derived for the case of~i!
uniform magnetic fieldB incident at any angle into the wall,~ii ! large wall potentials~relative to the
plasma temperature!: fW@1, and~iii ! Debye length,ld , much smaller than thermal Larmor radius
of the attracted species,lm . It is found that, irrespective of the angle of incidence:~i! The potential
threshold for a magnetized sheath isfW5O(ld

4/lm
4 ); ~ii ! the characteristic magnetic length in the

sheath islm
3 /ld

2, much larger thanlm and proportional touBu23 and the plasma flow into the sheath;
~iii ! the electric fieldE increases towards the wall and produces a noncycloidal plasma drift that
breaks down magnetic insulation. Plasma dynamics in a magnetized sheath consists of anE-aligned
region, a drift region, and aB-aligned region. The drift region is relevant only for angles far from
normal incidence and the density profile presents spatial oscillations there; for grazing incidence, the
B-aligned region is not found. Different scaling laws of the sheath thickness versus wall potential
and incidence angle are obtained; in particular, the thickness of a magnetized sheath at parallel
incidence is the local Larmor radius at the wall. The applicability of the model to experiments in the
ionosphere is commented. ©1999 American Institute of Physics.@S1070-664X~99!01911-4#
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I. INTRODUCTION

In a recent paper1 we analyzed the one-dimensional~1D!
structure of a weakly-collisional plasma close to a charg
planar surface, in the presence of an uniform magnetic-fi
B oblique to the wall, Fig. 1~a!, using a macroscopic mode
of the plasma. Three length scales~associated to the attracte
species! were considered in the problem: The thermal L
mor radius, lm , ~which is inversely proportional to the
strength of the magnetic field,B!, the Debye length,ld , and
a collision mean free path,lc , with ld!lc for weak colli-
sionality. Different plasma structures were found for t
three distinguished limits of the two dimensionless ratios

Ldm5ld /lm , Lcm5lc /lm .

In particular, for the doubly distinguished limitld!lm

!lc , first considered by Chodura,2 the 1D plasma structure
consists of three asymptotic regions, each one related
different scale length, Fig. 1~c!: First there is the collisiona
presheath, then the collisionless Chodura layer, and fin
the space-charge sheath. Their typical thicknesses arelc ,
lm sinc, and Lsh5ldfW

3/4 ~Child–Langmuir law!, respec-
tively, wherec is the angle of incidence into the wall an
fW is the potential jump across the sheath, nondimensio
ized with the plasma temperature. The macroscopic velo
field of the plasma isB-aligned in the presheath, three
dimensional in the Chodura layer~due to theE3B and po-
larization drifts!, and it becomesE-aligned ~i.e., unmagne-
tized! in the space-charge sheath. Transitions between
asymptotic regions@at pointsC andS in Fig. 1~c!# are related
to particular sonic conditions on the plasma flow.1–3
4201070-664X/99/6(11)/4200/8/$15.00
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Since the spatial profiles of the solution are universal
any wall potential, only the sheath structure changes w
fW is incremented. As the sheath thickness is proportiona
fW

3/4, the sheath is unmagnetized as long asfW is not too
large. Some authors4,5 infer that magnetic effects appear
the sheath whenLsh becomes of the order oflm . Using
Child–Langmuir law forLsh , that hypothesis yields that
sheath is magnetized when

fW>O~Ldm
24/3!. ~1!

However, at the sheath entrance the electric field and
kinetic energy of the plasma change in the scaleld , so, for
Ldm!1, the characteristic length for magnetic effects can
larger thanlm and the above estimate may not hold. It is al
essential to determine, once the sheath is magneti
whether the electric field breaks down magnetic insulati
Classical cycloidal drift motion and consequent magnetic
sulation are associated to uniform electric fields, but spa
charge fields produced by a single-species are not unifo

The goal of this paper is to establish an analytical mo
of a magnetized sheath valid forLdm!1, fW@1, and anyc.
Compared with a particle code approach, this analytical
lution will determine clearly the influence of the differen
dimensionless parameters and, in particular, the threshol
fW for magnetic effects—which, in fact, will not coincid
with Eq. ~1!. Also, it will determine the spatial structure o
both electric field and plasma, and will match correctly w
the Chodura layer. There are few previous works dedica
to the parametric range of interest here. Auer6 obtained the
solution for the particular casec590° andLdm→0, which
0 © 1999 American Institute of Physics
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4201Phys. Plasmas, Vol. 6, No. 11, November 1999 Plasma–wall interaction in an oblique magnetic field: . . .
presents singularities for the plasma density~it will be seen
here that thermal effects remove these singularitie!.
Bergmann7 ran numerical simulations of a supposedly ma
netized sheath withLdm;0.03– 0.06,fW;30, and severa
angles of incidence~however, we will show that for thes
conditions magnetic effects are limited to the entrance c
ditions to the sheath!. Other analyses of magnetized shea
consider parametric domains different from ours, like t
kinetic model of Daybelge and Bein8 or the numerical simu-
lations of DeWaldet al.9, who discussed the rangeLdm

>O(1), ufWu<O(1), andgrazing incidence. Finally, mod
els where the electric field is fixed instead of being det
mined self-consistently through Poisson equation, are o
ted due to their limited interest.

FIG. 1. ~a! Sketch of the 1D model and reference frame. Plasma regions
~b! weak B:ld!lm;lc , ~c! intermediateB:ld!lm!lc , and ~d! strong
B:ld;lm!lc . Transition pointsC andSare singular points of the plasm
equations. This paper is focussed in the internal structure of the sheat
the intermediate-B case~see Fig. 4!.
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The problem discussed in the paper is typically found
the ionosphere, like in spacecraft experiments on cha
control10 or on current collection. Examples of this seco
application are recent Tethered Satellite System~TSS!-1 and
-1R missions.11,12 TSS-1R was biased to dimensionless p
tentials up to 104 in the F-layer of the ionosphere, wher
Ldm is about 0.1 and 0.3, at day and night, respectively. I
different field of research, magnetized sheaths~at angles
close to grazing incidence! are of interest in magnetic con
finement devices.7–9

Planar models can analyze the local structure of
plasma near the wall but they cannot determine the pla
flow entering the 1D region, which must be obtained fro
the analysis of the more external, three-dimensional~3D!
region around the object. This is the rather difficult, yet u
solved, problem of current collection in a magnetiz
plasma. The diverse theories on that problem, recently
viewed by Laframboise and Sonmor,13 give a minor role to
the space-charge sheath. In general, they either ignore to
the space-charge field or they consider the sheath as thin
unmagnetized. Furthermore, the experimental results
TSS-1 and TSS-1R do not agree with the basic, and ex
sively invoked, Parker–Murphy theory14 for magnetized,
collisionless plasmas. The collected currents were larger
a factor of up to 3, than the current upper-bound establis
by Parker and Murphy. Diverse effects have been discus
to adapt the theory to satellite ambient conditions. Howev
Vannaroniet al.12 have shown that the experimental curren
voltage response fits better with Langmuir–Blodgett theor15

for unmagnetized plasmas. Also, measurements with La
muir probes in the close vicinity of TSS-1R satellite detec
no magnetization of electrons, despite of satellite poten
being well beyond the threshold of Eq.~1!. All this suggests
a revision and further investigation of magnetic theories, a
this paper tries to contribute to it.

The paper is organized as follows. Section II presents
1D model of a collisionless magnetoplasma forLdm

<O(1) and the multiple-scale analysis used to study
asymptotic caseLdm!1 andfW@1. Section III discusses
for the limit Ldm50, the influence of wall potential and
angle of incidence on plasma dynamics and sheath struc
Final considerations are presented in Sec. IV. The singu
ties of the model for grazing incidence are discussed in
Appendix.

II. MODEL OF THE COLLISIONLESS REGION

A semi-infinite, magnetized plasma is bounded by a p
nar wall, biased to a potentialUW large enough, compared t
the plasma temperature, to create a space-charge sh
around the wall. The magnetic fieldB is uniform and forms
an anglec with the space-charge electric field,E5E1x , Fig.
1~a!. Defining unit vectors

1b51x cosc11z sinc, 1p521x sinc11z cosc,

one has

B5B1b , E5E1x5Eb1b1Ep1p , ~2!

or

for
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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4202 Phys. Plasmas, Vol. 6, No. 11, November 1999 E. Ahedo
with Eb andEp parallel and perpendicular toB, respectively;
the E3B drift is along1y . The plasma consists of two spe
cies, one is attracted by the wall potential~and collected by
the wall! and the other one is repelled. As in Ref. 1, a tw
fluid macroscopic model is used for the plasma. Letq, m, N,
T, andV5(Vx ,Vy ,Vz), be the electric charge, particle mas
density, temperature, and velocity of the attracted spec
respectively, and2q, Nr and Tr , the charge, density an
temperature of the repelled species. The temperatures of
species are assumed constant~although this is not relevan
for the sheath! and a Maxwell–Boltzmann distribution is as
sumed for the repelled species. If there is no creation
particles, the continuity equation for the attracted spec
reads

NVx5const5Gx , ~3!

where the plasma flowGx entering into the 1D region is a
parameter of the model. Notice, first, that the validity of th
one-stream model is restricted to solutions that do not c
Vx50, in which case a multistream or a kinetic model sho
be used. Second, one can write

Gx~c!5g~c!G th , ~4!

whereG th is the thermal flow of the undisturbed plasma a
g(c) is the relative flow, which can bec-dependent. The
determination ofg(c) is beyond the possibilities of a plana
model, and any consistent prediction of it must be based
the solution of the 3D collection problem~that would include
the actual object geometry!. A common assumption7,14 is
g(c)}cosc, which means to neglect totally the flow tran
versal toB. This assumption seems too extreme in pract
and, indeed, leads to no solution for grazing incidence.

Characteristic magnitudes to nondimensionalize
plasma equations are a density

N* 5Gx~m/T!1/2,

~T is in energy units!, the Debye length

ld5~e0T/q2N* !1/2, ~5!

(e0 is the vacuum permittivity!, and the thermal Larmor ra
dius

lm5~Tm!1/2/qB, ~6!

B and c can be defined such thatqB.0, and it suffices to
consider angles between 0° and 90°. The Debye-to-magn
length ratio~also the gyro-to-plasma frequency ratio! is

Ldm5uBuAe0 /mN* , ~7!

which is independent ofT. Notice that the Debye length
defined in Eq.~5! is based on the flow into the planar regio
from Eq. ~4!, it is proportional tog21/2 times the Debye
length of the undisturbed plasma,ld` .

The first set of dimensionless variables to be used is

j5
x

ld
, n5

N

N*
, nr5

Nr

N*
, f52

qU

T
,

v5
V

AT/m
, t r5

Tr

T
;
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notice that for a monotonic potential it isf.0, indepen-
dently of the sign ofUW . For ld andlm much smaller than
the collision mean-free pathlc , the dimensionless equation
pertinent to a collisionless plasma are1

S vx2
1

vx
D dvx

dj
5

df

dj
1Ldmvy sinc, ~8!

vx

dvy

dj
5Ldm~vz cosc2vx sinc!, ~9!

vx

dvz

dj
52Ldmvy cosc, ~10!

d2f

dj2 5
1

vx
2nr , ~11!

nr5nrC exp
2f

t r
. ~12!

The electric and velocity fields are coupled through the d
sity of the attracted speciesn51/vx . The transition pointC
from the collisional presheath to the collisionless region
defined by conditionlcdf/dx5` in the presheath equation
~not written here!; then these equations yield that the plasm
enters sonically andB-aligned into the collisionless region.1

In variable j, and for cÞ90° andLdm<O(1), boundary
conditions at the collisionless side of pointC are

jC52`, vC5cs~cosc,0,sinc!,
~13!

nrC5
1

vxC
,

1

Ldm

df

dj U
c

50,

with cs5A11t r the dimensionless sound speed of t
plasma, and we setfC50. Equations~8!–~12! admit two
first integrals1 related to the conservation of energy and m
mentum alongB,

~vx
21vy

21vz
2!/22 ln vx2f5cs

2/22 ln cs ,
~14!

vx cosc1vz sinc1F 1

vx
1t rnr2

1

2 S df

dj D 2Gcosc52cs .

These conservation laws reduce by two the order of E
~8!–~11!.

Equations~8!–~13! have a unique and regular solutio
for any fW , Ldm , and c ~with cÞ90°). For Ldm>O(1)
the solution consists of a practicallyB-aligned sheath~with a
marginal E3B drift! and there is no Chodura layer, Fig
1~d!. For Ldm!1, the solution is more complex an
asymptotic techniques are used to reveal it. First, a two-s
analysis shows that the collisionless region is divided i
the quasineutral Chodura layer and the space-charge sh
The solution for the Chodura layer is obtained by modifyi
Eqs.~8!–~11!, using

z5x/lm5Ldmj,

as spatial variable, instead ofj, and taking then the quasineu
tral limit Ldm→0; in particular, Eq.~11! becomesn.nr .
The Chodura layer extends from pointC to point S where

vxS5cs , df/dzuS56`, fS5fC2 ln cosc,
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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and vyS and vzS are obtained from Eq.~14!. Point S marks
the entrance to the non-neutral sheath, wherej is the natural
spatial variable. In this variable, pointS is at jS52` and
the electric field is

df/djuS5Ldmdf/dzuS.0.

Since point S is singular for the sheath equations, t
asymptotic solution at2j@1 is needed as ‘‘initial’’ condi-
tion for a regular integration of Eqs.~8!–~11!.

The equations of a magnetized sheath admit simplifi
tions for f@1 that lead to a new analytical solution. Sinc

nr;nrC exp~2f/t r !, vx;f1/2, ~15!

1/vx andnr can be dropped from the left-hand side of Eq.~8!
and the right-hand side of Eq.~11!, respectively, whenf
@1 ~for anyLdm). This means to neglect thermal effects,
the resultant equations correspond to a cold-plasma~or hy-
personic! magnetized sheath. The general solution of th
cold-plasma equations~valid for f@1) is

ṽx51/ñ5~t2/2!cos2 c112c1 cosc

1~c3 sint2c2 cost!sinc,

ṽy52t sinc1c3 cost1c2 sint,

ṽz5~t2/2!cosc sinc2c1 sinc

2~c3 sint2c2 cost!cosc,

f̃5E ṽxtdt1c45 1
2~ ṽx

21 ṽy
21 ṽz

2!1const,

~16!

x̃5E ṽxdt1c5 ,

where

x̃5Ldm
3 j, ṽ5Ldm

2 v, f̃5Ldm
4 f, ñ5Ldm

22n, ~17!

are the convenient dimensionless variables for the c
plasma model; the independent parametert is both the elec-
tric field

df̃/dx̃5t, ~18!

and the transit time in the sheath of a plasma element~an
average over individual particles in this macroscopic theo!;
and constantsc1 to c5 are obtained matching, atf̃@Ldm

4 ,
solution ~16! and the numerical solution of the exact equ
tions.

Figure 2 shows plasma profiles in the whole collisionle
region for differentLdm ; dashed lines correspond to the co
tinuation of the exact solution with hypersonic solution~16!.
For Ldm!1 the regions to the left and to the right ofṽx

.csLdm
2 ~point S! correspond to the Chodura layer and t

space-charge sheath, respectively. The casesLdm!1 and
Ldm>O(1) differ in the regionx̃<O(1), close to the en-
trance, where the motion isE-aligned for Ldm!1, and
B-aligned forLdm@1. Whenx̃@1, the motion isB-aligned
for anyLdm . Notice thatṽy( x̃), caused by theE3B drift, is
quite insensitive toLdm ~from point C on!.
Downloaded 05 Sep 2001 to 138.4.73.144. Redistribution subject to AI
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sIII. THE COLD-PLASMA, MAGNETIZED SHEATH

From definition~17! one may writex̃5x/lm
s with

lm
s 5

lm
3

ld
2 5

m2Gx

qB3 , ~19!

so lm
s is presumably the characteristic length of a co

plasma, magnetized sheath. Also, in the new variables~17!,
the nonhypersonic region,f5O(1), corresponds to

t<O~Ldm!, x̃<O~ldm
3 !, f̃<O~Ldm

4 !,

FIG. 2. Plasma response forc566°, t r55.5, andLdm50, 0.5, 1, and 1.5;

f̃C50. Solid and dashed lines correspond to exact and hypersonic solut

respectively; they have been matched atf5f̃Ldm
24;20 where ṽx

2, ṽxñr

,0.1. In ~c! and ~d!: The asterisk represents pointC and the region to the
left of this point is theB-aligned, collisional presheath.
~20!

P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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ṽ<O~Ldm
2 !.

These features make the hypersonic solution~16! especially
simple and interesting in the asymptotic limitLdm→0. First,
scalelm

s of the cold-plasma sheath is much larger thanld

and lm , so both the Chodura layer and the nonhyperso
sheath subregion, are reduced to the entrance point

t→0, f̃→0, ṽ→0, ~21!

of the cold-plasma solution. Next, these conditions determ
c1 to c5 analytically,

c15cosc, c25sinc, c35c45c550,

and solution~16! simplifies to

ṽx51/ñ5~t2/2!cos2 c1~12cost!sin2 c,

ṽy5~sint2t!sinc,

ṽz5~t2/2211cost!cosc sinc, ~22!

f̃5~t4/8!cos2 c1~t2/2112cost2t sint!sin2 c,

x̃5~t3/6!cos2 c1~t2sint!sin2 c.

This solution is regular for anyt.0 and cÞ90°. For c
50, it recovers the well-known solution of a cold-plasm
unmagnetized sheath. ForfW@1 andLdm!1, solution~22!
covers practically all the collisionless region, which is fin
in variablex̃.

Figure 2 depicted solution~22! for c566°; one sees tha
the cold-plasma solution is a good approximation forLdm

,0.5. Figure 3 shows solution~22! for different incidence
angles. A first salient feature is thatṽx and ñ present non-
monotonic profiles for large incidence angles. Forc given,
the position and number of the local extrema ofñ( x̃) corre-
spond todṽx /dt50, that is to the solutions of

2t21 sint5cot2 c.

The analysis of this equation yields that oscillations app
for c.66°, approximately ~see Fig. 2!, and p/2,t
,1/cos2 c, and their number and amplitude increase withc.
For cosc!1, the first minimum and maximum areñ
;1/(2 sin2 c);1

2 and ñ;1/(2p2 cos2 c), and they are
reached atf̃;p2/2.4.9 andf̃;2p2.19.7, respectively.
The ratio between these extrema is tan2 c/p2, so oscillations
larger than 100%, relative to the mean value, are obse
for c>77.3°.

For c590°, it is ṽx50 at t a multiple of 2p yielding
ñ5`. A detailed analysis of this local problem is present
in the Appendix. The inclusion of thermal effects remov
the singularity and the local maxima of density are of t
order of the external one:n5ñLdm

2 <O(1). Thecold-plasma
solution is thus asymptotically valid for any wall potenti
and incidence angle.

In spite of spatial oscillations, it isñ.0, so Poisson
equation yields that the electric field increases monotonic
from the sheath entrance to the wall for all angles of in
dence, Fig. 3~a!. At the same time, the nonuniformity of th
electric field characterizes the competition between elec
and magnetic effects on the plasma motion. The velo
Downloaded 05 Sep 2001 to 138.4.73.144. Redistribution subject to AI
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field is the linear combination of the response to the com
nentsEb andEp of E, Eq. ~2!: the componentt cosc, par-
allel to B, yields a parallel velocity

ṽb5~t2/2!cosc1b ,

and the componentt sinc, orthogonal toB, produces a drift
velocity

ṽdr5sinc@~sint2t!1y2~12cost!1p#.

Integration of this cycloidal drift velocity yields anoncycloi-
dal drift trajectory

E ṽdrdt5sinc@~12cost2t2/2!1y2~t2sint!1p#;

the plasma trajectory is shown in Figs. 3~c! and 3~d!. There-
fore, whereas the drift motion is cycloidal~and thus bounded

FIG. 3. Cold plasma sheath profiles forc~in degrees!50, 45, 60, 75, 85,
and 90.~a! Potential,~b! inverse of density,~c!–~d! plasma trajectory,r̃

5r /lm
s , and~e! angle of penetration. Part~a! also representsf̃W(L̃sh).
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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along1p) for a uniform electric field, the monotonic electr
field of the sheath breaks down the magnetic insulation
the incoming plasma. This is essential for grazing inciden
where only the perpendicular drift can bring the particles
the wall.

The competition between the components ofE parallel
and perpendicular toB leads to differentasymptoticsubre-
gions within the sheath. For large incidence angles (coc
!1) there are up to three subregions:

~i! An E-alignedregion forx̃!1, where magnetic effect
are marginal and the plasma motion is basically alongOx
with

t.~6x̃!1/3, f̃.~81x̃4/32!1/3, ṽx51/ñ.~9x̃2/2!1/3,
~23!

ṽy.2 x̃ sinc, ṽz.~3x̃4/32!1/3cosc sinc.

~ii ! A drift region for 1! x̃!1/cosc, dominated by the
E3B drift, where the potential and velocity fields verify

t. x̃, f̃. x̃2/2, v̂x51/ñ.12cosx̃1O~ x̃ cosc!,
~24!

ṽy.2 x̃ ṽz.~1/2!x̃2 cosc.

~iii ! A B-aligned region for x̃@1/cosc, where theE
3B drift is marginal again and the plasma moves along1b

with

t.~6x̃/cos2 c!1/3, f̃.~81x̃4/32 cos2 c!1/3,

ṽx51/ñ.~9x̃2 cos2 c/2!1/3,
~25!

ṽy.2~6x̃/cos2 c!1/3sinc,

ṽz.~9x̃2 cos2 c/2!1/3 tanc.

FIG. 4. Structure of the space-charge sheath and typical thickness of
asymptotic subregion forLdm!1, ~a! cÞ90° andfW@Ldm

24 tan2 c, ~b! c
590° andfW@Ldm

24. Region 1 isE-aligned ~unmagnetized!, region 2 is
dominated by theE3B drift, and region 3 isB-aligned. Thermal effects
affect a small layer of thicknessld close to pointS only. There are not
well-defined transitions among the sheath subregions. AsfW decreases the
region most to the right decreases and eventually disappears.
Downloaded 05 Sep 2001 to 138.4.73.144. Redistribution subject to AI
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The three subregions and their typical thicknesses
sketched in Fig. 4~a!. For small or moderate angles of inc
dence: cosc5O(1), the asymptotic drift region disappear
and for grazing incidence: cosc50, there is not aB-aligned
region, Fig. 4~b!. Spatial oscillations of the plasma densi
are due to the drift motion and thus take place only in
drift region. The electric fieldt is proportional tox̃1/3 in the
E-aligned andB-aligned regions but it is practically linea
with x̃ in the drift region~as if ñ.1 on the average!. The
angle of penetration of a particle through the sheath,

a5arccos
ṽx

uṽu
.arccos

ṽx

A2f̃
,

is depicted in Fig. 3~e!; it changes from 0 toc, from the
E-aligned to theB-aligned region. Forf5fW , a is the
angle of impact with the wall, of interest to evaluate surfa
sputtering.

The asymptotic analysis of the sheath subregions c
cludes that, for any angle of incidence, the sheath is affec
by the magnetic field whenf̃>O(1), i.e., when

f>O~Ldm
24!. ~26!

At the potential threshold for magnetic effects, the she
thickness turns to bex;lm

s , which confirms thatlm
s

[lm
3 /ld

2, is the characteristic magnetic length in the shea
At any point, the sheath thickness coincides with the lo
scale of change of the potential: (d ln U/dx)21, which is also
the local scale of change of the plasma kinetic energy.
intuitive and correct derivation of condition~26! is obtained
from equating the sheath thickness taken from the unmag
tized Child–Langmuir law, to thelocal Larmor radius of a
particle

ldf3/4;lmf1/2.

Therefore the magnetic field starts to affect where the lo
Larmor radius becomes of the order of the local scale
change of the plasma energy.

Since the sheath solution is universal for anyf̃W , the
evolution of the dimensionless sheath thickness,L̃sh

5Lsh /lm
s , with f̃W is given by functionf̃( x̃), Fig. 3~a!.

Asymptotic scaling laws forLsh(fW ,c) are obtained from
Eqs.~23!–~25!

Lsh.H ld~25/4/3!fW
3/4, for fW!Ldm

24,

lm21/2fW
1/2, for Ldm

24!fW!Ldm
24cos22c,

ld~25/4/3!fW
3/4 cos1/2c, for fW@Ldm

24cos22c.
~27!

The second and third expressions correspond to magne
sheaths. The third one is still a Child–Langmuir law wi
factor cos1/2c coming from the fact that the plasma mov
alongB while spatial gradients are alongE. The second ex-
pression makes sense only for large angles of incidence
in particular, for a magnetized sheath at grazing incidence
says thatLsh is equal to the local Larmor radius of a partic
at the wall. The dependence onlm , instead of onld as
Poisson equation suggests, is due to the plasma densn
being of orderld

2/lm
2 .

ch
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For plasma flowGx independent ofc @i.e., g(c)51 in
Eq. ~4!# Eq. ~27! and Fig. 3~a! show that larger angles o
incidence imply larger plasma densities, larger electric fie
and, therefore, thinner sheaths. Figure 5 shows the varia
of the sheath thickness with the angle of incidence for t
different expressions ofg(c); these plots also represent th
sheath shape around a thick cylinder of axis perpendicula
B. Observe first that, althoughg(c) is essential to compute
the current collected at the wall, it has a small influence
the shape of a magnetized sheath, as the solid and da
lines forf̃W.30 show. Second, the casef̃W;3 corresponds
to a weakly magnetized sheath~as the solid line indicates!
and the variation of thickness shown by the dashed
comes from the dependence onc of the flow entering the
sheath~due to magnetic effectsoutsidethe sheath!. The re-
sults presented by Bergmann7 on magnetic effects in a shea
correspond to this second case and not to a magne
sheath. His numerical simulations use entrance condi
~13! and g(c)}cosc. Applying threshold condition~26! to
his simulation parameters one finds that the sheaths he
tained are unmagnetized, with the dependence onc being
due to entrance conditions exclusively. Indeed the only s
ing law he found for the sheath thickness wasLsh

}ld`fW
3/4cos21/2c, which agrees with the first expression

Eq. ~27! whenld`}ldg21/2(c).

IV. FINAL CONSIDERATIONS

We have presented a model of the space-charge sh
which completes a planar model of the plasma struct
around a biased wall, oblique to a uniform magnetic field,
ld!lm!lc and large wall potentials. Except in a thin lay
of thicknessld , thermal effects can be removed from th
sheath equations, which then have an analytical solut
Plasma dynamics are the consequence of the spatial pr
of the electric field. This is monotonic for any angle of inc
dence~includingc590°) and leads touv(x)u monotonic and
an unbounded plasma drift, which breaks down magn
insulation. This allows the plasma to be collected at graz
incidence for any value of the wall potential~a uniform elec-
tric field, whatever strong, would lead to a magnetically
sulated solution forfW large enough andc close to 90°!.

The inhomogeneity of the electric field produces up
three subregions in the sheath, Fig. 4~a!, with different

FIG. 5. Variation of the sheath thickness with the angle of incidence
fWld`

4 /lm
4 53, 10, 30, 100, and 300, andld`5ldg21/2(c) with g(c)51

in solid lines andg(c)5(11cosc)/2 in dashed lines.
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plasma dynamics. These subregions together with
~quasineutral! collisional presheath and Chodura layer, F
1~c!, constitute the complete planar structure of the plas
From the far and weakly disturbed region to the wall, t
plasma trajectory changes fromB-aligned, toE-aligned, and
then to B-aligned again. These changes take place in t
intermediate regions~one quasineutral and one non-neutr!
dominated by theE3B drift. The two drift regions increase
with the angle of incidence; in the drift region within th
sheath~but not in the Chodura layer! the nonmonotonicity of
the velocity component perpendicular to the wall leads t
nonmonotonic density profile. Forc590°, thermal effects
must be kept around the density maxima to obtain a reg
solution. The diversity of sheath regions are explained by
competition between the local Larmor radius and the lo
scale of change of plasma energy. At the sheath entrance
second scale is the shorter one and the motion isE-aligned.
Since this scale increases faster than the gyroradius alon
sheath, magnetic effects eventually appear.~A similar argu-
ment was valid to interpret the change of plasma trajector
the Chodura layer.1! The finalB-aligned region is also due to
the increasing electric field, which produces a stronger ac
eration of the plasma alongB than perpendicular to it.

The model determines that the threshold offW for a
magnetized sheath is of the order oflm

4 /ld
4, much larger, for

Ldm!1, than estimate~1! proposed previously. Indeed th
characteristic magnetic length in the sheath is not the ther
Larmor radius butlm

s 5lmLdm
22, Eq. ~19!, which is propor-

tional to B23Gx , the dependence onGx being due to the
influence of the plasma density on the electric field profil

As an application of the model let us consider an el
tron attracting (UW.0) object in the low Earth ionosphere
For ld;0.25 cm andlm;2.5 cm as typical parameters a
daylight, the characteristic magnetic length in the sheath
lm

s ;2.5 m and the potential threshold for magnetic effects
UW;1000 V, instead ofUW;22 V given by Eq.~1!. Then,
at daylight, a sheath two meter thick~and quasiplanar! is still
unmagnetized~a preliminary estimate suggests that the p
tential threshold can be larger for a spherical sheath!. On the
other hand, Eq.~26! indicates that magnetic effects in th
sheath depend heavily on the plasma density: In the
ionosphere, when the density decreases by one order of m
nitude from day to night, the potential threshold is reduced
UW;10 V.

In TSS-1 and TSS-1R experiments, a spherical sate
of radiusR50.8 m was biased to a range of large voltag
Most experimental observations verified thatfW(ld /R)4/3

5O(1) andfWLdm
4 <O(1) ~although some uncertainty o

ld/ld` must be admitted!. The first condition means tha
spherical effects could not be strong in the sheath and
present theory may be applied qualitatively, at least. T
second condition implies that magnetic alignment of t
plasma was not strong in the sheath, in agreement with
situ measurements12 with Langmuir probes of the electro
trajectory. It further implies that the current collected by t
satellite had to be the current that entered into the she
what could explain the good fitting of the results with th
Langmuir–Blodgett scaling law~based precisely in the
sheath outer boundary as effective collection area!. Although

r
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the central issue, how the complex processes in the exte
region determine the flow functiong(c), remains to be un-
derstood, one may already conclude that both the th
sheath and the quasineutral region are influencing
current-voltage response. In other words, the rich structur
the electric potential should not be ignored by a current c
lection theory. A specific analysis of the plasma behav
around TSS-1R, intended to confirm the above argument
in progress.
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APPENDIX: GRAZING INCIDENCE

This is a singular case of both the collisionles
quasineutral model, Eqs.~8!–~13!, and the cold-plasma
sheath model, Eqs.~22!. Forc590°, it isvxC50 at pointC,
Eq. ~13!, and there is no solution of the collisionles
quasineutral model, because there is no mechanism to tr
port the plasma alongOx . Collisions must be kept in the
model to create a diffusion electric field that initiates t
transversal transport.3 There is then a unique set of equatio
for the whole quasineutral region, which extends fromv.0
to point S. For lc@lm@ld its characteristic extension i
lm@ ln(lc /lm)#21/2, and, although there is not a well-define
point C, a collisional and a Chodura subregions are s
distinguished.1

For c590° Eqs. ~8!–~12! are valid for the sheath
boundary conditions at pointS are

jS52`, vxS5cs ,

vyS.2csA2 ln~lc /lm! nrS51/cS , df/djuS.0,

and we setfS50. Sheath equations are integrated as foc
Þ90° and conditions~15! are verified whenf@1. There-
fore, the cold-plasma solution~22! is formally valid also for
parallel incidence~this was the particular solution obtaine
by Auer6!. However, in this solutionñ becomes infinity~i.e.,
ṽx50) at t a multiple of 2p. Since cold-plasma hypothese
require thatṽx@Ldm

2 , further analysis of the regions close
the minima ofṽx is needed to accept that solution.

An integral equation for the plasma momentum provid
the necessary arguments. Forc590°, Eqs.~8!–~11! yield

vx1
1

vx
2Ldm

2
vx

2

2
1Ldm

2 ln vx2
F2

2
1t rnr

1LdmE nrvydj5const, ~A1!

where

F5
df

dj
1Ldmvy ,

and the constant on the right-hand side is obtained from c
ditions at pointS. WhenLdm!1, Eq. ~A1! admits approxi-
mate expressions in the nonhypersonic and hypersonic
gions. Whenf5O(1) one has
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1

vx
2

1

2 S df

dj D 2

1t rnr.const,

which coincides with the conservation of momentum of
unmagnetized sheath. Whenf@1, the presence of the re
pelled species is totally negligible:nr;exp(2f/tr), the inte-
gral term*js

j nrvydj becomes constant, and Eq.~A1! simpli-
fies to

vx1
1

vx
2Ldm

2
vx

2

2
1Ldm

2 ln vx2
F2

2
52c, ~A2!

with constantc2cs positive and of orderLdm . Figure 6
plots Eq. ~A2! for c52 and severalLdm . The densityn
5Ldm

2 / ṽx has extrema atF50; for Ldm→0, these are
Ldm

4 /2 andc2Ac2215O(1). Therefore, the maximum ofn
is of the order of the density at the entrance to the she
This confirms the asymptotic validity of the cold-plasma s
lution for c590°.

Notice that, forLdm→0, Eq. ~A2! recovers the cold-
plasma expression

ṽx2
ṽx

2

2
2

F̃2

2
50,

with F̃[LdmF5t1 ṽy ; this equation is also obtained from
solution~22!. Finally, asLdm increases the sheath tends to
B-aligned at smaller potentials and the amplitude and nu
ber of the oscillations decrease, as can be deduced from
curves of Fig. 6.
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FIG. 6. Grazing incidence: Solution of Eq.~A2! for c52 and different
values ofLdm .
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