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SUMMARY

The anomalous axial electron transport in Hall effect thrusters is largely driven by the
Electron Cyclotron Drift Instability. Current studies have focused on the characteriza-
tion of the saturation regime, which is represented by non-linear interactions that drive
this phenomenon. Previous studies have relied on higher-order spectral Fourier analysis
like the bicoherence and the bispectrum, which are inherently limited by the assumption
that the signal analyzed has a stationary behavior. To overcome this, the current study
uses time-resolved tools such as the wavelet bicoherence to reevaluate the Fourier-based
analysis performed on a Particle-In-Cell (PIC) simulation of an E X B discharge. The
main outcome of the wavelet analysis was not the identification of newer, previously un-
detected modes, but rather the identification the cyclic behavior of the spectral properties
of the plasma. Additionally, a new intermittent mode associated with ion is identified,
which is involved in nonlinear couplings, but does not contribute to the mean-flow trans-
port. Methodologically, multiple bicoherence methods were tested, with the Instanta-
neous Wavelet Bicoherence being the best suited for this analysis.

Keywords: Electron Cyclotron Drift Instability, Hall Plasma Thrusters, Spectral Analy-
sis, Fourier Analysis, Wavelet Analysis, Bicoherence, Bispectrum, Higher-Order Spectral
Analysis
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1. INTRODUCTION

1.1. Motivation

Hall Effect Thrusters (HETs) are one of the main types of electric thrusters used on satel-
lites. This type of device works by ionizing a gas in mutually perpendicular electric and
magnetic fields, which ejects the ions to produce thrust, while keeping electrons trapped
to sustain the discharge.

Fig. 1.1. Picture from NASA’s Jet Propulsion Laboratory (JPL) of a HET. On the left, the plasma
during operation emitting a blue light characteristic of xenon plasma, on the right the
thruster turned off [1].

When the electrons exit their confinement and move towards the anode (upstream) at a rate
faster than predicted by theory, the transport is said to be anomalous, which is the main
source of performance losses, leading to heating and wall erosion. Being able to simulate
the instabilities that cause this transport would help to design more efficient thrusters with
longer lifespans.

As an alternative to conventional HETSs, Electrodeless Plasma Thrusterss (EPTs) have
been in development. These are simpler and more durable thrusters that can operate with
different types of propellant. This technology is still maturing, as it offers lower thrust
efficiencies compared to classical HETs. An example of an EPT is the Helicon Plasma
Thrusters (HPT), which uses radio-frequency electromagnetic waves to ionize and heat
the plasma, which is then expelled through a magnetic nozzle. This nozzle channels the
magnetized electrons through its diverging field lines, which produce a self-consistent
electric field that accelerates the ions. Although these devices do not have electrodes,
they are similar to HET in the sense that they are also E X B discharges, and thus are
subject to oscillations and instabilities potentially similar to those of HETs [2].

Among all the instabilities, this study will focus on the analysis of the Electron Cyclotron
Drift Instability (ECDI), which is one of the most important and widely studied members
of the Electron Drift Instabilities (EDI). The ECDI occurs when the acoustic frequency of



the ions coincides with the electron cyclotron resonances due to the Doppler shift of the
electron motion [3].

Due to the lack of complete physical understanding of plasma properties and the chal-
lenges of recreating real-life configurations, the study of the anomalous electron transport
relies on a semi-empirical approach, rather than on principle-based derivations. In the
case of the ECDI some of the most common methods employed are: coherent Thomson
scattering, incoherent Thomson scattering and the use of probes [4]. However, these tech-
niques have some constraints related to the tools themselves, since they might interfere
with the plasma or they might not be able to measure precisely the desired property (e.g.
the electric field perturbations).

These limitations can be bypassed with the use of PIC simulations. These types of sim-
ulations treat the plasma as a collection of macro-particles, each representing a group of
real particles, whose trajectories are computed to yield the plasma properties. In order to
recreate the real behavior of particles, PIC codes are usually composed of three solvers:
the time-integrator to solve the equations of motion, a field solver to compute the evolu-
tion of the electromagnetic field, and a set of stochastic Monte Carlo rules for collisions
and surface processes [5]. However, the precision of PIC simulations comes at a high
computational cost and produces large datasets that require complex analytical tools for
their analysis [4].

In the case of ECDI it is especially difficult to analyze the data due to the turbulent nature
of the flow, nonlinear couplings, and because the spectral content of the plasma properties
evolves over time. To deal with this, recent studies have relied on Fourier Higher-Order
Spectral (HOS) analysis such as bicoherence to analyze this nonlinear behavior [3]. But
this method assumes the signal to be stationary, which calls for the use of more complex
tools such as the wavelet transforms that allow the analysis of the time-varying spectral
properties of the plasma.

1.2. Objectives

Of all the types of instabilities that occur in HETS, this study will focus on the previously
described ECDI, which has been found to be one of the principal contributors to the
anomalous electron transport [3], [4], [6].

The existence of this instability was first discovered by Forslund et al. [7], who established
the basis for the kinetic theory of the ECDI, which is a well-established topic [&], [9].
Later studies confirmed the existence of this instability in experimental setups [10], [11].
Additionally, the ECDI has also been described from a fluid perspective by Ramos et al.
[12] with a model that assumes electrons and ions as two distinct and interacting fluids
moving through an E X B field. This model is able to recreate the ECDI predicted by
kinetic theory in addition to other types of instabilities that can arise in these discharges.
Nevertheless, the nonlinear evolution of the ECDI is not yet fully understood.



On the simulation side, Adam et al. [13] were the first to develop a 2D fully-kinetic
simulation of a HET. Their results hinted at the azimuthal drift of particles as being re-
sponsible for the oscillations of the electron density and electric field, which resulted in
the anomalous transport. From then on, PIC tools have become essential tools for the
study of plasma instabilities. This work relies on PICASO, a PIC code developed by The
Plasma & Space Propulsion Team (EP2) [6], which was built for the study of the nonlin-
ear evolution of ECDI in the 2D axial-azimuthal plane, resembling the geometry of a E
x B discharge.

To study plasma oscillations in E X B discharges a variety of analysis tools have been
applied, ranging from modal decomposition [ 4], to the Fourier bicoherence. This project
builds on the work of Bay6n-Bujan et al. [3], in which they use HOS analysis to study the
modes associated with the saturation region of the ECDI by analyzing an E x B discharge.
Their analysis of the data indicated that the fundamental ECDI mode is the principal con-
tributor to the anomalous transport. While higher wavenumber modes do not contribute
directly to the anomalous electron transport, they showcase nonlinear coupling between
one another and with the fundamental mode, engaging with additional modes not pre-
dicted by the linear theory described above. However, Fourier bicoherence assumes a
stationary spectrum, which was previously shown to not be the case since the instabil-
ity showcases an intermittent behavior [15]. As a result, short-lived structures might go
undetected by the averaging performed by this method.

This thesis reevaluates these results, addressing the non-stationary behavior of the plasma
by using wavelet analysis, a time-resolved tool that is better suited for these types of flows.
The main hypothesis is that wavelet analysis can reveal interactions that were kept hidden
with Fourier tools.

Therefore, the objectives of this thesis are:

(1) To review the literature on plasma discharges and the ECDI.

(i1) To review the principles of Fourier and wavelet analysis, and compare both methods
theoretically.

(iii)) To implement the wavelet power spectrogram, wavelet bicoherence and Fourier
windowed bicoherence using MATLAB'.

(iv) To apply these wavelet techniques to the same PIC simulation data used by Bayon-
Bujan et al. [3] and to compare them to the Fourier methods previously used, eval-
uating if they can reveal any new information.

(v) To physically interpret the results, evaluating whether the wavelet analysis confirms
the couplings found by Bayo6n-Bujédn et al. [3] and which behaviors, if any, are
revealed by the time-resolved analysis.

IThe implementation is available upon request athttps: //github.com/AlexRCepe/TFG-Wavelets.



1.3. Thesis Structure

The thesis is structured to provide a progressive and comprehensive approach towards the
final results. Chapter 2 begins with a review of space propulsion and the different types of
electric propulsion devices. Next, the foundation necessary to understand the formation
of the ECDI in HETs is reviewed. This is divided into three parts: the first discusses
plasma behavior under E X B electromagnetic fields, the second reviews how waves are
described in a plasma, and the third one joins both concepts to explain the physics behind
the ECDI.

Chapter 3 starts with a review of the basics of Fourier and wavelet analysis. Then the
concepts of power spectrum and higher-order spectrum are introduced for both Fourier
and wavelet analysis. Here, two different wavelet bicoherence approaches are explained
and compared. Finally, the wavelet selection is discussed.

In Chapter 4 the methodologies previously discussed are applied to the results of a PIC
simulation, and the Fourier and the two wavelet bicoherence approaches are compared.
Finally, Chapter 5 summarizes the main findings and proposes possible directions for
future work.

1.4. Socioeconomic Environment & Regulatory Framework

1.4.1. Regulatory Framework

Although more than 50 years have passed since the first time a human stepped on the
moon, space regulation is still a relatively new field for lawmakers. The first laws related
to space were the Outer Space Treaty (1967) [16], signed by 108 countries by the year
2019 [17]. This treaty set a regulatory framework for non-appropriation, liabilities, and
international cooperation. With the arrival of the 2020s, increasing geopolitical tensions
between countries have forced governments to seek space independence, giving rise to
new proposals to regulate space. Despite this, there are still no laws that directly regulate
electric thrusters or any kind of space propulsion systems. However, other broader laws
still have an impact on these types of devices. One example is the EU Space Act [18],
which was proposed in June of last year. This is an initiative which aims to unify the
regulatory framework in the Union, but puts a big emphasis on space debris, which will
require constellations of ten or more satellites to be equipped with propulsion systems
to avoid collisions. In addition, Spain is preparing its own Space Law whose aim is
to provide legal certainty to the national space sector, including companies working on
plasma thrusters [19].



1.4.2. Socioeconomic Impact

Due to the increase in satellite demand, there has been an increase in the global market
for electric propulsion systems. Although the figures vary depending on the source, all
projections expect the market for these types of devices to roughly double by the year
2034 [20], [21]. Electric propulsion is preferred over chemical propulsion for satellites
mainly due to its higher fuel efficiency, which makes them more suitable for missions of
longer duration. Of the whole electric propulsion market, it is estimated that roughly 38%
is held by HETs by value, which are one of the main solutions used for the propulsion
systems by the primary low-Earth-orbit megaconstellations (Starlink, OneWeb, Kuiper,
etc.) [22].

As was previously described, plasma thrusters are subject to instabilities that reduce their
efficiency and lifetime. Having predictive models of such behavior could reduce devel-
opment costs, and consequently the cost of electrical propulsion systems. An overall
decrease in their cost would help further develop the democratization of space, providing
reliable connectivity in remote places and enabling the growth of IoT-related services. At
the same time, a lower cost would incentivize installation of these devices in all types of
satellites, enabling collision avoidance maneuvers and safe-deorbiting trajectories, which
would reduce space debris.

1.4.3. Budget

The total budget for the realization of this project is summarized in Table 1.1.

As a remark, electricity was calculated as the power consumption of the computer (230
W) and the router (8§ W [27]) during working hours. For the computer, a period of 4 years
of amortization was assumed, as suggested by the Spanish tax agency [28] for a total
purchase price of 1050.00 €.

The hourly cost of personnel is taken as the total cost it would have for the employer,
which includes the gross salary and the social-security contributions, which were approx-
imately 30% for 2026 [29].



TABLE 1.1. TOTAL BUDGET.

Item Amount Unity Unitary cost [€/unit] Price [€]
Student Labor (Ju- 800 hours 30.00 24,000.00
nior Engineer)

Advisor Supervision 30 hours 45.00 1,350.00
(Senior Professor)

Hardware Amortiza-  1.75 years 262.50 459.38
tion (HP Victus with

Intel 17 processor

and NVIDIA RTX

4060)

MATLAB License 1.75 years 106.00 185.50
(Student  Suite +

Wavelet Toolbox)

Electricity 1904  kW:h 0.14 26.66
Internet  (Movistar 21 months 35.00 735.00
basic plan)

Total 26,756.54

Source: [

=261



2. PLASMA PHYSICS OF HALL EFFECT THRUSTERS

2.1. Propulsion Basics

According to Newton’s first law, an external force must be applied to an object to change
its state of motion (i.e., to move it from rest or alter its constant velocity). To produce this
force, spacecraft take advantage of Newton’s third law: for every action, there is an equal
and opposite reaction. By applying this principle, space vehicles expel hot gases, which
produces a reactive force called thrust. This thrust can be described by the following
equation [30]:

F =nmv, + (pe - pa)Ae

This equation can be divided into two terms: the jet thrust and the pressure thrust. The
first term, mv, , relates the mass flow rate of the gases that exit the nozzle (77) to their
exhaust velocity (v.). This jet thrust represents the force generated by the momentum
exchange between the spacecraft and the expelled gases. The second term, (p, — p,) A.,
represents the pressure thrust. It accounts for the force contribution from the difference
between the exhaust pressure at the exit of the nozzle (p.) and the ambient pressure (p,),
acting on the exit area of the nozzle (A,). For ion and Hall thrusters, this second term
is usually ignored, because the jet thrust is much larger than the pressure thrust: s, >

(pe - pa)Ae [ ]

To measure the efliciency of a propulsion system, the Specific Impulse (I,) is commonly
used. This quantity allows for the comparison and classification of different propulsion
systems by relating the thrust produced to the rate of propellant consumption. It is defined

as [30]:

L _F
P g,

where g, is Earth’s gravity at sea level (9.81 m/s?) and is used as a convention to give the
specific impulse units of seconds. Table 2.1 gives a superficial comparison of the propul-
sion systems that are being used today. Overall, one can say that chemical propulsion
systems have lower specific impulse, consequently worse fuel efficiency, high thrust, re-
duced acceleration times and high mass. On the other hand, Electric Propulsion (EP) has
much better fuel efficiency, thus less fuel and a propellant reservoir are required. This
difference makes EP more suitable for small satellite applications (under 500 kg [32]).



TABLE 2.1. CLASSIFICATION OF MULTIPLE PROPULSION

SYSTEMS

System Typical Iy, range [s]
Solid rocket motor 150-350
Liquid rocket engine — monopropellant 200-250
Liquid rocket engine — bipropellant 300-460
Hybrid rocket engine 300-350
Nuclear thermal engine 800-1000

Hall Effect Thrusters 500-3000
Arcjet 400-1500

Ion 1000-10,000

Source: [30], [32]

2.2. Electric Propulsion Devices

Electric Propulsion can be defined as "The use of energy from a source not stored in
the chemical bonds of the propellants to augment or provide the exhaust velocity of the
propulsion device" [30]. As mentioned before, these systems are mainly used in smallsats
in Low Earth Orbit (LEO), but they are also one of the preferred methods when talking
about deep space exploration [4], [33]. These kinds of thrusters usually have a lifespan of
10,000 hours and produce 0.1-1 N [34].

EP systems can be divided into three main categories: electrothermal propulsion, electro-
magnetic propulsion and electrostatic propulsion. The first type, electrothermal, is very
similar to chemical propulsion in the sense that both methods heat up the propellants,
which are then exhausted through a Convergent Divergent (CD) nozzle. In the case of
Arcjet thrusters, this increase of temperature is achieved by passing a current through two
electrodes of opposite polarity at both ends of a narrow duct to induce a sustained electric
arc [32]. Another example of electrothermal propulsion systems the Resistojet thruster.
On the other hand, there is electromagnetic propulsion, in which the propellant is ion-
ized and accelerated by the application of electric and magnetic fields. Devices such as
Pulsed Plasma Thrusters and Magneto-Plasma Dynamics Thrusters enter this category
[32]. Finally, electrostatic thrusters work by ionizing propellant through the application
of electric power. The propellant is then accelerated via the electric field produced by
the electrodes. Here, one can find different technologies such as Electrospray Thrusters,
Gridded Ion Thrusters and Hall Thrusters.

2.2.1. Hall Thrusters

Among all types of electrostatic thrusters, the most interesting one from the perspective
of this study is the HETSs or Stationary Plasma Thruster (SPT). Figure 2.1 showcases the
usual construction of a HET. In this type of device, a direct electric field at the exit is used

8
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Fig. 2.1. Schematic of a typical Hall Effect Thruster. Reprinted from J.-P. Boeuf, “Tutorial:
Physics and modeling of hall thrusters,” Journal of Applied Physics, vol. 121, no. 1,
p. 011101, 2017. por: 10.1063/1.4972269, with the permission of AIP Publishing.

to accelerate ions and produce thrust. This force pushing on the device is also described
as the Lorentz Force acting on the electron current and is equivalent to the electrostatic
force acting on the ions [31]:

F:2ﬂffqneﬁex§rdrdz:2ﬂf qn,-grdrdz

where ¢ is the charge of an ion, n; is the ion number density, E is the electric field at
the thruster, n, is the electron number density, i, is the electron drift velocity, which is
described as il, = (E x B)/B2, and B is the magnetic field applied by the thruster. In
order to improve the impulse generated by such devices, one can take advantage of the
fact that plasmas are relatively good at conducting electricity and the electric field far
from the walls is normally small. One of the ways of achieving this is by decreasing the
electron conductivity, which can be done by applying a magnetic field perpendicular to
the electron current [35]. This magnetic field is usually of the order of 150 Gauss, which
is enough to magnetize electrons, whilst not affecting the ions since they have a much
greater Larmor radius [34].

As a consequence of the addition of the magnetic field, electrons are trapped in an az-
imuthal E X B drift around the annular channel and slowly move towards the anode (Fig-
ure 2.2). This effect is commonly referred to as the Hall Effect. These trapped electrons
at the exit of the channel are then used to ionize the propellant, usually xenon [34], which
is fed through the anode.
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Fig. 2.2. Trajectory of a single electron on a simplified sketch of a HET. On the right side, 2D
trajectory on the annular channel. On the left side, the 1D trajectory of the electron along
the axial direction.

2.3. Instabilities In E x B Devices

E X B devices are those in which a strong electric field is generated by the application of
an external magnetic field perpendicular to the discharge current. Among them, we can
find HETs and CD magnetrons for plasma processing.

The most recent studies in the field have focused on investigating the instabilities that
arise in these devices, which cause anomalous electron transport towards the anode. This
phenomenon is relevant for the development and improvement of E X B devices, since
anomalous transport is the main source of performance losses [3]. Some of the most
common types of instabilities in E X B devices are:

e Plasma Wall Interactions: thrust performance can be influenced by the wall mate-
rial through an effect called Electron-Induced Secondary Electron Emission (SEE),
which causes additional transport across the magnetic field. These interactions be-
tween the plasma and the wall have been shown to affect the magnitude and fluctu-
ation frequency (known as the breathing mode) of the discharge current. However,
thrust and thrust efficiency are less affected by these [4]. SEE becomes more notable
when the flux of emitted electrons is greater than the flux of primary electrons.

e Low Frequency Oscillations: this is one of the most notable instabilities at device
scale. It is described as oscillations below 100 kHz, which are able to reach up to
100% modulation of the plasma parameters. In other words, this type of motion
is able to produce fluctuations that can change plasma values by 100%. Low fre-
quency oscillations are dominated by two major modes: the breathing mode and the
spoke mode. The first mode is propagated axially in HETs, being one of the most

10



powerful for these devices. These oscillations can have amplitudes as big as the
mean discharge current. The second mode is manifested as strong disturbances in
plasma density which travel in the E X B direction (azimuthal direction for cylin-
drical devices) [4].

e EDI: these are high-frequency, short wavelength oscillations that appear in partially
magnetized E X B plasmas and cause an increase in electron movement across the
magnetic field [4].

2.3.1. Behavior Of A Plasma Under An E X B Electromagnetic Field

The interaction of charged particles with electromagnetic fields is described by the Lorentz
Force. For a non-relativistic particle (v < ¢?) with charge ¢ and moving with velocity
¥, it relates its momentum (3 = m¥) to the electric E and magnetic field B to which it is
subject [36]:

m-@:q-(ﬁmxé) 2.1)
dt

Therefore, if the plasma is formed by N different particles, it would be possible to describe
the dynamics of the plasma by solving the N nonlinear coupled differential equations,
knowing the external fields applied and the internal ones generated by the motion of the
plasma particles. Note that the equations used to describe the dynamics of the particles are
intrinsically coupled with those that describe the existing electric and magnetic fields. In
other words, the motion of the particles influences the internally produced fields, which, at
the same time, produce a change in the motion of particles. As the instabilities studied in
this chapter are purely electrostatic, the evolution of the electric field will be determined
by Poisson’s Equation:

Vop=-= (2.2)

where ¢ is the electric permittivity of free space and p is the plasma charge density. In
order to study the motion of the particles inside the plasma, Equation 2.1 is solved for the
velocity. To do so, the velocity and electric field are divided into two components: one
parallel to the magnetic field and another perpendicular to it. Applying this to Equation

2.1 gives [36]:
D _ o p 2.3)
dt =q [l .
d—) = =2
m- 2L =g (B, +7,. xB) (2.4)

From Equation 2.3 it can be clearly seen that the particle is following a uniformly ac-
celerated motion in this direction with acceleration ¢ - E;/m. However, the motion in
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Fig. 2.3. Cycloidal trajectory of an ion (upper part of the image) and an electron (lower part of the
image). The Magnetic and Electric drift causes the particles to move in the direction of
E x B . Note that for ions and electrons the direction of rotation is opposite, due to the
opposite charges [36].

the perpendicular direction has a more complex solution. In this case, it is convenient to
divide the perpendicular component of the particle’s velocity into a constant and a time-
varying term such that ¥/, = ¥, + il;. The constant part of the previous expression, iy, is
called the E x B drift velocity and is described as [36]:

iy = ——— (2.5)

Note that since this term does not vary with time, the velocity ", can be considered as the
velocity of the particle as seen from an observer that is moving at constant velocity .
Under this assumption, the differential equation becomes [36]:

m-E:q-(ﬁixé) (2.6)

Equation 2.6 describes a circular motion with frequency w, and radius p [36]:

V, =@ Xp

Here, w, denotes the Cyclotron Frequency, described as w. = (|q| - B)/m, and p is the dis-
tance from the Instantaneous Center of Gyration of the particle (also known as gyrocenter
or guiding center) to the particle itself. The radius of this circular orbit is usually referred
to as the Radius of Gyration or Larmor Radius, which is defined as [36]:

p= (¥ x B)
lql 32
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Whenever both the electric and the magnetic fields are perpendicular to each other, the
parallel component of the electric field disappears, making the particles move in the same
way as sketched in Figure 2.3. Under this condition, the expression for the gyrocenter’s
position and velocity can be obtained in Cartesian coordinates. To do so, the following
electric and magnetic fields are defined:

oL

0 = Boé,

-
E() = Eoé)z

where the X, y and z directions resemble the radial, azimuthal, and axial directions of
an HET. This mutually perpendicular electromagnetic field produces an electron drift
velocity ilyo = uy0@,. Note that u is used to refer to the average or bulk velocity of a
species, while v denotes the velocity of individual particles. The position of the gyrocenter
for this motion is defined as 7, = ¥ — g, where ¥ = xé, + y &, + z¢€, is the position of the
particle, which moves with velocity V¥ = v,é, + v,é, + v.€.. Using all of this, the following
expression of the position is obtained:

(W x By) = (ye - ’Z_—;:)zy + (ze ; %)a 2.7)
where e is the elementary charge. Since both fields are perpendicular, the velocity parallel
to the magnetic field is zero because E; = 0, meaning the resulting velocity would be in
the E x B direction. On the other hand, the perpendicular velocity was previously defined
as ¥, = ¥, +ily. In this case ¥, is the velocity of the particle with respect to the stationary
reference frame and ¥, is the velocity of the particle with respect to the gyrocenter. This
means that the drift velocity is actually the velocity of the guiding center:

5
dr,

EO X Eo Ey 5
dt

_ _ =
— = =€, = Uyfy
B By
0

_)_

_)_
Mg— d

In the context of ECDI it is important to add an extra term to the electric field vector
corresponding to the perturbation of the electric potential due to the formation of the in-
stability: E = —6¢ 2. Under the assumption that this perturbation varies very slowly and
that the plasma is 2D (the plasma exists in the y-z plane), the position of the gyrocenter
remains unchanged (Equation 2.7). However, for the velocity, the drift velocity due to
this disturbance of the potential has to be taken into account:

i, = (10 + £2) 2, - 212
= \Uyeo + 7| €y — =€
8 ye BO y BO 4

2Throughout this document the subscript "0" is employed to denote equilibrium conditions, whilst "1"
stands for perturbed conditions.
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The expressions given up to now are only used to describe the behavior of a single particle
inside the plasma. However, when the number of particles N is significantly large, this
becomes impractical. In order to facilitate dealing with plasma properties, a statistical ap-
proach is followed. In this way, the velocities of particles within the plasma are described
by a velocity distribution function f(7,V, ), which depends on time, position (7), and ve-
locity (). Knowing this expression allows us to determine the macroscopic properties of
the plasma. For example, the particle density can be obtained as follows [37]:

mzn:j}@anm?

Finally, it is also relevant to talk about how the plasma electron current behaves in the
z-direction, which will later be investigated and will be referred to as the axial direction.
The total plasma current is given by:

Jp= D e qs- i (2.8)

N

where s denotes a given species within the plasma. For electrons, Equation 2.8 becomes
7e = n, - (—e) - il,. Now, the collisionless electron momentum equation on the y-axis is
given by [38]:

o(n, m, iy, o
i7iﬁ+vm+wmmm

where P, is the electron pressure tensor and m, is the mass of electrons. In order to

y = nee (E + i, X éo)y (2.9)

simplify the latter equation, the Electron Momentum Tensor is introduced. This quantity

M, = fff‘_}e‘_}eﬂ d3‘_}e

where f, is the Electron Velocity Distribution Function (EVDF). This new quantity is

is described as follows:

related to the electron pressure tensor as m, M, = P, + m, n, ii, il, [39], so that:
oM,,, OM.,y,
+ _
oy 0z
Additionally, to further simplify the left-hand side of Equation 2.9 one can realize that the

VI[P, +m.n,il, ie], = m, [6Me]y = me(

only component of the electron field in the y-direction is E; and notice that [(—eneﬁe) X Eo]y =

[Ji X Eo] = J,.Bo. Introducing all of this into 2.9 and rearranging the terms gives the ex-
y
pression for the azimuthal electron current:

. Ey  m, (0My, OM,, O(n,iy.)
ALYy =en,— + — + +
elt:) By Bo( dy 9z ot

(2.10)

Looking at Equation 2.10, one can see that it is composed of two terms. The first, jZ =
en, Ey /By, is the first-order E X B contribution to the axial electron flux, which originates
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from the perturbed azimuthal field E,;. The second is an extra contribution given by
the electron’s momentum when the particles have a finite characteristic Larmor radius
peo = Vm.T./(eBy), where T, is the electron’s temperature expressed in electron volts
(eV). As a whole, these two terms are related to each other as [3]:

. . Pe0
Jeet,Y) = jo(t,y) + O (e Me Cep f)
Z
where L, is the span of the axial domain and c,o = VT.o/m. is the thermal velocity
of electrons. By describing the density as a constant and a fluctuating term, such that
n. = ng + n;, and by taking the average of the flux, the following expression is obtained:

. . e e
<.]ze(t, y)>avg ~ <.]fg(ta y)>avg = B_0<neEyl>avg = B_0<n1Ey1>avg

where (-),,, represents the average. Note that the term with ny vanishes due to it having
a constant value, and E,; having zero-mean. Although E,; and n; can be seen as two
separate signals with zero-mean, their product, (n,E,;), does not average to zero as long
as the oscillations of these plasma properties are correlated. This correlation is the origin
of the anomalous electron transport. Because this flux depends on the phase coupling
between E; and n, it calls for tools such as HOS for the analysis of this phenomenon,
which are described in the next chapter.

2.3.2. Plasma Sound Waves

Previously, a kinetic interpretation of the motion of plasmas was seen. However, it is not
desirable to study the individual particles that form it, but rather it is more suitable to
study their collective behavior. To do so, fluid models are usually employed, with the key
distinction from regular fluids being that plasmas are affected by electromagnetic fields.

As in any other fluid, when it is disturbed, oscillations appear which can be modeled by
Fourier analysis into a set of sinusoidal functions with different frequencies and wavenum-
bers. Whenever these oscillations have a small amplitude they can be described as a single
sinusoidal function, which will be represented as:

Xi=X-expli(k-7-wi)| 2.11)

where X represents any plasma property and K-7=koax+ kyy + k.z, where k,, k, and k,
are the wavenumbers in the x, y and z directions, respectively. When looking at a point of
constant phase, it moves according to the following expression:
d(kx — wt
(kx—wt) _
dt

or d—x—g
’ dr  k

Ve

Here v, is the Phase Velocity. This velocity is usually higher than the speed of light
¢, which does not violate the theory of relativity, since an infinitely long wave train of

15



constant amplitude does not carry information. However, information is not transmitted
at the phase velocity, but rather at the Group Velocity, which is defined as:

dw
Veroup = 57~
group dk
In a regular fluid, such as air, information travels at the speed of sound, which is described
as:
w _ (vkgT 12
kK \ M

where M is the mass of the fluid, k3 is the Boltzmann constant and 7 is the temperature of
the fluid expressed in Kelvin. This quantity indicates the speed at which pressure waves
travel through a fluid medium by collision of adjacent molecules. For plasmas with no
neutral particles and few collisions, a similar phenomenon occurs, which is called an ion

acoustic wave or ion wave.

Without collisions, regular sound waves cannot take place. However, the charge of ions
allows oscillations to be transmitted between them by a perturbation of the electric field.
In order to study how these oscillations affect the ion’s particle density, the ion momentum
equation in the presence of an electric field E = —ﬁgb and the absence of magnetic fields
is as follows [40]:

T+ (@9 =en - p = e

m;n

Note that since the ions are cold (kgT; — 0), the ion pressure p; = n;kgT; — 0, and as a
consequence the pressure gradient contribution vanishes [40]. Linearizing and assuming
planar waves gives:

—iwmnou;; = —enyike, (2.12)

Now, the ion continuity equation is used and linearized in the same way as the momentum
one:

Gn,-

Putting Equations 2.12 and 2.13 together, an expression for the perturbed ion particle
density is obtained [&]:
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2.3.3. ECDI Dispersion Relation

In order to better understand how ECDI behaves, it is important to obtain the dispersion
relation for this instability. For any plasma oscillation, the wave modes are described
by this dispersion relation, which relates the wave frequency to the wavenumber. To do
so, the same setup as that used at the end of Chapter 2.3.1 is employed. This consists
of a collisionless 2D plasma with mutually perpendicular electric and magnetic fields,
resembling a HET. It is assumed that the magnitude of the magnetic field is such that
the electrons have a drift velocity iy, = uy.0€,, while the ions are kept unmagnetized
due to their higher Larmor radius. In addition, it will also be assumed that the particle
density of the unperturbed plasma is constant throughout the space n(x,y, z) = ng. In this
configuration, the ECDI is modeled as a pure electrostatic perturbation:

¢ = goexp|ilkex + kyy + k.2 — wi) | (2.14)

At equilibrium, electrons follow a typical Maxwellian EVDF, with a density ny and tem-
perature T, shifted by the drift velocity [8]:

32 2
_ me (V - uyeO)
Jo=no (27r Teo) P [ 20, ]

Note that, when taking into account the perturbation, the Vlasov equation is satisfied by
the electron distribution function f,, such that [8]:

afe+\7 0/ e[—é +*xﬁ].afe

v,

=0 (2.15)

Equation 2.15 can be used to obtain the perturbed electron density. To do so, f, is lin-
earized, and the Vlasov equation is integrated along the unperturbed orbits, giving [6]:

Moy ep
—=1[1- e be; ce)| 216
- [1 = g(we, be; we,)] T (2.16)
with
o wily(b,)
eabe; ce) = _be I be +2 — 217
8(we, bes wee) = exp(=b,) | Io(b,) ;wg-mzwge (2.17)

Here, w., = eBy/m, is the electron cyclotron frequency, b, = k*p2, with p.y = C.o/Wee
being the electron Larmor radius, w, = w—k,u,. is the electron Doppler-shifted frequency
and 7, are the modified Bessel functions of the first kind. Taking a closer look at Equation
2.17, whenever w, = mw,,, g — oo, which means that the perturbed electron density has
resonances at the electron cyclotron frequency and its harmonics.
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For the ion density, Equation 2.14 is used. This can be expressed in terms of the ion
Doppler-shifted frequency w; = w — k,u,; and the ion sound speed ¢,y = VT.o/m; [6]:

2.2
ng _kicgyed

no (,L)l.2 Te()

(2.18)

Introducing Equations 2.16 and 2.18 into the Poisson equation gives the following two-
dimensional dispersion relation [6]:

2.2

2 _ ke )
1+k ADO - 2 + g(we’ beo wce) (219)
w

i

where Apg = & Tw0/(noe?) is the Debye length, which is the characteristic length beyond
which the plasma cancels out the electric field of a single particle. This quantity can also
be expressed in terms of the electron plasma frequency w,.o = +/noe?/(em,), which is
the frequency at which electrons oscillate when displaced from their equilibrium position,
so that Apy = /Teo / (mewieo). Similarly to this quantity, the ion plasma frequency w,y =

\Vnoe? /(em;) is the frequency at which the ions oscillate about their equilibrium position.

Equation 2.19 can now be solved using complex frequencies such that w = w, + iy. Note
that by using complex frequencies, the result can be divided into the real frequency w,,
and the imaginary part, the growth rate of the instability y*. Solving yields the following
three different pairs of modes [6]:

e A pair of ion-acoustic modes with g <« kcho /w; and real-valued frequencies w; =

+wjr4 Where

sz()

N1+ K222,

e When g > kcho /w;, the frequencies with real values are close to the resonances

wip =

w, = mw,. These are called Electron Bernstein Waves, which are electrostatic
waves propagating perpendicular to the magnetic field at harmonics of the cyclotron
frequency.

e When g ~ kcho /w;, there is a coupling between the Bernstein waves and the ion
acoustic modes, resulting in the Modified Ion Acoustic (MIA), whose frequency is:

kCSO

=+
Y1+ A, - g(w,)

3Substituting into the time-dependent part of the perturbation equation (Equation 2.11) with a complex

Wi

frequency gives: exp(—iwt) = exp(—iw,t)exp(yt). From this expression it can be clearly seen that w, is
the frequency of the oscillation, whilst y determines if the oscillations grow or decrease. When y < 0, the
oscillations get attenuated, but when y > 0 these increase in magnitude.
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The previously described ECDI is produced when the MIA mode becomes unstable, i.e.
g > 1 + k2A7,. Due to the fact that g changes from +co when it crosses the resonance
W, = MW, the MIA mode becomes unstable when w, = (mw.)* and becomes stable
before reaching the next resonance (m + 1) [6].

In terms of the growth rate vy, as seen in the work by Bello-Benitez et al. [6] (or Figure
4.4) the growth of the instability is concentrated near the resonance frequencies w, = mw,,
forming well-localized peaks of narrow bandwidth. Recalling that w, = w — kyu,,o and
applying that, for a purely azimuthal ECDI, the real frequency is negligible with respect
to the Doppler term (Jw| < kyuy [0]), the resonance condition becomes kyityo = mwe,,
so that the previously described peaks are located at the wavenumbers:

m Wee
k,, ~ , m=1,2,3,...
Uye0

As aresult, the real frequencies follow the linear approximation w = kit [6].

As shown in previous studies [7], [8], the source of energy for this instability comes from
the relative drift velocity between ions and electrons, rather than density or magnetic
field gradients, which were shown to have no involvement. Although the conditions for
the development are known, its evolution is not fully understood due to its nonlinear
couplings. When given the conditions, ECDI grows until it reaches saturation due to
nonlinear couplings balancing the exponential growth rate. As a result, oscillations differ
from what is predicted by linear theory.
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3. SIGNAL PROCESSING - FOURIER & WAVELET ANALYSIS

3.1. Fourier Analysis

Before trying to understand how the wavelet transform and bi-coherence work, it is re-
quired to review the contents of Fourier analysis as they are the basis for these tools.

In the year 1822 La Théorie Analytique de la Chaleur was published as a memoir by
the physicist and mathematician Jean Baptiste Joseph Fourier [41]. In his book, Fourier
proposed a way to extract practical information from differential equations with the simple
but powerful idea that any periodic function can be represented by a series of sines and
cosines. This new way of representing functions changed the mathematical world forever.

This type of representation is typically known as Fourier Series. In a more mathematical
way, this means that given a periodic function x with period 2z, it can be represented with
a trigonometric series, such that [42]:

xX(t) = % + Z; ay - cos(n1) + by - sin(n ) 3.1)

where the coefficients ay, a, and b, are obtained by taking advantage of the orthogonality
of functions. In a similar way to vectors, two functions are orthogonal if they balance out
perfectly to zero over a given interval, i.e. given two nonzero functions x(¢) and g(7), they
are said to be orthogonal in the interval a < t < b, if [42]:

b
(x,8) = f x(t)-g(t)dt =0

This property of functions can be extrapolated for sines and cosines, which yields the
following [42]:

x if n +# m.

T ) n ifn=m,
f sin(nt) - sin(mt)dt = {O

g n ifn=m,
f cos(nt)-cos(mt)dt = {O

Multiplying Equation 3.1 by either sin(m ) or cos(im t) and then integrating over the inter-
val [—n, «], the values of ay, a, and b,, can be obtained [42]:

1 T
ap = —f x()dt
TJr
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1 T
a, = —f x(t) - cos(nt) dt, n=1,23,...
T J_

V4

1 T
bn:;f x(1) - sin(n 1) dt, n=0,1,2,...

T

Sometimes it is desirable to adapt the Fourier series to periodic functions with period
p = 2L > 0 in the interval [-L, L]. If one performs a change of variable such that
t/x = L/r it can be demonstrated that [42]:

(o)

t t
x(1) ~ % + ; a, cos (%) + b, sin (%)

As these types of series are expressed in terms of sines and cosines, it is sometimes inter-
esting to take advantage of Euler’s formula (exp(ix) = cos(x) + i sin(x)) and express the
Fourier series in complex form. This is achieved by taking ¢y = ay/2, ¢, = (a, — ib,)/2
and c_, = (a, + ib,)/2, where c_, is the coeflicient of the complex Fourier series when n
is smaller than 0. As a whole, it is expressed as follows [42]:

[Se]

x(r) = Z Cp - exp(iﬂLnt)

n=—oo

L

:z—ll _L

] t
Ch x(t)-exp(—an )dt, n=0,+1,+2,...

3.1.1. Fourier Transform

Fourier’s hypothesis revealed a tool able to simplify complex differential equations into a
set of simpler equations by applying a transformation. This transformation is known as
the Fourier transform. This tool works just as a mathematical prism that separates light
into colors, but instead transforms a function x, which is defined in the time domain (it
depends on time), into the function X that is defined in the frequency domain [41].

Although the functions x and X might seem completely different, they are two faces of
the same coin. On the one hand, the original function displays all the time information
while hiding the information of the frequencies. On the other hand, the transform shows
the information of the frequencies, while hiding the time information. An easier way
to understand this is to think of the function x as the recording of a song. The Fourier
transform from the record would tell which notes were played, but it would be impossible
to determine when they were played.

This time-frequency relation between the original function and its transform can be easily
visualized using Heisenberg boxes (See Figure 3.1).
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Fig. 3.1. (a) time domain representation using Heisenberg Boxes. The boxes are vertical and nar-
row in the horizontal direction, as the frequency information is hidden. (b) frequency
domain representation. It is the opposite to the time boxes since they stretch in the hori-

zontal direction and are narrow on the vertical one.

In mathematical terms, the Fourier transform of a function x : R — C is defined by [47]:

00

X(w) = Flx(O)](w) = f x(1) - exp(—iwt)dt

—00

for all w € R where the improper integral converges. This operation can be reversed
to obtain the original signal, using what is called as inverse Fourier transform, which is

expressed as follows [42]:
| .
x(f) = — f X(w) - expi wf) dw
27T Joo

Signal f(t) Fourier Transform of f(t)
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Fig. 3.2. (a) time representation of the function x(¢) = 0.5 - sin(27¢) + 1.5 - sin(7 - 27 ). (b) Fourier
transform of the signal x(#). The transform presents two maxima at points (1,0.5) and
(7, 1.5) which coincide with both the amplitude and the frequency from each of the sines

used to construct the signal.
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3.1.2. Discrete Fourier Series And Transform

In the previous part, the existence of Fourier transform and its inverse in the continuous
form was discussed. However, these tools are not valid for the analysis and processing
of information with the use of digital devices, as they work with discrete data. For this
reason, the discrete version of both the Fourier and the inverse Fourier series are typically
used.

Then, given a continuous signal x(7), the N samples taken from this function are defined
as x[n] = x(n At), where At is the time step for signal sampling andn =0, 1, 2, ...N—1.
Thus, the Discrete Fourier Transform (DFT) is given by [43]:

e
XIZ1 = XCAD) = Z:; xln] - exp (—i o g) V¢, where x{n] € C

where Af = 1/(N At) is the resolvable frequency. On the other hand, the discrete inverse

Fourier transform of x is obtained in the same way as its continuous analog [43].

N-1

=Y xig - expion
o) = 3 X1 exp (i27 - ¢)

3.1.3. Short-Time Fourier Transform

When working with the Fourier Transform, there is a subtle, but very important assump-
tion that is being made. This type of analysis assumes that the function or signal that
is being analyzed is static. This does not mean that the value of x does not change in
time, but rather that its spectral content (the frequencies that compose the signal) does
not change in time. This assumption might be valid in some cases, but the truth is that
in the real world almost all signals vary in time. Returning to the example of a song,
musical compositions are usually formed by a set of notes played at a determinate time.
The sounds produced by different notes are produced by a change in pitch, i.e. they are
produced by a change in frequencies. As a result, the recorded signal would be made up
of different frequencies that change with each playing note.

As seen before, the Fourier transform is only capable of giving a frequency representation
of the signal, hiding all temporal information associated with it. Following this musical
analogy, this means that this representation makes it very difficult to determine which
notes (frequencies) were playing at a given instant. In order to solve this problem, a trade-
off between time and frequency resolution can be done to have something in between. In
the mid-twentieth century, the physicist Dennis Gabor proposed to study signals sequence
by sequence with the use of windowing functions [44]. In comparison to a normal Fourier
transform which compares the whole signal to sines and cosines, this method, called
Short-Time Fourier Transform (STFT) or Windowed Fourier Transform, does it on small
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bits of the original signal, and when it is done it "slides" the window to compare another
segment, until the whole signal has been analyzed [44].

The Gabor Transform, a special case of the STFT, changes the Fourier kernel from
exp(iwt) to g; ,(s) = g(s — 1) - exp(iws). So, the transform is defined as [45]:

Glx](t, w) = foo x(s) - g(s —1) - exp(—iws) ds = (x, 8&1..) (3.2)

(%Y

where g is the complex conjugate of the windowing function. As it can be seen in Equation
3.2, the transform function now becomes dependent on both time and frequency, rather
than just frequency. Equation 3.2 can be used to define an energy density, commonly
referred to as spectrogram [46]:

§.(t, w) = [GIx](t, W)

This method is far from perfect because, as described before, it offers a trade-off between
time and frequency due to the principle of uncertainty, which states that we cannot know
which frequencies exist at which time instance. But, it can know what frequency bands
exist at what time intervals [44]:

1
At-Af > — (3.3)
4

However, the resolution for each frequency band would be influenced by the size of the
window that is being used. Narrow windows would improve time resolution while re-
ducing frequency resolution. On the other hand, wide windows would have poor time
resolution while having good frequency resolution [45].

window window
-~

v

] A

(a) (b)

Fig. 3.3. (a) Narrow window over a signal. These types of windows increase time resolution which
is better for high frequency components as they last very short times. (b) Wide window
over a signal. These types of windows are better for low frequency components as they
last long periods of time and thus, demand high frequency resolution.
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3.2. Wavelet Analysis

Around the year 1975, the geophysicist Jean Morlet proposed another way to address the
time-frequency analysis problem [41]. The main drawback with STFT is that it tries to
fit different signals inside the window, and thus the resolution directly affects its size.
However, Morlet did just the opposite, he kept the number of oscillations constant in
the window, but he would deform it. So when the window is stretched it reduces the
frequency, and when compressed it produces an increase in frequency. As a result, it
allows for multiple resolutions at once, thus giving rise to multi-resolution analysis. Just
as Amara Graps states in her article An Introduction to Wavelets [47]: "The result in

wavelet analysis is to see both the forest and the trees, so to speak.".

A STFT (Gabor) A Wayvelet

Frequency
Frequency

Time Time

(a) (b)

Fig. 3.4. (a) for the Gabor transform every box is equal, affecting the resolution at multiple scales.
(b) for wavelet analysis the size of the boxes adapt to the different frequencies optimizing

the resolution at each frequency band (narrow for high frequencies and wide for the lower

ones).

These deforming windows are known as wavelets. The word wavelet is a calque from
the French word "ondelette” which means little wave [41]. These waveforms come in
different forms and shapes that form wavelet families (Morlet, Haar, Daubechies...). Each
of the wavelet families is formed by the mother or basic wavelet, and its children, which
are its deformed versions [44]. In order for a function to be considered a mother wavelet
it must fulfill the admissibility condition, which is defined as [48]:

oolP 2
cwzf FON ) < oo

© ol

where W(w) is the Fourier transform of the basic wavelet /() and Cy, is the wavelet admis-
sible constant. Then, relative to each mother wavelet the Continuous Wavelet Transform

(CWT) is defined as [48]:
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W, [x1(b,a) = ﬁ foo (1) - &(%) dt,  abeRwitha#0  (34)

where b indicates the time shift and a, usually called the scale parameter, controls the
wavelet scale. W, represents the wavelet coefficients, which have a higher value the
closer the frequency of the wavelet is to that of the signal. By setting [48]:

Ul = —— w(l_b)
b,a — \/H a

Equation 3.4 can be simplified to [48]:

Wl//[-x](b9 (1) = <X, wb,a>

This transform can also be reverted to reconstruct any finite-energy signal from its wavelet
coeflicients in the following way [48]:

2 (0 re d
x(1) = Cy f [ f [Wylx1(b, @)] - Ypa(1) db a—? (3.5

Note that the integral over a is only defined in the interval [0, co]. This is because in
signal processing only positive frequencies are considered. Equation 3.5 also shows that
the function is now not formed by trigonometric functions but with wavelets.

Just as in Fourier analysis, there exist both continuous and discrete versions of the wavelet
transform. The Discrete or Dyadic Wavelet Transform (DWT) is defined as [44]:

1 1= k2
J 2J\ —
D[x](k27,27) = i f x(1) - w( )dt (3.6)

Here, the difference between the CWT and DWT does not rest on whether the data an-
alyzed is continuous or discrete, but rather on how they decompose the signal. On the
one hand, the DWT (Equation 3.6), uses scale factors of the power of two (a = 2/, b =
k2/,  j k € Z). This change allows for a more efficient and non-redundant represen-
tation of the data. On the other hand, CWT allows a to be any real value except zero,
which creates redundancy on the coefficients and helps better visualize the information
by increasing the resolution, at the only cost of computational horsepower [44]. To high-
light the difference between both transforms, Figure 3.9 compares the CWT and DWT
representations of a hyperbolic chirp.

The discrete version of the CWT that was just mentioned is described by the following
expression [49]:

N-
[n.a] = Z ((n —n)(St)
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Fig. 3.5. (a) signal composed of two hyperbolic chirps, one from 0.1 to 0.68 seconds with an in-

stantaneous frequency of 2;«(%5—877—1)2 and another one from 0.1 to 0.75 with an instantaneous

frequency of m at time t. (b) Continuous Wavelet Transform of the signal. The two
chirps that form the signal can be clearly differentiated. (c) Discrete wavelet transform

of the signal. Although the form of the signal can be more or less seen, the chirps cannot

be distinguished.

Although the scale parameter a in the above equation is allowed to take any positive real
value, at the time of computing this quantity, one must choose a finite set of scales at
which the transform will be evaluated. For an orthogonal wavelet basis, this set is fixed
by power of two (a = 2/, j € Z). However, for a non-orthogonal basis, this constraint
does not exist, since they are sampled arbitrarily*. Torrence and Compo [49] conveniently

suggest expressing the scales as fractional powers of two:

4Orthogonal and non-orthogonal wavelets versus CWT and DWT is a common point of confusion in
wavelet analysis. The first describes the wavelet family that is being used, and the second describes the
transform algorithm. Although both concepts are not equal, they are closely connected: the DWT is the
natural environment of orthogonal wavelets, while the CWT is typically employed with non-orthogonal
ones. Both can be mixed, but this loses the main advantage of each.
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a;=ap2”, j=0,1,...,J

J=6j"log,(NAt/ay)

where ay is the smallest resolvable scale, J determines the larger scale, and d; sets the
resolution. Usually ay is taken so that the equivalent Fourier period satisfies the Nyquist
criterion, e.g. a = 2At. Note that MATLAB uses a parameter that is called "Voices per
Octave", which is defined as N, = 1/6j [50].

The squared modulus of the wavelet coefficients |W,(b, a)|* is called scalogram. This
represents a local time-scale energy density that corresponds to the Heisenberg box of
each wavelet ¢, , centered at (b, a)[46]:

SCy(b,a) = |Wy(b,a)!

For analytic wavelets the scale can be transformed into frequency by using the center
frequency (w,) of that wavelet: w = w,/a. In this case, the scalogram is displayed in the
time-frequency domain, commonly referred to as the wavelet power spectrogram [46]:

S¥(b,w) = Wb, a)}* = [Wo(b, w./w)]*

Note that this is the wavelet counterpart of the regular spectrogram.

Most of the time, the signal of interest has a finite length. Due to the wavelet being
slid through the span of the signal, errors are introduced at the beginning and end of the
scalogram. One of the typical solutions is to add zeros beyond the edges of the function
before performing the transform and then removing them. However, this introduces large
discontinuities at the borders and, as the scales are being reduced, the amplitude near the
edges lowers as more zeros enter the analysis. As a whole, the Cone Of Influence (COI)
is defined as the region of the wavelet spectrum where the edge effects become more
significant. When the signal is periodic, there is no need to add zeros, which means that
there is no COI [49].

3.3. Power Spectrum

3.3.1. Power Spectral Density

When studying a signal, it is usually of interest to determine how the total energy or power
is distributed along the spectrum. In signal processing, energy and power classifications
are mutually exclusive. This is because a power signal has infinite energy, while an energy
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signal has zero average power. Energy signals are usually those which are finite and well-
localized, i.e. signals which are non-periodic and deterministic. In this sense, a discrete-
time deterministic signal y[n] has finite energy if [51]:

i il < oo

For such signals, the energy distribution is described by the Energy Spectral Density
(ESD), which is given by [51]:

E\[Z] = Y14

where Y[/] is the DFT of the signal y[n]. However, most real-world signals (especially
those in complex systems) do not fall into this category. Their future values cannot be
precisely known because their behavior is either random or stochastic and, thus, it is
only possible to make probabilistic statements about the future variation of the signal. To
describe this behavior, one can see the signal as a random sequence which consists of a set
of possible occurrences, each with its own probability of happening. When an observer
analyzes one of these realizations, one might be tempted to treat it as a deterministic
phenomenon, since one can only visualize one realization at a time. However, this cannot
be done since the DFT of a random signal does not converge in the traditional sense
because it is not absolutely summable. However, a random signal commonly has finite
average power and, as a result, can be described by an average Power Spectral Density
(PSD), which is defined as the DFT of the autocorrelation function R, [7] [51]:

N-1

1
Pxx[{] = N Rxx[T] - eXp (_127(%4)

~

where the autocorrelation for a stationary process (a stochastic process whose statistical
properties do not change over time) is given by the expectation [51]:

R [7] = E{x[n] - x[n + 7]}

In practice, the estimate is obtained from a fine set of N samples. A common approach
is to approximate the autocorrelation by averaging the number of samples, which leads to
the periodogram estimate [52]:

N-1

Rolt] ~ % D xlnl - 3{n + 7]

n=0

Note that using this estimator will result in the following simplification of the PSD [57]:
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1
P ll] = NIX[é]I2

To check whether this particular estimate is a good estimator, the mean and variance of
the PSD can be studied. By doing so, one can prove that, as N — oo, the mean becomes
unbiased. However, the variance behaves as the square of the power spectrum of the
signal, proving that it is not a consistent estimator. To fix this one can rely on Welch’s
Method, which reduces the variance by averaging over multiple realizations of the signal

[52]:

Pxx[{] = <|X[§]|2>ens

To perform this average, the signal length N is divided into K overlapping segments of
length Ng. Each segment is then multiplied by a window function w([n] to reduce spectral
leakage, so that: [57]

xy[n] = x[rR + n]wln], n=0,1,...,N¢—-1, r=0,1,...,K-1

This method offers a trade-off between bias and variance such that neither of both values
can be minimized at the same time. The relationship between the total samples N, number
of segments K, the shift N, and the length of the segments N is given by the following
expression [52]:

N > (K - 1) - Ny + Nk

In the case where there is no overlap between the windows (Ng,;s, = Nk), the latter ex-
pression becomes K - Nx < N, so that if K increases, Nx must be reduced, and vice versa.
This will have a direct impact on the statistical properties of the PSD since the number of
segments gives the factor of variance reduction and segment length determines the bias.
However, windows can be overlapped (Ny,is; < Ng) allowing both K and Nk to increase,
but reducing the independence of segments, which increases the effect of the window
choice. [52]

3.3.2. Higher-Order Spectral Analysis

As discussed in Chapter 2.2.1, ECDI is a highly nonlinear phenomenon that is prone
to occur in HETs. This means that the interaction between different modes is not only
additive, but also multiplicative and resonant. To describe this nonlinear coupling between
modes, apart from the power distribution, it is also required to know what the phase
relation is between the different components. Thus, it is rather necessary to expand the
framework into HOS analysis.
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The description of any stochastic process starts with the definition of its statistical mo-
ments. For a stationary discrete random process x[n], the moments of order r are given

by [53]:
mt1, 72, ..., 7] = E{lx[n] - x[n + ;] - X[n + 7,1 ]}

From this definition, the correlation functions of higher order for a complex-valued ran-
dom process are obtained as [54]:

Mean: m! = u, = E{x[n]}
Correlation: m? = R[] = E{x[n] - X[n + 7,]}
Bi-correlation: m? = R, [7),72] = E{x[n] - x[n + 7,] - X[n + 72]}

It is now convenient to introduce cumulants, which measure the extent of non-normality
and statistical dependence of random variables [55]. The r order cumulants are functions
of the moments of order up to r. For example [53]:

1* Order: ¢! = m! = E{x[n]}
2" Order:  c2[11] = m2[1;] — (m})?

3" Order:  A[ry,10] = mi[ry, 1] —m! - (mi[ﬁ] + m2[1y] + m2[1s - Tl]) +2-(ml)?

4™ Order: Ci[T],TQ,T3] = mi[ﬁ,rz,n] — mi[ﬁ] -mi[rg -7 - mi[rz] . mi[n - 71]
- m[r3] - myt2 — 7]
- m)lc . (mi[Tz - T, T3 —T1] + mi[‘rz,m] + mi[‘rl,m] + mi[‘rl,‘rz])
+ (m)? - (mm] + Mol + mies] + mils — 1] + ml[Ts — 12

—-6- (m)lc)“
The most relevant properties of cumulants for the definition of the bispectrum are [53]:

Property 1. If x[n] is Gaussian, ¢ [7y,T2,...,7,—1] = O for r > 2. This implies that the
information describing a Gaussian process is only contained in the first and second-
order cumulants.

Property 2. Additivity holds for cumulants. In other words, given a signal x[n] = x;[n] +
x»[n], where x;[n] and x,[n] are two statistically independent processes, then

clri, o, tl =t T, Tl [T T2, T (3.7
Property 3. If x[n] has zero-mean, then, for r < 3, ¢'[11, T2, ..., 7,1l = mi[T1, T2, ..., Tt ]
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Note that by using Properties 1 and 2, it can be seen that for a signal x[n] comprised of
a Gaussian noise signal x;[n] and the signal of interest x,[n], it holds true that for r > 2,
Equation 3.7 becomes:

it o, Tl = T T2, T ]

In an analogous way to the PSD, the (self-)bispectrum? is defined as the third-order cumu-
lant spectra of the signal®. For simplicity, it is mathematically accepted that the random
signal has zero-mean, so the bispectrum can be expressed as the Fourier transform of the
bi-autocorrelation function [54]:

Bl&1, o] = E{F [Ro]) = EIX[4] - X[&] - X[6 + &) (3.8)

where {; and ¢, are allowed to take negative values. In reality, most signals do not have a
zero-mean. In this case, the mean of the signal is initially computed and then subtracted
from itself, so Equation 3.8 can be used [54].

From Equation 3.8 it can be clearly seen that the bispectrum is a measurement of the
statistical dependence between three waves. In order for the bispectrum to yield non-zero
values, two conditions must be met. The first is that the transform of the signal at {j,
$ and &G = ) + ¢ must not be zero. The second and most important one is that these
three spectral components must be correlated. When this is not the case, the expectation
process averages the value to zero. It is important to note that Equation 3.8 will return
complex values even when the signal is real-valued [54].

In a similar way to coherence, which measures the degree of linear correlation between
the spectrum of two signals, bicoherence is used as a way to determine coherence between
three waves due to wave coupling. The bicoherence is described mathematically as the
normalized version of the bispectrum [55]:

Ljreeily
{IX1411 - XIL11P) - EAXIS + 117

where for both the bispectrum and bicoherence, the expected value is obtained by en-

V1L, 6] = B (3.9)

semble averaging the signal (using Welch’s Method). The values of the bicoherence vary
between 0, for noise or random phases, and 1, for phase-coupled modes. For finite-length
time series, Equation 3.9 gives non-zero values even for completely independent modes.
The expression for a 95% confidence threshold for determining that a signal is not noise
is €[b?] = 6/dof, where dof refers to the degrees of freedom or the total amount of inde-
pendent data used for computing the bicoherence. When estimating the data by ensemble

SFor simplicity, the prefix self- is dropped, and the self-bispectrum and self-bicoherence are simply

referred to as the bispectrum and bicoherence. Their cross counterparts are defined below.
5The PSD can also be seen as the second-order cumulant spectra of the signal.
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averaging, the number of degrees of freedom is obtained as dof = 2M, where M is the
total number of independent realizations [56].

The definitions above correspond to the self-bispectrum and self-bicoherence, which are
used to detect couplings within a single signal. However, when studying this coupling
between different signals, the cross-bispectrum and cross-bicoherence are used. In this
way, given three signals x, y and z, the cross-bispectrum and cross-bicoherence are given
by:

B, [41, & = E{X[4] - YIG] - ZIG + &) (3.10)
|Bxyz[{l9 §2]|2

{IX[41]- YIL11P) - BUZIG + &P}

When x = y = z, these reduce to the self-versions defined above. Although bispectrum

bld bl = 5 G.11)

and bicoherence are mathematically computed using discrete indices ({7, {»), for physical
interpretation it is common to map these back to their continuous frequencies (w1, w,).

When two specific modes interact with each other, they appear on the bicoherence plot
as isolated "islands" with high value. The width of these islands represents the spectral
broadening of the modes, i.e. how much the interacting modes have spread across fre-
quencies. On the other hand, when a single frequency interacts with a continuous band
of several frequencies instead of a single point, the interaction extends across the plot.
As a result, this creates lines or segments rather than isolated spots. Depending on the
direction, these might indicate which frequency is staying constant. For vertical lines,
w; = const., for horizontal lines w, = const. and for diagonals w3 = const.

When interpreting bicoherence results, it is important to note that a high correlation value
does not imply causation via quadratic coupling. In addition, bicoherence cannot de-
termine the direction of power flow through the modes. This means that one cannot
determine whether w; and w, activate ws or vice versa [3].

It also has to be noted that it is not necessary to draw the whole w;-w, plane when repre-
senting the results, since some simplifications can be made [57]:

e Both w, w,, and w3 = w; + w, must be smaller than the Nyquist frequency: wy =
Wyamp/2, Where wqqmp 1s the sampling frequency of the signal.

e Because w; and w, are interchangeable, the plot might be restricted to w; > w,

e The case (w;, w,) is identical to the case (—w;, —w,) when the signal is real-valued.

A visual representation of the bicoherence and bispectrum can be used to better under-
stand this tool. The condition for quadratic coupling requires the interacting modes to
satisfy the frequency sum rule. In the discrete computational domain, this corresponds to
matching indices, which maps to continuous frequencies as follows [58]:
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Fig. 3.6. Bicoherence domain for a finite-length signal. Note that the bicoherence is bounded by
the Nyquist frequency, represented by the solid red line. Regions A, B and C correspond
to the final calculation areas remaining after applying the previously described symme-
tries.

HL=0+0H0 = wy3=w +w

6; =60, +6,

where w; (for i = 1,2, 3) is the frequency and 6; is the phase of the Fourier components
of the signal. Here, nonlinear coupling occurs between w; and w,, which generate a third
wave at the sum frequency ws.

The process of obtaining the bispectrum (Equation 3.8) can be visualized in a complex
plane, which is represented in Figure 3.7. When there is a coupling between the compo-
nents, the value of the bispectrum will be high. On the other hand, when the components
do not have a coupling or the portion analyzed is noise, the value will tend to zero as the
number of averages increases.

34



By
B
é Eg IHJ
[ \/ »

(a) (b)

Fig. 3.7. Visual representation of bispectrum for a stationary signal for given (w1, w2) components.
(a) If both frequencies are coupled, the phase relation with the third one will be kept
constant over time. As a result, the bispectrum of the multiple realizations §1, 52, and
Bs, will align and the resulting averaged complex vector B will have a large magnitude.
(b) When the components are decoupled, the steps will be given in random directions,
and thus the average value will be small.

One of the key underlying assumptions of bicoherence is that it assumes that the spectrum
is stationary, i.e. the spectral properties of the signal do not vary with time. Going back
to the visualization of Figure 3.7, when a non-stationary signal is considered, the "steps"
given by each of the realizations may vary. This introduces a high bias to the bicoherence
values, which might indicate high values, even when there is no phase coupling between
the modes (Figure 3.8) [58].

A Re A Re

(a) (b)

Fig. 3.8. Visual representation of bispectrum for a non-stationary signal for given (w;, w,) com-
ponents. (a) When both frequencies are coupled the average complex vector will have a
large magnitude. (b) Even if the phases are random, when the signal is non-stationary it
might result large values of bispectrum, leading to false positives.

In continuous form, the PSD of the signal is given by:
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P (w) = E{IX(w)P)

Additionally, the bispectrum and bicoherence expressed in continuous form are:

B(w1, w) = E{X(w1) - X(w2) - X(w1 + w2)}

|B(wy, w))?
{IX(w1) - X(w2)?} - E{|X(w; + w2)?}

bz(wl, wy) = E

3.3.3. Wavelet Power Spectrum

Just as any of the other tools for Fourier analysis that were discussed, both the power
spectra and the bicoherence have a wavelet counterpart. The way of obtaining these is
analogous to their Fourier version.

To simplify the notation and highlight the physical meaning of the parameters in HOS
analysis, the CWT coeflicients defined in Equation 3.4 will be denoted as W.(t,a). In
this notation, the translation parameter b is replaced by the local time variable ¢, and the
integration variable is renamed to 7:

Wt, a) = W, [x](t,a) = ﬁ fm x(7) &(TT_I)dT (3.12)

Starting with the Wavelet Power Spectrum (WPS), it is defined as the time integral of the
scalogram [59]:

1 1 -
P? (a) = . f SC.(t,a)dt = . f W.(t,a) - W(t,a)dt
T T

The wavelet bispectrum is given by the third-order wavelet HOS, which is defined as
follows [60]:

B" = E{W.(t,a1) - Wi(t, a2) - W(t,a3)}

where the three scales follow an analogous version of the frequency sum rule: a;' =
a;' + a;'. Note that depending on the estimator used, the bispectrum will be a function
of the scales a;, a, and time ¢, or just a function of the scales. Similarly as in Fourier
HOS analysis, the Wavelet Bicoherence (WB) is described as the normalized version of
the bispectrum [60]:

B"|°
E{[W.(t,a1) - Wot, )P} - E{|Wilt, a3)P)

[b"]? = (3.13)
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Both the wavelet bispectrum and WB were introduced for the first time by van Milligen et
al. [57]. In their study, they averaged the signal over an interval 7" : t; < t < f,, where the
signal is assumed to be stationary, to maintain statistical stability. This interval can be slid
over the signal domain to obtain the time resolution of the bicoherence. However, in more
modern approaches, like the one described by Gelman et al. [60], the signal is ensemble
averaged, so that the time dependence is maintained. This last version of bicoherence is
generally referred to as the Instantaneous Wavelet Bicoherence (IWB). In this sense, both
forms of the WB are able to detect not only where phase coupling is present, but also
when this occurs, unlike the Fourier version which averages out the bicoherence along
the length of the signal, so that short bursts of bicoherence might go undetected.

As in the Fourier case (Eqs. 3.10-3.11), these definitions can be extended to analyze
three distinct signals by replacing W, with W,, W, and W_, resulting in the wavelet cross-
bispectrum and cross-bicoherence.

An important thing to note is that for any form of the wavelet bicoherence it is no longer
assumed that the signal has zero-mean. In Appendix A it is proven that for any constant-
valued function, the wavelet transform is equal to zero. So, if one describes x as a function
composed of a constant component and a varying component, then by the linearity of the
CWT, the wavelet transform of x is equal to the transform of the varying component.

The main difference between the Fourier and Wavelet versions of the bicoherence is the
coupling condition. As discussed in the previous section, Fourier bicoherence imposes a
strict constraint on the relation between frequencies, such that w; = w; + w,. However,
in the case of wavelets, this relation is expressed in terms of scales. To facilitate the
physical interpretation of these scales, these are usually mapped to equivalent frequencies:
w; = w./a;, where w, is the center frequency of the wavelet (discussed in the next section).
Since a wavelet of scale a has a determinate bandwidth associated with it, WB is not a
matter of matching frequencies but a matter of matching wavelets at determinate scales.
As a result, the coupling condition is relaxed, and it becomes [57]:

w3 = W1 + wy + Aw

where Aw corresponds to the frequency mismatch tolerated by the WB, which is set
by the wavelet frequency resolution corresponding to the highest frequency of the set
{wi, wy, w3}. Note that this Aw is larger than the frequency resolution offered by its
Fourier counterpart, making the wavelet version a better candidate for studying the bi-
coherence of signals in real-world systems, where small mismatches might occur due to
the randomness of the system [57].

Another of the advantages that the WB has is the nature of its basis functions. As de-
scribed at the beginning of this chapter, Fourier analysis assumes that the signals can be
described in terms of oscillatory functions that span all over the signal, so it looks for
modes that last for long times. However, turbulent flow generally does not follow this be-
havior, as it is formed by transient, short-lived structures that appear, develop, and decay.

37



On the other hand, the CWT uses wavelets, which are localized oscillatory functions that
resemble much better these structures. As a result, WB is better at detecting short-lived
structures in turbulent environments than its Fourier counterpart. However, both methods
are still limited in the sense that they are still not able to differentiate between structures
passing by the observation point and dynamic wave interactions. This issue can only be
solved by analyzing data from multiple observation points [57].

In terms of the significance threshold for the averaged WB’, the 95% confidence floor
noise level is given by (Derived in Appendix B):

1.96
e[[bw(wl, wz)]z] = Dygs = tanh? (\/—ﬁ) (3.14)

where N, is the effective number of independent data points, which is given by [59]:

2w - N
No(wr,w) = =L (3.15)
W, * Wy - Max [—‘:lla:;%, ﬁ] Vink

where Ny is the number of samples in the time 7', w; is the sample frequency and « is
a decorrelation factor, whose value is usually between 5 and 20 [61]. This correction of
the number of samples is done due to the fact that wavelets change size depending on the
frequency, thus the effective number of samples will change along the spectrum. Thus,
a bicoherence of 0.1 might be relevant at low frequencies but completely insignificant at
high frequencies. To further compare this method with its Fourier counterpart, assume
that the WB is being applied to a one-dimensional signal such that Ny = N. From Fourier
bicoherence, it would be expected that the noise floor is proportional to 1/M. Moreover,
assume that the length of the signal is large enough so that Z,»/ VN, < 1, then:

1.962 1 1

w 2 ~ _
E[[b (w1, wy)] ]|WB NN, TN
From this relation, it can be clearly seen that the wavelet counterpart does a greater job in
reducing the noise in the bicoherence, since the number of samples (V) in the whole signal
is greater than the number of samples of the realizations (Ng). Another interpretation of
this expression is that the WB requires fewer samples than the Fourier version to obtain
the same noise floor, which makes the WB a better candidate when analyzing signals
of limited length. As a consequence, it is able to detect phase coupling that the Fourier

bicoherence keeps hidden below the noise floor.

Note that when calculating the WB over multiple intervals of length 7', it can be seen as
applying multiple rectangular windows without overlap. Thus, in an analogous way to
the STFT a smoothing window can be applied. It is important to note that when applying

7In this context the "averaged" WB, or simply WB will be used to refer to the version proposed by van
Milligen et al.
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this window, the number of samples N7 used in Equation 3.15 has to be corrected using
the Normalized Equivalent Noise Bandwidth (NENBW) [62], [63]:

Ny TP
Wi
|:t§ ] _ NT
Y2 ~ NENBW
Wi

Nle =

i=1

where 0 < w; < 1 denote the weights of the windowing function. There are a wide variety
of windows that can be used to smooth out the bicoherence, but the one used for this
specific study was the Hann (or Hanning) window. This is due to the fact that it is well
defined in an interval Ty : —=Ty/2 <t < Ty/2, it has zero derivative at the edges (smooth
edges) and the value of the NENBW is somewhat reasonable with a value of 1.5 [62].

In terms of the IWB, the noise floor is the exact same as the one obtained when using
Fourier bicoherence as demonstrated in Appendix C:

3
6[[bw]2] |IWB = M

Following the same approach as the WB, the windowed Fourier bicoherence is proposed.
In previous sections, it was described how the STFT and the wavelet bicoherence are
similar in the sense that both methods use sliding windows. The hypothesis here is that
the CWT can be substituted with the STFT to recover temporal information in a way
similar to that of wavelet methods. This approach will be tested to see how it compares
with its wavelet counterparts. The windowed Fourier bicoherence is expected to have a
high noise floor since it follows the same expression as the regular Fourier bicoherence
(e[b*] = 6/dof) and the number of samples is reduced due to the windows.

3.4. Wavelet Selection

Throughout this chapter, there has been a lot of discussion about the different things that
can be done using wavelets, but nothing has been said yet about the specific wavelet that
will be used for the analysis.

In wavelet analysis, the selection of the wavelet and its parameters is often an iterative
process, which often implies comparing different candidates [64], [65]. Since there is no
universal wavelet that can be used for all signals, this process is often seen as arbitrary
[49]. Although there is no standard process for choosing one, the set of candidate wavelets
can be reduced depending on what we want to do with them. A way of guiding this
analysis is by looking at the properties of the wavelet function itself. Some of the most
important aspects to take into account when selecting a wavelet are the following:

e Orthogonal vs non-orthogonal: as described before, a wavelet can be orthogonal
or not depending on whether it is defined on a set of discrete dyadic scales or can
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be calculated on any scale. Orthogonal wavelets are better for more efficient rep-
resentations, while non-orthogonal wavelets are better for the interpretation of time
series, resulting in smooth and continuous representations of the coefficients [49].

e Complex vs real: complex wavelets (Morlet, Paul) display both amplitude and
phase of the signal, whereas real wavelets isolate peaks and discontinuities [66].

e Analytical vs non-analytical: analytical wavelets are complex wavelets whose
Fourier coefficients are zero for negative frequencies. This allows the transform
to have a well-defined modulus (energy) and phase, since they avoid interference
from negative frequencies [67].

e Width: broad wavelets have high frequency resolution and poor time resolution.
Narrow wavelets do the opposite. Some wavelets such as the Morlet possess a
parameter that allows the modification of the width by changing it [49].

e Shape: since the wavelet transform can be seen as the convolution between the
signal and the wavelet being employed, it is easy to see that the former acts as a
lens through which the signal is observed. As a result, we want this lens to be as
close to the true shape of the signal as possible [67].

For the bicoherence to yield reliable results, van Milligen et al. [57] describe the prop-
erties that the analyzing wavelet is required to have. From the perspective of wavelet
selection, both the WPS and WB have similar requisites. Since the latter is more strict
than the former, the same wavelet can be used.

e The wavelet must have a single, well-localized peak in the Fourier domain: in
order to fulfill the frequency sum rule, the wavelet scales must allow mapping into
a single frequency such that w; = w./a;. When this is not the case the bicoherence
becomes ambiguous, since a single scale will be related to multiple frequencies.

e Wavelet must be analytical: by definition of bicoherence, the main goal is to
check whether there is phase coupling in the signal. If the wavelet coefficients are
not complex, then no phase coupling can be detected.

e Fast and smooth temporal decay. The effective number of samples N, and, as
a consequence, the significance threshold of the WB are values that depend on w,
and «, which themselves depend on how fast the wavelet decays with time. For a
low value of the noise level, the wavelet is required to decay fast enough, so that
the correlation between close points dies rapidly.

e Time-frequency resolution should be controlled: although, not a strict require-
ment, ideally, the wavelet selected should be able to vary its width based on a set of
parameters to allow tuning of the bicoherence so that it better matches the signal.
Wavelets with a single parameter which controls the resolution are preferred, since
they simplify the analysis.
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Fig. 3.9. Different wavelets at unit scale (a = 1). (a) Morse wavelet: analytic non-orthogonal. (b)
Analytic Morlet wavelet: analytic non-orthogonal. (c) Haar wavelet: real, orthogonal.
(d) Mexican Hat wavelet: real, non-orthogonal.

e The wavelet should resemble a wave pulse: since this work focuses on the analy-
sis of turbulent plasma flows, the wavelet should have a similar shape to that of the
short-lived transient structures that one expects to find in these types of flows. As a
result, the wavelet should have a well-localized pulse-like shape containing only a
few oscillations.

Two wavelet families fit these requirements: the Morse wavelet (or Morse family) and the
Analytic Morlet. The first one, the Morse wavelet, is not a specific wavelet, but a family
of them. This wavelet is given by the following expression [67]:

W (w) = Uw) - agy - o - e

where ag,, 1s a normalization constant, U(w) is the unit step function, and 5 and y are
two parameters that control the behavior of the wavelet. Here S is used to control the

41



length of the wavelet (time-bandwidth product), whereas vy is used to control the shape, in
particular, the symmetry of the frequency response close to the peak.

However, for the sake of simplifying the analysis, in this study the Morlet wavelet is
used, since its shape can be controlled by just one parameter. In addition, using a wavelet
other than the Morlet will change the expressions for the Probability Distribution Function
(PDF) derived by Ge [59], making the previous statistical statements invalid. This wavelet
is defined by the following expression [57]:

2
Unalt) = % exp [z? - (=) ] (3.16)
where d determines the exponential decay of the wavelet. For this specific form of the
Morlet wavelet, the central frequency is w. = 2, and the resolution is approximately
given by Aw = w;/4d = (w./a;)/4d. Consequently, the time resolution is given by the
decay of the exponential section of the wavelet At = ad. Note that as the decay increases
d — oo, the wavelet analysis approaches the Fourier analysis asymptotically. Following
the same approach as van Milligen et al. [57] a value of d = 1 is used, since it provides a
reasonable trade-off between time and frequency resolution.

An important remark has to be made concerning the value of the central frequency used
in practice. The derivation of the statistical properties described in the previous section
assumed a value of w, = 27, according to the Morlet wavelet definition presented above.
However, the implementation in MATLAB’s wavelet toolbox ("amor") uses a value of
w. = 6. This discrepancy is small enough so that the wavelet shape is almost indistin-
guishable. As a result, the statistical properties are still applicable for the analysis.

3.5. Multidimensional Signals

The tools presented so far have been written for one-dimensional signals that depend only
on time. However, the signals studied in the next chapter depend on both time and space,
x(t,y). In this case, the signal is sampled on a grid x[n,,n,] = x(n, - At, n, - Ay), with
n=0,...,N,—1landn, =0,...,N, — 1, where Ay is the spatial step.

Due to the Fourier kernel being separable, it can be applied independently on each of the
dimensions. For example, in the case of the DFT, the two-dimensional version is defined
as:

Ni—1 Ny—
X[Z, €] = Z Z x[nyny] - exp [—z 27r( £+ —g)] (3.17)

)' n=0 ny= N}

Note that applying the transform to the spatial dimension turns the frequency index into a
wavenumber index. In the case of a periodic boundary condition, the relationship between
the index and the wavenumbers is given by:
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k=2né/L,, withé =0,1,2,. ..

A consequence of this two-dimensional version of the Fourier transform is that the di-
mensionality of the power spectrum is also affected. In the case of the PSD it becomes
a function of frequency and wavenumber P(w, k), whereas the bicoherence and bispec-
trum become four-dimensional objects such that they depend on two frequencies and two
wavenumbers B(wq, w, ki, k>).

These transforms can also be combined, applying a different analysis along each axis. For
example, a Fourier transform is applied in the spatial dimension, and a wavelet transform
is applied in the temporal dimension.
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4. ANALYSIS OF E x B DISCHARGE

4.1. Problem Setup

As advanced in the introduction, the PICASO PIC model will be used for the analysis of
an E X B discharge that mirrors the behavior of a plasma in a HET. In order to study the
anomalous transport seen in previous work [3], a homogeneous, collisionless plasma will
be inspected in the axial-azimuthal domain defined as [0, L;]X[0, L,], where z and y denote
the axial and azimuthal directions, respectively. In order to recreate the axisymmetry of
the annular channel, a periodic boundary condition is applied to the y boundaries.

The plasma is set to initially be at equilibrium and subject to an out-of-plane magnetic
field éo = Byé, and an axial electric field E“O = Eyé.. The electrons used to populate the
simulation are sampled from a drifting Maxwellian Velocity Distribution Function (VDF)
with density ng, temperature 7, and an E X B drift velocity ilyo = ty0€y, = (Eo/Bo)éy.
On the other hand, ions are assumed to be cold (T;y = 0), have a density n, and a constant
velocity il,jy = u,oé,. These particles are set to move freely across the y boundaries
of the simulation. However, particles crossing the z boundaries are removed from the
simulation. To account for this, using the same distribution as before, ions are injected
at z = 0 with flux density nyu, and electrons are injected at z = 0 and z = L, with
thermal fluxes +ngc.o/ V27, where c.o = VT.0/m.. Note that this refilling of particles is
essential to sustain the discharge and to recreate the conditions away from the anode and
the cathode. If this condition is turned off, it would cause the formation of sheaths at the
edges of the domain provoked by the fleeing electrons, leading to the discharge dying out.
Figure 4.1 illustrates the configuration of the simulation.
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Fig. 4.1. Schematic showing the set up of the simulation: axis, boundary conditions and equilib-

rium state.
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The simulation parameters, which are summarized in Table 4.1, were explicitly chosen so
that the plasma would exhibit the instability we want to study. As mentioned in Chapter
3, the development of the ECDI generates a disturbance in the electric field, E, = —6(/),
which influences the motion of the particles. The electrostatic potential ¢ is obtained by
solving the Poisson equation (Equation 2.2) with periodic boundary conditions at the y
edges and Dirichlet conditions at the z borders.

TABLE 4.1. SIMULATION PARAMETERS.

Description Value
Ion mass, m; 1 amu
Applied electric field, E 10* V/m
Applied magnetic field, By 200 G
Plasma density, n, 107 m3
Ion axial velocity, u; 10 kmy/s
Initial electron temperature, 7 6eV
Azimuthal domain length, L, 5.359 mm
Axial domain length, L, 2.679 mm
Ey X By drift, uyeo 500 kmy/s
Electron thermal speed, c,o 1027 km/s
Ion sound speed, ¢y 23.97 km/s
Debye length, Apg 57.58 um
Electron Larmor radius, o, 292.0 um
Electron plasma frequency, w .o 2.839 GHz
Electron gyrofrequency, w,, 0.5600 GHz
Ion plasma frequency, w o 66.26 MHz
Lower-hybrid frequency, wy, 13.07 MHz
Number of cells in y direction, Ny 100
Number of cells in z direction, N, 50
Number of particles per cell, Ny ~ 200
Time step, At 5-107125
Print-out time step, Afpin 10 s
Total simulation time, Zg,y 10-10°s
Cell size, Ay, Az 53.59 um

Source: [3]

Following the same assumption as Bayon-Bujén et al. [3], the effects of the background
electric and magnetic fields are ignored for the motion of the ions. This approximation is
needed for the initial conditions to describe the equilibrium configuration. Note that this
approximation is only valid when the values of eBy/m; and E\L,/ (m,-ui.o) are small. As
the ECDI depends mainly on E, and electron drift, its formation is not affected by this
simplification.

At the beginning of the simulation, when it is in equilibrium state, the axial current of elec-
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trons j,.o = 0. Since the simulation model is collisionless, any transport in this direction
is generated by plasma oscillations. Over time, the ECDI grows and eventually saturates,
as a result of the in-phase azimuthal oscillations of density and potential, leading to the
formation of an axial current. As time goes by, the electron distribution also changes with
some electron heating associated with it, yielding a final temperature of about 8-10 eV.

As explained by Bello-Benitez et al. [0], one can take advantage of the periodic boundary
condition applied to the y boundaries of the simulation to choose L, in such a way that
the modes agree with the peaks in linear growth predicted by the theory of ECDI. Thus,
by setting L, = 6 - 27tuy.0/w.., the wavenumbers are given by k = nw./(6uy), n =
1,2,3,...

The initial 1us of the simulation is ignored, as it represents the transient period during
which the instability is developing. For the rest of the simulation (1us to 10us) the ECDI
is considered to have reached nonlinear saturation.

4.2. Simulation Results

4.2.1. Power Spectrum

The perturbations on the plasma produced by the ECDI are present in multiple variables
of the plasma. However, one of the most representative of this phenomenon is the electro-
static potential ¢(t,y, z). From Figure 4.2, it can be clearly seen that the plasma has clear
oscillations due to the perturbation produced by the ECDI.

Plasma Potential at ¢ = 2.45 us
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Fig. 4.2. Snapshot of the perturbation electrostatic potential ¢ at t = 2.45us. The black arrow
represents the propagation of the wavefront, which advances on the +y direction with a
small component on the -z direction. The black vertical line represents the axial position
at which the spectrum of the signal is being analyzed.

Following the same approach as Bay6n-Bujdn et al. [3], the signal spectrum is assumed
to be statistically weakly-stationary. To study the oscillations, ¢(z,y, z) is sliced at z =
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1.98 mm (black vertical line in Figure 4.2) where the oscillations are strong. From this,
the two-dimensional PSD and t-k spectrogram are obtained. To do so, windows of 0.5us
with 50% overlap are chosen. For the representation, these values are normalized by their
highest value and represented in a logarithmic scale.
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Fig. 4.3. (a) Normalized 2D PSD of the potential at z = 1.98 mm represented in logarithmic scale.
(b) Normalized t-k spectrogram of the potential at z = 1.98 mm represented in logarith-
mic scale. The black vertical lines represent the points at which the snapshots of the
wavelet power spectrogram were taken: t = 1.504,1.916, 3.185,4.342 us

Looking at Figure 4.3a, six distinct modes (or peaks) can be identified, which are then
divided into three groups: the M branch, the A branch, and the near-zero mode.

The M branch corresponds to the cyclotron harmonics predicted by the theory. In Chapter
2.2.1 it was described that these modes were given by the expression: k,, ~ (mwe.)/uye0, m =
1,2,3,.... When solving the dispersion relation numerically, these modes are located at
kL,/2n = 1 + 6m thanks to the discretization previously chosen (Figure 4.4). The M;,
M, and M3 modes identified in Table 4.2 are situated at kL,/2x = 7,13,19, which co-
incide with the first three harmonics. In addition, the same goes for the frequencies that
follow w/2m = m-42MHz, as a consequence of the linear approximation of the dispersion

relation: w = kyuyeo.

Unlike the previous branch, the A branch is not predicted by the current theory for ECDI.
It is important to note that Figure 4.3b suggests that both branches alternate in time. As a
result, this branch is hypothesized to be linked with the nonlinear processes related to the

saturation of the instability.

The last one, the O mode, represents an oscillation in the azimuthal direction at a lower
frequency than the other modes. This mode is theorized to be related to axial ion dynamics
due to its proximity to the ion transit frequency u,;/L, = 0.9 MHz [3]. As it was proven by
Bayon-Bujan et al. [3], this mode was shown to have no effect on axial electron transport.
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Fig. 4.4. Dispersion Relation of the simulated plasma. On black, the real frequencies of the insta-
bility; on blue, the growth rate. The vertical red vertical dashed lines indicate the location
of the modes of the M branch: kLy/2r = 7,13, 19. The dispersion relation was obtained
following the method described by Cavalier et al. [9].

TABLE 4.2. IDENTIFIED MODES.

Branch  Mode Coordinates (w/2r, kL, /2m) Description

M1 42,7 )
Harmonics of the electron
M M2 (84,13) lotron £
cyclotron frequenc
M3 (126, 19) Y quency
A Al (20, 1) Long-wavelength modes
A2 (40,2) from nonlinear saturation
— 0] (1.6,0) Long-wavelength, low fre-

quency axial mode

As mentioned, branches A and M alternate over time, suggesting that the spectrum of
the signal is indeed not stationary. Thereby, instead of applying Fourier analysis, the
focus is changed towards wavelet analysis, which is better suited for these cases. To
do so, the semi-wavelet power spectrogram is introduced to deal with two-dimensional
signals. This operation consists of obtaining the Fourier transform of the signal over
the spatial dimension and then performing the wavelet transform over time. This semi-
wavelet power spectrogram is then evaluated at 4 distinct points that were extracted by
looking at Figure 4.3b: one where the M modes are more predominant (¢ = 4.342 us),
one where the A modes are more predominant (r = 1.916 us), one where both are mostly
present (¢ = 3.185 us) and another where both branches look weak (f = 1.504 us). Note
that these four timestamps will be used throughout the chapter. The expression describing
this semi-wavelet spectrogram is the following:
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Fig. 4.5. Snapshots of the Wavelet Power Spectrogram of ¢ at different time stamps, overlaid with
the modes identified by Bayon-Bujan et al. [3] along with the additional mode N.

where ¢(t, k) is the spatial Fourier transform of the slice. The first and most noticeable
observation from Figure 4.5 is the confirmation of the non-stationary character of the
signal. As shown, for each of the time stamps, the energy distribution along the modes is
considerably different, following a cyclic pattern.

Although the four snapshots are not extracted consecutively from the same cycle, they
can be used to visualize how the periodic evolution of the modes occurs. To do so, the
point of lowest activation (r = 1.504us) is selected as the starting point and the plots
of Figure 4.5 are followed in the counter-clockwise direction, following the sequence
t=1.504us — 3.185 us — 4.342 us — 1.916 us.

At ¢t = 1.504 us both the linear and the nonlinear branches are active but with peaks with
relatively low levels of activation. The highest values of activation are around 2 orders of
magnitude below the maximum value, with O, A; and M, being the most active modes.
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Furthermore, at this timestamp, a new well-localized mode, designated as mode N, is
discovered at coordinates (w/2m, kL,/2m) =~ (66,1). Moving on to t = 3.185 us, a clear
redistribution of power is identified, where spectral power flows from mode N towards
the modes M; and A;. In the next stage, t = 4.342 us, the modes O and A, lose intensity,
while the N mode gets reactivated along with an increase of the presence of the whole
M-branch. Finally, at t = 1.916 us, the energy flows back from the M-branch to the O
mode, the N mode, and the whole A-branch.

Note that the overall behavior of the cycle is consistent with the inverse energy cascade
described by Bayon-Bujén et al. [3]. In their work, they found the net energy transfer to
be from high-frequency high-k modes to the low-frequency low-k modes via a statistical
approach. As seen, the wavelet analysis is also able to identify this behavior via the time
resolution provided by this technique, and rather than a steady flow of energy, it appears
to be a cyclic exchange between these modes, which moves both ways, but whose net
contribution is that of an inverse cascade. From ¢ = 4.342 us to t = 1.916 us, this inverse
energy flow is shown, with energy going from the M-branch to the O, N and A-modes.

As a remark, energy flow in the negative azimuthal direction (negative frequencies) is
present, but it remains negligible, with an energy level roughly about 3 orders of magni-
tude below the maximum.

Regarding the N mode, its characteristic frequency can be directly compared to the pa-
rameters displayed in Table 4.1. This reveals that the frequency of this mode is similar to
that of the ion plasma frequency w ~ wpp = 66.26 MHz, which suggests a relation with
ion dynamics, as was the case with mode O. Furthermore, Figure 4.5 shows that the point
of highest activation of the N mode is after the inverse energy cascade has taken place
and the energy has been redistributed to the low-frequency low-k modes. As a whole,
this behavior is consistent with the hypothesis that ions act as an energy sink during the
saturation regime, a phenomenon that has already been associated with the saturation of
ECDI via ion-trapping vortices [0] and ion wave trapping [68]. However, the wavelet
power spectrum indicates only the energy distribution, not a direct measurement of en-
ergy flow. As a result, this hypothesis should be regarded as tentative, although consistent
with previous studies.

4.2.2. Three-Wave Coupling

Following the same order as Bayon-Bujan et al. [3], the anomalous electron transport is
now inspected to identify the modes involved in this phenomenon. From Chapter 2, recall
that the first order contribution of the E X B axial electron flux is defined as:

.E e E
Jze = 5 LEyllle
By

As explained, the anomalous axial current is only present when the product of the az-
imuthal electric field and the electron density (E\n,).,, does not average to zero. The
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first step to identify the modes that participate in this electron transport is to look at the
energy distribution in a way similar to that done for the plasma potential ¢. However, this
time the Fourier analysis will be skipped. This is due to the fact that in the last section,
it was shown that the wavelet power spectrogram was not only able to correctly identify
the same modes as the Fourier counterpart but also to add time resolution and provide

information about intermittent modes.
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Fig. 4.6. Snapshots of the Wavelet Power Spectrogram of jfe at different time stamps, overlaid
with the modes identified by Bayén-Bujan et al. [3] along with the additional mode N.

Figure 4.6 shows that the electron flux inherits the same non-stationary cyclic behavior
seen in the plasma potential, which alternates between the A and M modes. This implies
that electron transport is itself intermittent. From this figure, it can also be seen that the
M mode has higher energy levels for the electron flux when compared to the potential.
However, the O mode and A-branch have a similar energy level as that seen in the poten-
tial. Nevertheless, the presence of the intermittent N mode is less relevant, being absent
att = 3.185 us.

The wavelet power spectrum is only able to describe the energy distribution of the flux, not
the net mean-flow transport. This mean flow electron flux corresponds to the w = 0, k = 0
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component of j£. Thus, the nonlinear couplings are studied using the cross-bispectrum
under the mean flow condition.
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Fig. 4.7. Cross-bispectrum of n,, Ey; and jZEe for the slice at z = 1.98 mm. The white shaded
regions represent negative bispectrum values.

Starting with the Fourier cross-bispectrum, Figure 4.7 indicates that the nonlinear interac-
tions are dominated by the mode M;. In order of contribution to the mean flow transport
(from most to least) the modes identified to be involved in the nonlinear couplings are My,
Ay, M; and A;,. In this figure there is no trace of the N mode.

In order to obtain time resolution for the cross-bispectrum, three alternatives are evalu-
ated. Note that in the specific case of mean flow conditions, there is an important caveat
that needs to be taken into account. Since this condition requires one frequency and one
wavenumber to be equal to zero, the 4-dimensional bispectrum (two frequency dimen-
sions and two wavenumber dimensions) is collapsed into a 2-dimensional w — k space. As
a result, the azimuthal direction cannot be used to average the bispectrum, as it is now an
output dimension. Thus, the three different alternatives proposed are the following:

e The first follows a similar approach as the IWB by taking advantage of the axial
direction. Looking at Figure 4.2 the position the slice z = 1.98 mm is not the only
position where the oscillations are strong. Instead, the range z € [1.55,2.50] mm is
selected to perform this average.

e The second follows the same averaging process of the WB, using a Hanning win-
dow to obtain the time resolution.

e The last method is a hybrid between the WB approach and the Fourier bispectrum.
The idea is to perform the average by performing the STFT. Hanning windows of
0.6 us are used for this calculation.

Figures 4.8, 4.9 and 4.10 showcase the results of the three bispectrum methods described.
The most notable feature of these figures, when compared to the classical Fourier HOS
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analysis, is the fact that the peaks are more localized. In addition, the cyclic pattern also
holds for the bispectrum. Following the evolution of the cycle it can be noted that as the
energy is transferred towards the M-modes, the bispectrum magnitude increases at My,
and then drops drastically. It can also be noted that the A-branch has higher magnitudes
just before and after the M-branch peak (r = 3.185 us and ¢t = 1.916 us). Regarding the N
mode, there is no presence of it in any of the snapshots. This indicates that this mode is
not involved in any quadratic coupling regarding the mean-flow electron flux.

In terms of the comparison between the three approaches, the difference between them is
almost negligible. This hints towards the result converging independently of the method
used. As can be seen, the shape of the high-bispectrum magnitude regions is practically
the same in the three figures. The only noticeable difference is the area of the negative
bispectrum values, which seems to be greater for the windowed Fourier bispectrum ap-

proach.
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Fig. 4.8. Snapshots of the Instantaneous Wavelet Cross-bispectrum of n,, Ey and jE at different
time stamps, overlaid with the modes identified by Bayon-Bujan et al. [3] along with the

additional mode N. The white shaded regions represent negative bispectrum values.
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Fig. 4.9. Snapshots of the Wavelet Cross-bispectrum of n,, Ey; and jfe at different time stamps,
overlaid with the modes identified by Bayon-Bujan et al. [3] along with the additional

mode N. The white shaded regions represent negative bispectrum values.
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Fig. 4.10. Snapshots of the Windowed Fourier Cross-bispectrum of n., Ey; and jfe at different
time stamps, overlaid with the modes identified by Bay6n-Bujén et al. [3] along with
the additional mode N. The white shaded regions represent negative bispectrum values.

4.2.3. Bicoherence

Once branches A and M were identified to have a role in the nonlinear saturation region
of the axial transport, the bicoherence of the electric field on the azimuthal direction E,
and the electron density n, is analyzed (Figure 4.11). To obtain the lower bound for the
noise threshold, the number of windows (15) and the number of azimuthal positions (100)
are taken into account as independent realizations. When evaluated, this threshold gives
a value of €[b*] = 3/M = 3/(15 - 100) = 0.002.

In terms of the overall behavior of the bicoherence, w; — w, and k; — k; planes are roughly
the same. This is because the frequency and the wavenumber are linked via w = v, - k,
so if a set of modes has the same velocity, then w « k. This is the case of the M branch,
which follows a harmonic pattern, in both their frequencies and wavenumbers, as can be
seen in Table 4.2. As a result, both planes show the same frequency scaled by this phase
velocity. However, this ratio is not exactly constant, indicating that the modes do not
share the same phase velocity. Additionally, each of the peaks is not an isolated point, but
rather a small region of bicoherence due to spectral broadening.
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Fig. 4.11. (a) Fourier bicoherence of Ey; in the w; — w> plane. (b) Fourier bicoherence of Ey;
in the k; — ky plane. (c) Fourier bicoherence of n, in the w; — wy plane. (d) Fourier
bicoherence of n, in the k; — k; plane.

Looking at the self-bicoherence of the electric field (Figures 4.11a and 4.11b), the strong
interaction between the M branch modes can be easily identified. The most relevant is
mode M, which interacts with the higher modes through MM, = M:® and M\ M, =
M,. These couplings are indicated by the horizontal line at w,/2mr = 42 MHz, or equiv-
alently kL,/2m = 7. In their work, Bayon-Bujan et al. [3] identified these two triads, via
Sparse Identification of Nonlinear Dynamics, as those responsible for the inverse cascade
that was previously introduced. On the other hand, the A-branch, although visible, has a
lower bicoherence, meaning a weaker nonlinear coupling A1A; = A;.

For electron density (Figures 4.11c and 4.11d), nonlinear couplings are less present than
in the electric field. Although mode M; is still present for this variable, the range of
frequencies with nonlinear coupling associated to it is significantly lower, suggesting an
interaction between modes M; and M, such that MM, = M,. Directing the attention to
the horizontal axis of these figures, a strong interaction between mode O and mode A,

8The AB = C notation means that the modes meet the coupling condition such that wy + wp = w¢ and
ks + kg = k¢
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plus two weaker ones between the former and M; and M, are identified.

In terms of the N mode, there is a point with intermediate levels of bicoherence (b ~ 0.5)
at (w1 /2m,wy/21) = (66,84) MHz in the self-bicoherence of the electric field (Figure
4.11a). However, this point does not correspond to any triad of the modes identified,
indicating that N is not involved in the three-wave coupling. This is consistent with the
previous cross-bispectrum result, where it was shown that it does not contribute to the
anomalous transport.

For the time-resolved analysis, the WB, the IWB and the windowed Fourier bicoherence
will be compared to see how they react to the same signal. Starting with the WB, Hanning
windows of 0.6 us are applied to obtain the time resolution. For these settings, the map of
the error threshold is provided in Figure 4.12.
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‘ 45
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Fig. 4.12. On the left, the map of the significance threshold for the region of the WB that will be
analyzed. On the right, the map of the effective degrees of freedom of the slice. Note
that although Nr = 600 in this case, the error threshold is relatively high due to a sharp
decrease in the number of independent samples.

As in the case of the cross-bispectrum, the bicoherence will be obtained at the same four
timestamps as before. In this case, to deal with the bi-dimensional slices, the spatial
dimension is averaged out, to obtain a function that depends on w;, w,, and time ¢. This
semi-WB is described as follows:

|B(t, w1, W)

N,
(o) 1 S
( f [ﬁ 3 W w1 9 - Wl w0, s)|2] bt =) dr) P01, @)
—o S s=1

[bW]Z(t, wi, (,()2) =

where the WPS and wavelet bispectrum are:

(o) 1 NS
Pt w1, w5) = f [ﬁ > Wi w + wn, s>|2] (e - 7) dr
- S os=1

(o)

57



N,

[ee)

00 1 Ns _
B(t,w;, wy) = f [ Z Wi(t, w1, 8) - Wi(T, w2, 8) - Wi, wy + wa, )| h(t — 7)dt
- s=1

in these expressions h(t) represents the Hanning window used. Note that this method
imposes a clear limitation relative to the WB: the k; — k, plane cannot be obtained directly
via the CWT, since the frequency domain cannot be "collapsed” in the same way as it is
done with the spatial dimension, because the frequencies cannot be treated as independent
realizations due to the dependency introduced by the CWT. However, this does not impose
a big problem, since it was previously shown that both the w; — w; and k; — k, planes have

the same information.
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Fig. 4.13. WB of Ey; att = 1.504,1.916, 3.185,4.342 us.
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Fig. 4.14. WB of n, at t = 1.504,1.916,3.185,4.342 us.

Looking at Figures 4.13 and 4.14, the most eye-catching thing is the lack of features
present on these plots. However, this is due to the high significance threshold that was
obtained for the given parameters used in the analysis. Looking at the modes, the first
thing to notice is that these are no longer defined in well-localized frequency bins, but
rather in big "blobs" of bicoherence. The influence of M; on higher modes is still present
in £, but the interaction A|A; = A, is no longer visible. In addition, in Figure 4.13, there
appears to be a peak of bicoherence around (77, 53) MHz, but no modes were identified
for those values. Since this point is close to points that were previously found to have
high values of bicoherence, the broadband of these interactions might have produced this
point of high bicoherence.

Moving on to the IWB, two averaging methods will be discussed. The first one is to
continue with the slab that was taken at z = 1.98 mm. As it was previously described
in Chapter 3, this version of the wavelet bicoherence needs to be averaged over multiple
realizations. Performing an ensemble average with this method would deteriorate the
result since the time of the analysis would be determined by the signal length. However,
one can take advantage of the fact that we are dealing with spatiotemporal signals to
average over the spatial dimensions. Here, a similar approach as that employed for the
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cross-bispectrum is used: the idea is to average over the azimuthal and axial dimensions
to reduce the variability of the result, giving rise to the second average that would be
studied. Just as in the WB, averaging over spatial dimensions would remove the ability to
obtain a bicoherence function dependent on the wavenumbers and time. In terms of the
error, the first average uses 100 azimuthal samples, so that e[b*] = 3/M = 3/100 = 0.03.
For the other method, the 18 samples between z = 1.55 mm and z = 2.50 mm are taken,
as a result e[b*] = 3/M = 3/(18 - 100) = 0.00167. The selected timestamps are the same
as those used for the WB.
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Fig. 4.15. IWB of Ey; at slice z = 1.98 mm and at r = 1.504,1.916, 3.185,4.342 us.

60



200 0.8

150 +
0.7

100 +
0.6

wy /27 [MHz]
wo /27 [MHz]

0 50 100 150 200 0 50 100 150 200

wi /27 [MHz] w1 /27 [MHz] i 042;
t=3.19 us t=4.34 us -

200 200

150

0.2
100 ¢

wy /27 [MHz]
wo /27 [MHz]

0.1

0 50 100 150 200 0 50 100 150 200
w1 /27 [MHz] w1 /27 [MHzZ]

Fig. 4.16. IWB of Ey; averaged over multiple slices at r = 1.504,1.916, 3.185,4.342 us.

Looking at the IWB of E,;, some notable changes can be seen with respect to the WB.
Overall, the amount of features shown in Figures 4.15 and 4.16 is higher than those at
Figure 4.13, especially for the A branch, which was not present in the latter. However, the
same oscillatory motion is still present. When comparing the two average methods used
for the IWB, they show almost identical behaviors as would be expected since they are
the same method, but with different amounts of realizations.
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Fig. 4.17. IWB of n, at slice z = 1.98 mm and at r = 1.504, 1.916, 3.185,4.342 us.
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Fig. 4.18. IWB of n, averaged over multiple slices at t = 1.504, 1.916, 3.185, 4.342 us.

In terms of the IWB of n,, the comparison with the WB is very similar to that done with
Ey;. Note that by using this method, the interaction of the O mode spans all over the
spectrum. However, one has to be careful with this behavior, since it might be due to
the nature of the wavelet bispectrum, which has a higher bias at lower frequencies. As
explained in Chapter 3, the WB accounts for this effect by making the threshold depend
on the frequency, but this type of adjustment does not exist for the IWB in the literature.
As a result, numerical errors are introduced into the analysis, which might lead to false
positives. When comparing both averaging methods employed for the IWB it can be
clearly seen that many of the artifacts that appear at low frequencies disappear as the
number of realizations increases. In conclusion, high values of bicoherence were expected
close to w/2r = 0 MHz, but not for the whole spectrum.

Finally, the results of the windowed Fourier are presented in Figures ?? and 4.20. In this
case, the bicoherence regions are reduced to small points with relatively high values. As
explained in Chapter 3 this might be due to the fact that the averaging performed by the
Fourier counterpart requires a higher number of data points to yield results comparable to
those of the wavelet bicoherence.
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Fig. 4.19. Windowed Fourier self-bicoherence of Ey; at slice z = 1.98mm and at ¢t =

1.504,1.916,3.185, 4.342 us.

Unlike the Fourier bicoherence presented by Bayon-Bujéan et al. [3], the results from all
these four methods reveal that the couplings of the modes are not only non-stationary, but
also that they switch on and off sequentially through the cycle. In terms of E,,, at the
beginning only the triads MM, = M; and M| M, = M, are active. In the next stage,
these start to lose intensity and AjA; = A, appears. Then, when the energy is transferred
to the M-branch, the coupling extends to a big part of the spectrum. Once the M-branch
reduces energy, the couplings of the M-modes get "switched-off" and only the A;A; = A,
triad remains.

In the case of n,, the triad MM, = M, is present throughout the cycle, having higher
nonlinear coupling when the M-branch gets energized. In the IWB and windowed Fourier
results, the coupling between the O mode and A;, M; and M, seems to be constant over
time.

In order to get a sense of how these bicoherence oscillations evolve over time, the wavelet
summed bicoherence is introduced. This quantity is described as:
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where S is the number of terms of the summation. These quantities are represented in Fig-
ures 4.21 and 4.22 for the electric field and plasma electron density, respectively. Looking
at these curves for the electric field it can be seen that the highest values of bicoherence
are given by the IWB using only azimuthal average, followed by the IWB using the dou-
ble spatial average, the WB and, finally, the windowed Fourier bicoherence. In the case
of the electron density, the windowed Fourier bicoherence presents higher values than the
WB, but still lower than the IWB methods. In addition, it can be noted that the oscillations
of the wavelet methods have the same periods and phases, while the Fourier one does not
match with any.

From this analysis some conclusions can be drawn from the methods used. Windowed
Fourier bicoherence is not reliable. Its low tolerance to small windows distorts the overall
temporal behavior of the bicoherence. In this specific case, the IWB offers a more reliable
alternative due to the availability of multiple ensembles thanks to the multidimensionality
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of the data provided. However, the WB seems to be unreliable in the cases where the

temporal samples are limited. By looking at Figure 4.12 it can be seen that the minimum

threshold is of approximately 0.1, but the values of bicoherence in Figures 4.21 and 4.22

are all below this threshold. This is not the case for the IWB, which stays way above its

threshold (0.03 and 0.0017). The conclusions from the comparison of all the bicoherence

methods are summarized in Table 4.3.
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TABLE 4.3. COMPARISON OF THE DIFFERENT BICOHERENCE

METHODS EMPLOYED.
Method Timc? k- (1] Featu.re ‘ Low-w .
resolution plane detection bias correction
Fourier (ensemble average) No Yes  0.002 High No
Windowed Fourier Yes Yes  0.043 Low No
WB Yes No ~ 0.1 Low Yes
IWB (azimuthal avg.) Yes No 0.03  Moderate No
IWB (multi-slice avg.) Yes No 0.0017 High No
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5. CONCLUSION

5.1. Objectives Met

This project aimed to reevaluate the results of the study by Bay6n-Bujén et al. [3], which
focused on the nonlinear saturation region of the ECDI instability. In their work, the
spectrum was analyzed under the assumption that it is stationary. However, this is known
to not be the case for plasma properties. This work tested the hypothesis that a time-
resolved tool like the wavelet analysis could reveal information hidden by the averaging
performed by Fourier tools.

The main conclusion of this study is that the wavelet analysis was not able to discover
large amounts of unseen modes or couplings. The spectral content displayed by the anal-
ysis on the same dataset as that used by Bayon-Bujan et al. [3] agrees with the stationary
analysis. However, the time-resolved analysis revealed a (almost) periodic behavior of the
spectrum. This indicates that the Fourier results are a time-average of this cyclic behavior
in which the energy is continuously exchanged between the A and M modes of the spec-
trum. From this perspective, the hypothesis can be considered confirmed since it revealed
the temporal evolution of the spectrum, rather than new modes.

This cyclic behavior is the central result of this project, and is seen consistently throughout
all the analyses performed, each of them providing a different perspective of the same
underlying process:

e The wavelet power spectrogram of the potential revealed the A and M branches
alternating in time.

e The wavelet power spectrogram of the axial electron flux showed the intermittent
behavior of the anomalous transport.

e The cross-bispectrum exhibited the varying contribution of the M; which drives the
oscillations of the anomalous axial electron flux.

e The wavelet bicoherence revealed the sequential activation of the three-wave cou-
plings, from the M-branch triads (MM, = M,, MM, = M;) to the A-branch
triad (A]A] - Az)

As a whole, these four analyses suggest the saturation region of the ECDI is governed by
periodic energy exchanges between branches, rather than groups of static interactions.

Furthermore, a new intermittent mode, which was not identified by Bayon-Bujan et al.,
was revealed by the wavelet analysis. This was denoted as the N mode, whose frequency
is close to the ion plasma frequency, suggesting a relation with ion dynamics. While
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bicoherence results hint that N might be involved in some nonlinear couplings, the cross-
bispectrum analysis discards it as an actor in the mean-flow anomalous transport.

These results meet the objectives defined in the introduction. On the methodological side,
multiple bicoherence methods were tested. The results identified the IWB as the most
appropriate estimator for the bicoherence, since the multidimensional origin of the data
allowed the use of a larger number of ensembles during the averaging process.

5.2. Future Work

This thesis was subject to a number of limitations, each of which points to towards future
research.

One of the main limitations of this study was the simulation data, which limited the statis-
tical resolution of the analysis. Although bicoherence results were sufficient to understand
the overall behavior of the couplings, they were not precise enough to determine whether
additional couplings went undetected. Larger datasets might allow obtaining cleaner bi-
coherence plots that would help distinguish actual couplings from artifacts produced by
the numerical methods.

A second limitation is that the self-bicoherence was only obtained in the w — w plane,
as opposed to Bayon-Bujan et al. [3] who also provide the k — k plane. For this spe-
cific dataset, this didn’t impose any critical limitations since the phase velocity is shared
among different modes, and both planes were shown to share the same information. Due
to the nature of one-dimensional wavelet transforms, their two-dimensional counterparts
should allow to recover the k — k plane. However, this would require developing the HOS
theory for two-dimensional wavelets. Furthermore, two-dimensional wavelets come with
an extra constraint which is that they depend on a scaling factor and a rotation, which
makes them hard to transform into the frequency and wavenumber domains.

Finally, the methodology studied in this work is not restricted to HET geometries. Since
EPTs, like HPTs, are also plasma discharges, they are subject to similar instabilities. As
a result, this same time-resolved analysis can be applied to these other devices to better
understand the non-stationary behavior that might develop in them.
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A. CWT OF A CONSTANT-VALUED SIGNAL

Let x(¢) be a signal of constant value C. Then, the CWT of x is given by:

I _(t-b C (™.(t-b
Wylx1(b,a) = ﬁjj x(1) - lﬂ(tT) dt = ﬁjj lﬂ(tT) dt

To simplify the integral, a substitution factor u is introduced, so that:

t—>b
u=——-0 = dt=adu
a

Substituting into the integral yields:

W, [x1(b,a) = —| If ( ) dt = C\/_f W (1) du (A.1)

Since a € R and the limits of integration do not change (as +f — =+oo, then +u — ), a
is taken out of the integral as an absolute value. Now, to solve the integral, the wavelet
admissibility condition is used. According to this condition, any wavelet must fulfill that:

oolP 2
wa | l(::’l)' do < oo

Focusing on a small interval around the origin [—¢, €] such that 0 < € <« 1, the latter

expression becomes:

€ P(w)l*
ol

dw <

Now, assume that W(w) is continuous at w = 0 and that |[¥(w)|* = k, where k is a positive
non-zero constant. As a result, the integral evaluated close to w = 0 behaves like:

“k ‘1
—dw =2k f —dw
—€ |(,t)| 0 W
By solving the integral, it can be seen that it diverges:
‘1
2kf —dw = 2k[In(w)]j = 2k (In(e) — In(0)) = oo
0 W

Thus, the only way to prevent this divergence is that the transform of the wavelet at w = 0
is zero: Y(0) =0

By definition, the Fourier transform of the wavelet is given by:



Y(w) = f ) Y(t) - exp(—iwt) dt

Evaluating at w = 0, the previous expression yields:

¥(0) = f ) (1) - exp(=i(0)r) dt = f ) w(t)dt =0

Introducing this result into Equation A.1, it is proven that for a constant-valued signal, its
CWT is equal to zero:

Wylx1(b,a) =0



B. STATISTICAL PROPERTIES OF THE WAVELET
BICOHERENCE

B.1. Noise Floor Level

The expressions provided by Ge to obtain the a-significance level for the wavelet bico-
herence are given by [59]:

fD Jrp@dz=a (B.1)

VN, ( arctanh?( \/Z))
(7)) = ————— —_— B.2
Jipp(2) T - ) exp 2N, (B.2)

where N, was defined in Section 3.3.3 (Equation 3.15). Note that in Equation B.1, the
upper limit of integration can be changed from oo to 1. This is due to the fact that the WB
is only defined between zero and one: " € [0, 1]. As a result, the probability of obtaining
a value greater than one is zero.

Introducing Equation B.2 into B.1 gives:

: VN, ( arctanhz(\/E))
T Wl dr = B.3
Lq V2rz(1 — 2) =P 2/N, s (B3

To solve this integral, the following substitution is used:

Vz = tanh(y) = z = tanh’(x)
Now, taking derivatives:

1 1
- .. = 2+/7(1 -
du =2 2% dz = dz Vz(1 = 2) du

Applying these changes to Equation B.3 yields:

. 2
[ e -

where u, = arctanh?(v/D,). Rearranging the terms the following is obtained:

I/t2

0 1
f N AR (_ 2(1/N,)

) du = a/2 (B.4)



Before further simplifying the above equation, let us take a look at the probability density

1 (x — w)?
exp|—
o2 p 202

Thus, Equation B.4 can be seen as the integral of the upper tail probability of a normal

function of a normal distribution [69]:

v =

distribution with a mean of u = 0 and a variance of 0> = 1/N,. As a result, the a-
significance can be expressed as a function of the Z-score:

Uy
Za =
SR VRY/ A

After reversing the substitution, the following expression is obtained:

Zop
D, = tanh’ (i)
VN,
Finally, for a confidence level of 95%, a = 0.05, so Z,)» = Zygs ~ 1.96. Thus, the
expression for the significance threshold is:

€ [[bw(wl, wz)]z] = Do os = tanh? (ﬂ)

VN,



C. STATISTICAL PROPERTIES OF THE INSTANTANEOUS
WAVELET BICOHERENCE

C.1. Noise Floor Level

The derivation begins with the expression for the WB introduced in Section 3.3.3 (Equa-
tion 3.13). Now, let us define the IWB estimator as:

2
M —
% Zl Wx,m(ta 611) : Wx,m(ta 612) : Wx,m(ta 613)

5" = (C.1)
L3 2\ (1 & 2
(M ;1 |Wx,m(t’ al) . Wx,m(t9 a2)| ) : (M z_:] |Wx,m(t» (13)| )

where W, (¢, a;) denotes the m™ realization of the CWT of a function x at a time ¢ and
scale a;. To simplify the notation, the following variables are introduced:

b Am = Wx,m(ta al) : Wx,m(ta a2) : Wx,m(t, 03)
e B, = |Wx,m(ta al) : Wx,m(t» a2)|2

L4 Cm = |Wx,m(t’ a3)|2

So, Equation C.1 becomes:

2

Aw12 1 Am

e (C2)
(ﬁm;Bm (ﬁzc)

Since the goal is to find the statistical error (noise floor) for the IWB, it is assumed that

N

S

S~—

the true bicoherence is exactly zero. In other words, since the signal being analyzed is
Gaussian white noise, there is no bicoherence in the signal. Under this assumption, the
expected value of the numerator must be zero, which implies E{A,,} = 0.

Taking a closer look at the denominator, by the Law of Large Numbers, if the number of
samples M is large enough, the sample means (1/M) ' B,,, and (1/M) ), C,, converge to
their expected values E{B,,} and E{C,,}. As a result, the denominator can be treated as a
constant V:

Returning to the numerator, N is defined as the sample mean of the crossed terms:



M:

m=1

Since the realizations of the signal are independent of each other, A,, is also independent.
Thus, by the application of the Central Limit Theorem [69], for large M, N converges
to a complex Gaussian distribution. Thus, N can be seen as a Gaussian distribution with
zero-mean. Furthermore, since A,, is independent across realizations, the variance of the
sample mean is [71]:

Var{N { ZA} MzZVar m) :iVar{Am}

= LE(4, ~Ela,P) = %E (14.2)

In order to obtain the expected value of |A,|>, the multiplicative property of complex
numbers can be applied. In this way:

|Am|2 |me(t al) me(t (12) me(t a3)|
= [Wen(t,a)) - Wen(t, @) - |Wontt, a5)|" = By - C.,

Taking the expected value on both sides gives:

E{|Aul} = E{B, - Cu)

Under the null hypothesis that the signal being analyzed is Gaussian white noise, the
wavelet coefficients also follow a zero-mean circularly-symmetric’ complex Gaussian
variables and are uncorrelated at different scales, i.e. E { Wen(t,a;) - Won(t,a j)} = 0 for
i # j. This allows the use of Isserlis’ theorem!® to simplify the above expression by
separating the expectation of B,, and C,,:

Given a complex random vector Z, it is said to be circularly-symmetric if its probability distribution
remains unchanged by rotations, i.e. 72097 V6 eR. Inthe case of complex Gaussian variable Z, this is
true if and only if the imaginary and real parts of the random vector are independent and equally distributed.
[76].

10The complex Isserlis’ theorem states that for a complex multivariate normally distributed random vector
with zero-mean, then E(Y,Y,--- Y, Y1Y2---Y,) = Yoeson [Tie) EQY o), where S(n) is the symmetric
group of permutations on {1,...,n}, e.g. S(3) = {e,(12),(13),(23),(123),(132)}, where e denotes the
identity permutation [74].



E{lAnf} = E{Wan(t, @) Wen(t,02) - Won(t, )}
= E{Won(t,a1) - Wen(t,@1) - Wn(t, @) - Won(t, @2) - Wen(t, a3) - Won(t, a3))
= E{Won(t,a1) - Wen(t,an)} - B{Won(t,@2) - Won(t, a2)} - E{Wo(t, az) - Won(t, a3)]
= E{Won(t:a1) - Won(t,a1) - Wen(t,@2) - Wen(t, @)} - E{Wo(t,a3) - Won(t,a3)}
= E{[Wants ) Wen(t, @)} - E{[Wontt, '}
=E{B,} -E{C,} =V

So, the variance of N is V/M. Since, as mentioned before, Nisa complex normal distri-
bution, its real and imaginary parts also follow a normal distribution with zero-mean and
variance V/2M [70]. With this in mind, the numerator of Equation C.2 can be seen as the
sum of two squared Gaussian variables:

A = Re () + Im (&)’ (C.3)

The above expression can be expressed in terms of two independent standard normal
distributions Z;,Z, ~ N (0,1). The relations between these variables and the real and
imaginary components of N are given by [69]:
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Applying these changes to Equation C.3 yields:
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where Z = Z? + Z2. Here, the latter expression follows a Chi-squared distribution with 2
degrees of freedom multiplied by V/2M [69]:

o Vo,
NI~ —
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For the Chi-squared distribution with £ degrees of freedom, the PDF for x > 0 is given by
[70]:

x(k/Z)—l

Jx(x) = Wme_m (C.4)



where I is the gamma function [70]:
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In the case of the random variable Z, Equation C.4 becomes:

1
J2(2) = 56_1/2

With this, the PDF for the numerator in Equation C.2 can be obtained [73]:
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With this, a similar thing can be done, since Equation C.2 can be expressed as [b ] =

|N |2 /V. In an analogous way to what was done in the previous step, the PDF of the
bicoherence is given as:

= Me™*

d
i p0 = 270+ |5 v

From this, it is clear that the IWB follows an exponential distribution with 4 = M. From
this it can be concluded that the a-significance level for the IWB is given by:

f Me™dz = o
D,

Solving the integral gives:

_ —In(a)
M

D,
For a significance level of 95% (a = 0.05) this gives:

3

E[[bw(wl,wz)]z] = M
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e Tratamiento de datos: recogida, analisis, cruce de datos...
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